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T O 

Sir Dalby Thomas; Kt 

General and Chief Dire^or fo^ tbi 
Royal African Company of Eng- 
land, 6n the Coaii 0/ G U IN E A 
in AFRICA. 

S t ti, 

SINCE the ehfuing f reatifc Was Writteh 'ttitll 
d dcfign to propagate Mathematical Learning, 
and Your many Kindnefles fb exceedingly influ' 
cnc'd the Undertaking J The Author thinks himlelf in 
Gratitude obl%'d to admowledge your Favours i 
And if the Perfbrmance on any ways Moit Your 
AcCeptaiK^, He is very lenfible how much in Juftice 
he is bound tti Itlfixibe it to Your Narne^ 

Pard(»i then. Sir, this Addreis, iince It is not the 
effeft of Flattery, nor with a Defigii to Court (as ha- 
ving no reafcn to doubt of) Your Favours j But pro- 
ceeds from a fincere Defire he has to take the firft Op^ 
portunity to exptefs his Thatlkfidnefs for thoie he flands 
indebted for already ; and to ofFet fbmething as a mark 
6f the Refped and Efleem he has for his befl Ftiend. 

Arid 
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The DEDICATION. 

And indeed. To whom can he Dedicate any thing 
of his, if not to Him, of whofe Generofity and Na- 
tural Inclinations to do Good to every one, he is fo 
fully Convinc'd, That He has ventur'd to Encounter 
many Dangers for the Honour and Happinefi he En- 
joys in his Company J and now when far from all o- 
ther Friends, Daily receives firefli Aflurances of Real 
Fricndfliip. 

The TkGgn of the following Sheets is certainly No- 
ble, being to inftil the mod Extenfive Principles of Hu- 
mane Knowledge into the Minds of Men ; and to lead 
them ftep by ftep through the Labyrinths that hitherto 
have fo much perplext all Natural Sciences. If the Work 
then be not a fiifficient Monument of Gratitude, yet let 
the Greatnels of the Dcfign cover the Imperfedions that 
a ftrider fcrutiny might obfervc : And when both Con- 
(pire to the beft Advantage, let it be deem'd only a. 
£iint Refemblance of what it ought to Come up to. 

That you may long live to promote the Good of the 
Royal i^fricanCompany o( England, in whole Jntereft 
You have fo heartily Engag'd Your Self,- and that You 
may ever Succeed in Your own Private Concerns, And 
live to Enjoy All the Bleffings accompanying a Pru- 
dent and Wife Management of AfFail:s, is the Earneft 
Prayer of Honoured S I R, 

Tour moft Ohligd and 

Obedient Servant 

C H. 
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P R EF A C E 

TO THE 

READER. 

Afrefue is exfeSedfnmntry jMhr, ad likn tmdingtt iiftnlt- 
the<I(eaJm^the motives that induced Mm to mitt : Aid of the 
means they mujl life to mJerJimi Tthat is wrote, is yerj proper ; 
the Former » juftifie himfef from the hnfutatm of Vmitj, md 
the Loiter to quicken md forward their Inhftry. 

Af to the firfi, -Tis mamfeft, ftnce the World has been convinced of the 
mifchiefol Doffnatizji^, eitherinfhilofopbjor MatbenUtith, that ty allow- 
ing themfehes a freedom of Thought, ondbtiMy venturing ftrTDards } the 
Jdvances in each are equally wonderful, that it is a difficult nutter to rtfotvei 
Tthether m eafie jfcqaiefeme in all the ^ient DifciMr'ies mare ohflmlied, or 
the moregenerous Efjays of modem Hero's improved our l^wki^e ; that fince 
iien re fumed theirNative priviledge, and aBowed themfelves the Liberty of en' 
^kigfre^intt thills, they have extended their'Danmms over all the Earth, 
Md their Kjatnledge far above theClaids; that thefe being the mderiabk refulls 
^ Mathematical Studies ; it is farther plain, that they create in as more aa^l 
jhoughts and jujier Notions of the works o^ G o d ; that the admirable 
Karmony which only they difiover, both in thii^s in Heaven, and in things in 
Earth, mdeniabl) prove one and the lame great Author ; in a tiord, that 
by them we encteafe our^ches, enlarge our Toter, and improve our f^a- 
fin ; thefe then being fome of the great MvanlageT^imikind receive from 
Mathematical Learning, Who Ttould not inceffmtly ajpire after fuch ufeful 
J^ntwledge } IFho can be blamd for ufing thefe endeavours to propagate the 
famei 

M to theenfuing Treatije, the Author has been welajfur'd tbtit there are 
m Eogland at many Lovers of the Maihematich as m any part of the World t 
tbatmltitudes<f excellent JudgmetUs and natural 'Parts, merely for watt of 
a consent l^wkdge in other Ltnguc^s, have hitherto been deprived of the 
Offortmties of improving them, to thegre^Sfadvant^e of the moft Flon^ 
nOikig Ifland in the World ; that in other Nations the befi pieces of 
(i) Learning 
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The Preface to. the Reader. 

ttimutg m uiittmia tWaummlhit Tai^ius, Jtr iht^etd tf tkir Cam- 
try which tiefeem purpojily to fight, faking a little emfty applauje iy miting in 
A Lia^uage mt taftly attain J, as if the l{mliikilgc 0/ things and words 
hai a neceffary dtfmdmce m tub othtr j aid in a mrd, thai fuch a Jre<i- 
tife v4t tiaiilii^ in the Englifli Tm^HI, as [houU contain a fuB and plain 
account of the hejl }lfethi>dt, the imft ciUhrated Gwmeters of mr Aie hale 
made uje of in their wonderful! Difcoveries ; and which would put it in the 
Tomer of every induftrious ipetfim t*mah life of thofe farts which God 
and Nature has heflowd upon him to tfe befl purpofes : Ihefe, he fays, 
mere the pr'meifatfiotivef ij/at iniicei him ti> this difficuk mJertaliiig, and he 
hopes the fgfeill) of his iifign mil at leaf marit a faleurabU Cmfure from 
the World. He AnoTbJ there are 'Per fans hetttr qualified for fuch an wider- 

h» tu tl^imagliilftlm^ hkftofegi!. all ahng, hi hot udnt\>ourtd to 
tTCftS <N^ « M fUnTtms 01 tie mmrt of thtftAjtSl wik alhui ; aai 
he- ^^^vrm hif 'iftJers, tlat. htit npt coufnmi if oaittiag any thing that 
might really cmduce to their JiifhmlSim, 

7'ke Mm kfii^ieMfy mivtliat thif Sdeace is of ata^ exttnt, 
oxilheii^omdoiiiWfMteiJi to- treat of etaything^it has ot may: he of- 
plied tOk. Vhaf iaatdiikadiiaKes' aatival miofoph) hm teceiMd fiiae it 
htga». toflomifkisi iMmeiUto thofe thatarehit.it little caiMifant in the 
fr.tfomdiil&itiiigs, of wi G(sit Mi. Newton, tihfe lounoMil Genius 
iw£^e AUftiogOraatneDC'tanh EngUflt Nacioaj anitheapplicaum 
0^ Fliutoos. in AAcoQomy^ Mecfainicks, Dioptticks^ Cocopcrtcks, 
QuonSEy, Navigation &-CI. art mmkerlefi: Tihe <!{eailit theri^m inaC 
toevfeU <i Ireatife comprthtndii^ aHiheufes of Fluximu, that being n 
Tofkttnttt'be'perfiir.m^'tfll.thiiScienieau'iKito it's MmofifaftHim'. M 
that cm be exftBtd iitt teach the 'Principle*, if the Scienee, and nffielf 
itHi to ap^y tJMn tiro' mifi of tie gtnerjikparts of li^ot Geometty., Tthich- 
iifhefl tjile uafiJlutinoiirJfter-Enftities: /ind.tl» /tuthor hipes when hr 
hat Jonetbis:, hist 'Serfvmmce may tmieflhf. defame the TMcqT Am Ik- 
TRODaCTioN. To. Mathematical Philosopht. 

.Mfmcfhe has rutmadifuch /r^wm nmtion of federal exceBat fir- 
font asfome people may expeH, and by that means incur the Cenfure if a<. 
'Plagiary ; he thiiJu himfelf bound by all the tyes of Jujiice, Honour and 
Gratitude, freely to. ackimde^e hotfimch this Treatift iiiniebttd tt thofe 
tmrthy and- ^enertiu ferftis, tih* hane already iifmitelyMigJ the^WorH 
mth mitt'mgsoftbit NiitBre, Dt. Wallis,D>'i Barrow, Mr. Niswton, 
Mr. Libnitz, the MarqiieTs O- rHofpilal; MeTt'' BniKudlii 
Mr. Craig, Dt.ei)«yne, Dr. e«goiy» Mii Tthirnhauji iW Dt 
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The Preface to the Reader. 

Moivre, Mr. Fario, Mr. Vlrigtiioil, Mr. Newintiit, Mr. ClHt, art 
ferfms tfjmh Mirit, and htvtjmmpii tU tCtrU mhfnch ixtraorlmi) 
Jremttimstf th'u nttmt, u wiU ttm^ their nimtti with thfftittji<Hs' 
ffell to all the juccudmg Gmtratimu. And tho' in tkt tnjmg Trtitife, the 
Author Im madt no fcrufle to hrrov from any of thofe txcePmt Perfsm M 
occjfim retpim, yrt he ukuMftthiii^e^ n^e partienlnrtf irMttlitt 
Mr. Kewton, Mr. Libnilz, thii Mcfs* ^nouilll, the MzT^tadJ 
De I'Hofpiial aiti Mf. Ctlig, Vtrftnt mto hil>eglveilfilrprl:^mg ai fci- 
maiKmik proof t of their frtfomJ TtmirMltn into this Seienct : And *htrt 
ht his not ftrtut/ltrjfmaitiKii the Authors them/elves in the bdi) of the 
3otk., he iicUrei thsl either 'Brfnity, tr »ilnt of due IifurTnation »h) lie) 
are, wereiheoiifmtmilbMiititceihiintofierKe. 

MoMtiil oeafm tdfohe thinlu1mfelfM£i ti xkitottkiin the Mii- 
tiont of thanh he lies under to that Indufifhffi mi LedriteJ Maitenlatktill 
Mr. John Harris ; mho mtvahjianding the mm) laudaUe Vejigns ( far- 
ticularl) that of his Lexicon Technicum Magnum,^ he is dial) en- 
gaged in for encutragingand fromota^ the Mathematical Leaning ; took the 
trouble upon him to rrnife thegreattji part of the Sheets as the) came from 
the Trefs, that the Errors there night not Sfcomap the <^ader, nor flop 
bim in his Trogrefs. 

Secondl), As to the means ; Arithmecick, Geometry and Specious Al- 
gebra, will he mdsfpenfM) nectffary to prepare the 'H_eaders for the foUomng 
Treatife ; and fince there is enough already in tit Englilh Tongue m theje fuh- 
jelis, the Author has fuppos'd the ^ader to he ac^wanted wiAthem. Jind he- 
caufe Conic-Se^lions are alfo of great ufe in Mathematical Philofbphy, 
and frejilent mention mil he made of them in femral placet, there isprefixt to 
the ieginningof the 'Book a port difcourje (^Conic-Se£tions, extraSed'm a 
great meajure from a late learned Treatife o/^Conic-Se&ions, publifhed at 
Oxford by D. Milnes : Thefe things the <I(eader ought to be well acquainted 
T^ith, and then let hm read in ord^, feeing it has teen the Author's aim 
in compofing the enfuing Treatife, to difpofe the feverat parts in fuch order, 
that beginning and reading the Sw^ as it lies, there might he nothir^ want- 
ing to a full underjlanding of what he ^ads, but a perfelt l^powledge of 
whatprtcieds. 

This is notfojirilily meant, that the '^ader mufl mdeifland futry fiigle 
Tropojition or Article before he can proceed farther ; for there are feVeral 
fropofitions relating to nixt Mithematich, which 'Beginners will hardly 
comprehend at firll reading ; and therefore may omit them, without imjln^- 
ting their own Abilities to go m, or be'mg difcouri^edin their Studies. The 

great 
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The Preface to the Reader. 

griat tufnufs at firft utohe ferfelil) Mafter of the iifign, and fr'mipla 
m whch the (eyeral parti arerrmmkdi and what applicatims artfcatur'd 
up and dam, mB he more or lejs mderjiood, according as the ^ader i» ac- 
f minted TMh the princi^of the Scimce the) belong to. 

La/ily, He defrtt his 'Sfadai Imftrtullf upenfe his Book ; and then 
he hopes, ifhen they dulyconfider horn tajSeitis infiich fariety 0/ matter 
to he miftakm, they will not rigoroujlf cenfure etxr) little Pault, mhich had 
be hid more t'aie andleafurttofpare, and coiid hit other Eufiiefi hate per- 
mtted him to have feen the Tfhole compliatly Printed, m^ht pofptly hate 
come forth much mare full and correlt : /n a mrd, he humhly crites hate 
to ajfure hit l^eiders, that he mil he wilbfg to otm and retri^ his Errors on 
tetter hfomation ; hut withtd defires them throi^Uy to Tttigh and examine 
hotb mbat be baa mitten, and what thtmfrives have to oijeS, whkh (offihl) 
may frtvint fiveral ufiUft Hfpttes. 
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A SHORT 

DISCOURSE 

CONCERNING 

Conick Sedions. 

To know the Fandamental Properties of the three pnQcipal Sedions of the 
Gone, via. the Parabola, Hyperbola and Ellipfis, is abfolutely neceOarf 
for alt tbofe that have a delire to make any reafonable Advances in real 
Philofbphyt And the Defign of this Treatife being to expbin the firfl: 
Principles, upon which our molt Scientific Knowledge is built, and to 
tRat of chat inexhanftable Source, to which the mofl; amazing Difcoveries of latter 
Yaars owe their rif« ; I have tbou^t fit, the better to accompliih my DeCgn, to pre- 
mjlea brief Account of the Ot-igin and Properties of the laid Figures, wluidi I Ihatl 
compriTe in Um foUowiog DeGmtioos and Lemmas. 

DEFINITION I. 

If dieCoae AWXbecDtbyaayPUne ADE; paffiog throngh the Vertex A, and 
alio by another Plane IMK, paiallel to the Plain ADE^ then the common Sedioa of 
that Plane wichthe Sor&ceof theCone, v.^. GHF, isctU'dan ^wrMi, and cbe 
Plaice IMK is caU'd the FJ^< fie Se^Mi. ^ 



(%5^ 
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ii Conicf^ SeQions, 

DEFiNiTioiiJ ir. 

If two-Plains ADJ, AEK, toucliing the Surface of the Cone in the riglit Lines 
DAj/, EAv, cut the fore&id, paraHel Plane in th* Lines IMi, KM-i; thefe right 
Lines being infinitely piiSduc'dy will nevCr touch tlie Cone, and being m the Plain of 
theStaion, they are &lf d the A^ihptotfts of the Hyperftola GHF: foriti^evlAnt 
tliaE the Plains AD I and AEK can never touch Che Curvf G H F, becaufc they 
touch the Cone already inthe Lines AD and AE, and yet notwithdanding they ap- 
proach nearer and nearer to O HF v becaufe is thft Cone is produc'd, the Circle of 
theBafeinaeafes, and at the lame time its Convexity decreafes, and that i» Ai/mVam. 

LEMMA I. 

If I F G K b* the common Seftton of the Plane of the Seftion and the Plane of 
thfc Bafe, fot ^ily othef Plant niirallel to ttte Bafc,) ud if it Inttrfea the Afymptotes 
Iri Ii Kj ind the Hypferboli id f ^ G ; «id if throliBh any point H, in cither <rf (for 
If the Plane of the Stdion IMK beptfldm^d uBCit it iatferfta the oppofitc Cone, 
thatSeftioniS a!!b ad fiyperboU) the oppojitt Bcftidn, the right Line OSH be 
driwh rardliel td I R^ and Interftding th* Afympfcotes in O and N, and the Hyper- 
ttola agiin in R i HaJ that 1 1 AFit = KG «GI = OHk HN =NRx RO. 

bfeMoMstiiAttON. 

If Planes be drawn tbrou|ii IfipdON paraHel totheBafe of the Cone, their 
common Seftions with the Cone t)FGE, PHRQ. will he Circles, and the common 
^editfas i3f thoft Planes ^itft ttie FkAes {iMniogdK AfjMnptoK^, •wx,. Dl« EK, 
FO, Q^, wHltotidi tHc^lesiathe ^irts D, E^ P^ Q.) and because tiieFlaias 
are^nralleii DI wiH^je=f p, iMlEK=UH hkI if t»te Tangents meet ip 1., /, 
then is LE=LD, and /Q = /P and dnAiils i^e Disnuccr LST, itwill^MTca 
the Parallels DE and FG in SandT; and bccaufe DE is bife&ed in S, therefore 
I K is (by fimilar Triangles) bifcfted ia T^ 'whtnce I F = G K and 1 G = F K. 

Inlike manner OH = RNandOR = HN, andthercforeDl9= (Prfl/nstf.fi/.^.-) 
IFxIG =IF)iFK = KG«GI= (becanfe DI =P0) POj=OHxOR = 
OHxHN=NR>tRO, 



LEMMA 
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ffemcfi SfSiotts. 

LEMMA If. 



m 



If (BJ wo panlld right Unei , ehher both m ons Seaion, or one in each Seaion 
u Ixxli u ine oppofite ScSioni, tenniflating in B,C,F,G^r tondiint die oppolite Sea- 
(fiC- t.) 




P*?t /*««,'/& B«,^ »/P«f x; inCoMSellm,. 



DflMQNST.RAT'I.QN. 

If the Right Lines BC, FG be garanel to the common Sedionof the Plane of the 
Sedion and the Plane of the Bafe^ then this is the ^me with the 'preceding Lemma; 
But if not, then through any two of the four points B, C, G, F, diaw the right Lines 
ICK, LGQ. parallel to the common Sedion of the fkne of the Bale with die 
Plane of theSeftion, until they cut the Afymptotes in I,K,Ci4-, then the Triangles 
DGK, HGQ."rerimilari asalfo ICA, LGE, thfrefefe • 

1C:CA :: LG: G.E, 
And CK:CD :: GQ.:GHi 
And by multiplication ICxCK:CAxCD:: LGxGQ:GEKCa' 
But I C X CK = (tPKiW 1.), I<G K P a 
Therefore C A X C D = G E It G Hj 
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iv .Comh\^ SeSions, 

In like manner (drawing Lines through the points B and F parallel to I CK and 
LGQ.) It may be demonftratcd that ABx BD = CD xCA = EF xFH. 

COR O L L A RY ,1. , _ 

Hence CD=BA. ^ • ■ 

F^or ABxBD^CDxCA- 
And ABxBC-l-ABxCD=CDxBC-}-CDxAB. 

And taking away that which is cooimon to both, wc have ABxBC=CDxBC, 
therefore A B = CD, and for the like reafon £F = G H. 

COROLLARY II. 

Hence AB x A C = AB x BD = EF x FH = EFx EG. 

COROLLARY IIL 

The right Line ACD touching the Sedion in C, and terminating in the Alymp- 
totes in A and D, is bifeded in C the point of Conuft ^ for A B is every where equal 
to C D, and in this cafe the points B and C coincide •, and in like manner, if the 
line BC be in both the oppofite SeSions, and pafi through M the Center of thei A- 
fymptotcs, it win be bifeaed in the fiid Center : for C D is always = A B, and ia 
this Cafe the points A and D coincide. 

COROLLARY IV. 

If the Line A C D touch the Sedioa in d and be parallel to any other Une, as 
F G, then E F x F H = A C j = C D ^, but if B C pafs through the Center'of the 
Afymptotes, then is EF x FH =DBj=: CAf. becaufctbe points D and A coin- 
cide in M. 

COROLLARY V. 

If the right Line A C D terminating in the Afymptotes in A and O, and me^ins 
the Curve inC, be therein bifecled, it will touch the Sedion in the point C, for it 
it be fiid to meet the Curve again, -o. ^. in B, then is AC = BD — CD, that is 
the point C will be the fame with B ; in like manner, if G C be bifeded by an AC- 
fjwptote, the point of Intcrfeftion is the Centers of the Afymptotes. 

COROLLARY VL 

The two ri^t Lines HGE, ACD parallel and touching the oppofite Scdions, 
and tenninacing in the Afymptotes, are equal jfbrHG xGE=CAxCD, and 
HG=GE, aadAC= C D, therefore H E = A D. 

COROLLARY VII. 

The right line conocfting the points of Contact G and C, paflfes through M the 
Center of the Afymptotes \ for rfie Triangles M H £, M D A are fimilar, and A C 
= iAD = CD = HG =: GE, and MG^MCj <fg* M is the Center of the 
Afymp otcs. 

D I F N I T I N IV. 

If the Plain (fif . in Fag. I.) A D E touch the Surfece of the Cone in the Line A \V 
and the Plain of the Seftion be parallel to the famci, then the Seftion G H F is cailtd 
a Parabola- 
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Coitte\ Se3mf4 

DEFINITION IV.' 



i» 



Anl if the Pbin A D E pallmg through the Vertex A be altogetjier without th< 
'GoDe, and ti» PUin of the Scdioo be parallel to the fame, then the Se&ion is called 
an Eniplis \ and hence it appctrs that of all the three, the EUiplis only indodes a Space, 
tjtt otlKr two bang infinite. 

LEMMA, nt. 

In every CbnidC Sealon,and in the Oppolite Seaions,if any two right Lines (f%. 4; 
f . 6.) Bl, C I,toi]cfaing the iame or the op^fite Sedions in B and C,and meeting in I (or 
perhaps in tlw EDipiis and oppoGte Sedions being parallel) he conneded in. the points 
of Coatadby therightUne BC, and if any other Line EF be-diawn on either Jidc 

iraBelto BC, Interfidliittht Curve isEandE, and the Tangents inGaodD} I 

iTdlatDE = EC. 
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Comel^StSioBf, 



*%■») 




DEMOMSTRATIOM 




Ddcribe an; of the Conick Se- 
Gaaia oa tbe Sin&ce of a Cone, 
and drawing the lines asm the 
Figure; thn^hA the Vertex of the 
Cone^n the Lines AB^ C, and 
then the Plains palTing through 
A B,B I, and AC, CI, niU touch 
the Snr&ce of the Cone. 

ThroDgh DEFG draw a Plain 
tHiaHel to the Plains XBC^ ma- 
king the Sedion or oppofite Sefti- 
Otts EKF, and cutting the Con- 
tingent Plains in D H, HGj.then 
EKFwiUbean (£</&. i.) Hjrper- 
bola, and the Lines HD, HG will 
belts (Z>«^i.) Aiympuxes, £r- 
p iltml. Or. I.) DE = FG. 



C O R O L L A R Y. I. 

tStiBt.'i.t.e.') DI = GE, and if (the points E and F meeting) therightLinc 
"^ ItHorKitgilllii bifeaed in thcpoinc of ContaS. 
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CO ROL L A R Y It. 

(SHfl;. 4> $iO' If chniBgh the point 1 wtwtt the Tai^ents^cdlicDr, ftnd'MtfaC 
middle point tietweea B md C be dmni the ligbt Uoe I M, (or the Tangents being 
parallel , if 1 M bidnwn paiullel to either of them) it will biftd all the Lines EF 
parallel toCB) fiir becanfe the Triangles I B C, IDGarelimilar, and MB^MC. 
therefore L O =: L G, and (£<». ID.) DE^FG, therefore LE ± L F. 



COROLLARY III. 

(S«r%. 9. 0.) In the Myperbola and Fatabolathe Line tM in£mteljr produced 
interfeds the Sedion only in one point, and in the Hyperbola it interlc^ atfo thi 
oppoGte Scftion, and in the (5m Ftg. 3,) EUipfis it interleds the Curve in two points. 

COROLLARY IV. 

- And Ixaule alt thofe Lines which interfea the Parahola in one point dniy are 
parallel to the Principal Axis, It follows that IM Is fo too, and all the Lines XL 
are parallel to one another. 

D E F 1 N 1 T I O N V. 

The right Lines (5« f^. 4, f , 5.) 1 M generated in this maoaer, and infinitely pio* 
doccd are called Diameters. 

DEFINITION Yl. 

And the right Lines MC, and MB, and all their patallcb LG, LEart caOM 
OrAMtti applied to the Diameter I M. V 

D E F t N I T I O N vn. 

In the Hyperbola or the oppaGte Sedions, and in the EUipCs, the portion of th< 
Diameter HK is called the TranfTerTe Diameter, and in every ScOion the psint H 
or K is caUcd the Vertex. 

DEFINITION Vnl. . 

In every Seftion the Portions of the Diameter H M, H L, intercepted between th> 
Vertex and the Oldinates, are ailed the Intercepted Diameters, or 4t>fcilE«. 

DEFINITION IX- 

In every Sedioo. if the Diameter 1 M interfed the right Line B C, and its Paral-* 
lels £ F, (K. at right Angles, then the Diameter I M is called the principal Dlame^ 
ter or Axis of the Sc&ion. 

COROLLARY V. 

(Sntf. 4, j,«.) In every Seaion HNor KP drawn throiKh the VertttH or!4 
tarallel to the Ordinates touches the Se^on, & emvtrftm ; for if an^ port of the 
bme he within the Sedloo, it will be (Or. 2.) bifcdcd by the Diameter, which ya 
klsfoppojednot to meetbutinthc pomcHorK- 1. It it tonchtbe Sedion intbe 
Vertex, it mnlt be parallal to the Ordinates, elic two right Lines might touch tho 
Stdion in the faoK poioc 

C N- 
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Vju Canefi StUimt. 

COROLI-ARYVI. 

lad* Ellipfeudllttoppofltr Sf6ioaSf the riftbt LineKH )oyiuAgthet»istf of 
Cowid « tnc panlld Tanguits, b tkc DiuKtcr of il the right Lioes KC, E F, 
^. WlUel to (hole TangctUi fet if mif olhor tight Liae u VR be their Dii- 
jSMteri then (0.4.) rKhtUneedrawnthnaghReiidV pefalleltaBC. EF, ^<. 
noft touch the Sediani Ew tivs omioc be nutill R lol K, V and H Comcide, trp 
K His the Diameter. 

COROLLARVVII. 

A right Line bileaiw any two parallel Lines widiin the Scaion is their Diameter, 
iod the DiuKtet Of alTotheis parallel to them. 

COROLLARY Vtll. 

The Diameter of a Parabola biftAsHo Liae termmating in the Sedion, hue its 
own Ordioates •, for if any Une be drawn, then its own Diaineter mnft UfeQ it, er- 
!< (Or. 3.) (this Diameter behig parallel to that) that cannot bifed it. 

C O R O L L A a Y IX. 

(Sm Ti^'^U '•) 1° ^^^ery Gonlck Se&ion and in the oppoGte Sedions, it is evident 
from the Genefis of Diameters, that Taogentt drawn to touch the Sedion in C, B 
dieexttemitiet of theOnllnate (BC) to the Diameter IM, will meet in Ibmept^c 
as I, in the lame Diameter produced. 

LE MM A IV. 

In the Hijperbola and m the oppoEte SeSions, if any two right Lines K N, S T, 
either bochinthelame,oroncin each, or mm m mr, and thtethtrinhotb SiOutii be pro- 
duced (if need be) untiU they interled each other in E,and both the Afymptotes in R, 
V, M, L. I fiy. 

^J{ J 5J5 }■■■*''''' ''■^ ■■ '*^ ""^N : SE « ET. 

DEMONSTRATION. 

Draw the right Line TN X through the point H (where either of the rkht lines 
kterfeds tlie Curve) lanllel to the (otherj ST and interleaUg the A$inpIotes 
InXindT, dKnthelViangletLKT, LERiMNX,MEV arc limilar. 

Whence LE:LN ::ER: NY 

And ME:MN::EV:KX. 
Therefore LE« ME: LN X MN :: ERxEVsHYxKX. 
Andhecaalh RSs:TV,«adkL = MN. 
Therefore RE« EV =RSxET4-RS«TV + SExET+SE xTV 
And RTxTV = RSxTV-t-S£«TV4-ETx.{J^ 
Whence RExEV— RTxTV =SExET,andE^xEV=SExET+RTxTV 
AadiBliB«iaunr LEX M E e:KEx E M -t-KM K MW. 

Asdby fuUUuitian, the Anak^ Ut fbaad, niilke 

KtxEN+KrtxHN:-[^2;gg}.:!SE«ET + RTKTV!-{5'^J*f* 

AndbyDiriSon, KExEN:|im»^H =< SElSTtRTsiTV. 

C 0R» 
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Cotttcti SeSiont\ 



COROLLARY. 



1^ 



If KM pifethroogh C the Center of the AHympcotes, ttieaicwill be KE x E Ni 
HMjorMNi::SExET:RTxTV. 



LEMMA V. 



(f'i- 7) 




ti the Ilnerbda ant in the onnlite 
tedioiis; if the right line {Fi{. 7.) KN 
tcrmiiuting in the fime or m tie *pftfi» 
Stffimu, and prodnced (if need be) inter- 
left an; other two parallel Lines FX ST, 
termioating (cither) in the lame (or in the 
oppolite Sedkms) in the points C, £, then, 

KCxCN:XCxCFi-.K£)iEN:ETxES. 



DEMONSTRATION. 

Let the right Lines be prodnced until tliefintericd the Afymptotes in S, D, R, V, 
thenbyLem.4 

KCxCN:XCxCF::KMxMN:BXxXD. 

AndKExEN : S Ex E T::KMx MN HJ^'j^j}^ 

therefore KCxCN:XCxCF ::KEx EN :ETxES. ' 

COROLLARY. 

If K K biTea the panllel Unes F X, S T, then RON (iniinitelsr prodnced) a 
thcir(C«'.7. Lim.).) Diameter, and thenKCxCN:.KExENi:CX}:£Tf. 

L E M M A. VL 

In the Parabola and Ellipfis, if the right Line F H terminating in the Sedioo, inter* 
fc^ any other two parallel Lines L M, R O in the points E G, then 1 lay. 

GOxGR:LExEM::HGi<GF:aExEF; 
DEMONSTRATION. 

Let the Ellipfis or Parabola be delcrib'd on the Sur&ce of a (Fig. 10.) Gone, witH 
the Ame Lines as in the prefcnt Figures. 

Through either of the right Lines R O or L M, as R O. and I the Vertex of the 
Cone y fuppofe the Plain R 1 to pafs, cutting the Surface of the Cone in the riglit 
Lines i R, 10, in which let the Plains I R K, i O N touch the Cone, and their mu. 
tual Interfeaion I T, and fuppofe their common SeAions with the Plain of the Seftion 
TO be RK, ON. 

Through LM draw a Plain parallel to the Plain RIO, and makmg theoppofite 
Sedions LDMAS, and cutting the Plains which touch the Cone, in the LinesTK, 
TN, which are therefore Afymptotcs. 

Through H F and I the Vertex of the Cone draw a Plain cutting the Surface of the 
Cone In 1 H A, I D F , the Plain RI O in 1 G, the Plain of the oppolite Seftioos in 
A BODE, and the Plain forming the Afymptotcs in. IB, IC 

W . ■ ■ ;- ■ the 
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(fi- 10.) ■■%:•.. 

The right Lhic A D is amiiulMl (itker ii «n or in tothtlcoppiae SccUont, and 
intcrfcas the Afymptotes in B and C 

Through the ^KAnt D in the Plahi tf the oppolite Sedions draw T D Q. parallel to 
KLEMN, then hecaufe the Plalga are parallel, and the right Lines FDQ, 
KLEMN parallel, the Triangles KGI and rDB, GIO and DCa, HGI 
and H E A, F D E and F I G are Cmilar, therein. 

IGtDE:: GF:FE,aBdIG:AEl: HG:HE. 
Therefore 10 }:DE x A E:;GFxHC: FExH E. 

Again IG:GO::CD:DQ,, andia:GR:;BD:DP. 
TheWfore K3}:QOxGR::CD xBD: J^Mxtwi "CX*»-4.)AExEI>.LExEM. 
*°"i^;}lGj,Ae«ED::G©xGRtLE»EM::GF«HG:FExHE. 

COROLLARY. I. 

IntheFatalniaXtherightLueTHillteifift 
the Carre, only in F, and be [Mduced infi- 
oioelf tow»ds H, that is if FH,he aDiame- 
ter,(Csr. 4. htm. ).) then OH and £H are equal, 
botb^beisg infinite, therefore FE : FG :: L£x 
EM:RG xGO. 

And becanfe the right Line (S^^f. f.) HM 
fclTeasallthe Ordinates EF, BC in L and M, 
tmefbrcH L : HM :: LFf : M C}. 

C O R. O L L A R Y II. 

Andia the ElUpCs, tf tiK DiaBmer<&i 1%.4-) HK Uftd the OidijBtcs BC, 
Efi,thonititHMxMK:HLxLK ::MCi:LF7. LEM- 
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LEMMA, vu. 

(Set Fi£. 7 80 In the Ellipfis and \a the oppolite Scai- 
bns, aay Uac ICH pajfing through C tbt nid- 
dle poiac of the 0aoietcr A Q, and vrmMUD^ ia Uw 
poiatsI^Hi itbiiededinC 

DEMONSTRATION. 

If I C H be an Ordinate to the Diameter A G, then 
'tis eridnt it ii biJJbftcd in C -, but it not, through 
the poiats I, H^ draw the Ordinates I P, H Q., to 
tfaebianeter AG, which being parallel^ the Triaa- 
^csCHQ.. GIF villbe fimilar ^ therefore by C«r. i< 
Ian. 6. and Cor. Lim, 5. It will be. 
APxPG:AaxaG::PIj:aHf ::PCf:aCf. 

Whence by Alternation and Gompolition in the EUiplh ind t^viCoa in the oppo- 
fitcSedkuH 

APxPG-f-PCo fAa^aG+C 

PC?— APxPGS-:PC?::-}"- 
■ WbcncePC=^<3LC, aadconfequcntlyCI 5=ca 

LEMMA VIU. 

la dw Hyperbola and la the (^pofite Sedions, all the Diameters meet in the point C, 
Ivbere the AlymptoCes meec; and all the determinate I^meters nnttoaUy Uo^ one 
AQOther in the laid point ; and in the Elliplist all the Diameters (Stt Fsg. 7- 8.) meec 
and mntually bi&d one another in a certain {xieimoa poi^it C within the Sedion. 

Becaufe the determinate Diameters in the Hyperbola or the oppofite Sefiions, con- 
ned the points of Oootaft of die paraUcl Tugtoti (bf 0- ^. Lm. i.) themfore 
they an ^ tbrongh the point C where th( Afytnptote; picct (by Cv. 7. Ltm. 2.) and 
are therein biftaed (by Cer. 3. Lem. 2.) 

AnduidKEllipfoifthratghCafid V the nkldle potfttft of tWtwoPiwtttf* AC« 
til bedmwBSCVTrmnffUBttng cither war ia tlv Sedhw* K Trill bg )>ifiid«d bech 
InCud V O^fLimt 7.) therefore cbe poiou CAodHowtfiw vtheyarc thebm* 

DEFINITION. X. 

The point G wherein all the Diwntfn meet i» CsUed the Center of the EUipJis 
or the Center of the oppoCte Scftlons. 

Gener^i CQNSECTAEIES. 

t Any right Line (■?« Fi;. 7. 8.) AGpoffing tbpoagh any poloc A in the Cunre 
and the Center C is the Diawter of ill the rjglc Upei4lr^a jn the Sedibn parallel to 
the Tangent in A. ' 

IL A Diameter bifeds not any line termiutijig in tliefie&faui (except in the Cen- 
ter) but its own Ordinates. for &ch a ji^ Upe (woyld alfo be bifeded by its own 
Diameter \ now a Une cannot be bifc^ed. % two other right lines, but in tlie point 
where thcfe two Umes meet, which in ^Grfe Is the Center. 

HI. If oneof theOrdioxtesasEF iF^t^-') pad diroa^ the Center R^ then it will 
bcHRj:RFyi: HMx MK:MC-f. 

DEFINltlOM KI. 

TheDiameter E RL being parallel to the Tangents In H and K is called the con- 
jugate Diameter to the Diaaucer H K, and Ivaw ikis Diameter in the Hyperbola 
Is infinite , a Une drawn parallel to the Sua* *ld toa(;)iiag the Cunre in that point 

where 
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xii Coiiic^ Sedkns, 

where the Tranfverfe Diameter interfefls the Tame, and bounded by the Ar;mptotes 
or a poition of that equalto this, is called the conjugate Diameter. 

LEMMA IX. 

In the Hyperbola and Elliplis, let D F be any (Determinate) Diameter, its Vertei 
D and its oppolite Vertex F ; G B the tnnjugate Diameter, and K N any Oidinatc ap- 
plied to the Diameter D F ; then let L R be a third proportional to FD theTranP- 
verfe and G B the conjugate Diameter, and therein (produced in the Hyperbola) takfe 
thcpoint MrothatFD:DK :: LR:MR. l&y KNj =DKxLM. 



(rig.ii.ix.) DEMONSTRATION. 




JI S 



BecauTe FD:DKi:LR: 
MR, it will be by compofi^ 
doQ inthe Hyperbola ana £X*- 
vifion in the Elliplis. 

Whence FK x MR =:DK 
X L M,and again.becaule F O : 
GB:: GB: LR it will be 
FD:LR :: FD»: GB,:: 
(their Subquadruplcs) CD^ : 
CBj:: (C«r. 3. Afiif Dtpni- 
t«».io.)DKxFK:KN5:: 
(by Hypoth.) DK : MR:: 
DKxFK : MRxFK, er- 
. goKN} = MRxFK = 

I. R M DKxLM. 

DEFINITION Xn. 

The right Line L R is called the Lmiu RiOam or Parameter. 

COROLLARTI. 

In every EllipCs, the TranfTerie and conjugate Diameters are two mean ptopfer- 
tionals between their reTpeftive Parameten. ForDF:GB::'GB:L (=to the pt* 
nmeter of O F) and by inTerHon GB:OF :: LiGB ;again GB: OF:: DF: /, 
therefore L : G B : : DF : ;. 

COROLLARY II. 

G B J = D F X Param. = to the Figult of the Diameter, and confequentlyC B } 
= i the Figure of the Diameter. 

COROLLARY III. 

DF :LR::DKxFK:KNf, thisboueot theSteps. 

COROLLARY IV. 

Becaufeitis (by Suppolition) DF:GB: : GB:LRtherefi>reDF:LR :■ DFj! 
GB}, andconrequentlyDF5:GB5 :: DKxFKjKKj. 

LEMMA. X 

In the Parabola, let D C be any Diameter, and B(; 
an Ordinate to the iame ; then talte L R a third pro- 
portional to the intercepted Diameter DC, and BC 
an Ordinate to the fimc j I fay the Square of any Orrii- 
nate K N is equal to the Reftanglc conoined under L R, 
undDRtherefpeaive Abfciffa, wj,KN} =LRx DK. 

ForbecanfeDC:CB :: CB:LR. 
Therefore DCxLR = CB}. 

'"'^Kid' "^ DC S Ul} • "N* ■■ = "^ • ""^ = • °<^ " ■■ "^ • J*" »■■* 




Therefore DKxLR = KN5; univerfiUy. 
f 1 Nl S. 
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A 

TREATISE 

FLUXION S, 

OR AK 

INTRODUCTION 

To 

I ... - - . . . . 

SECT. L 

The Nature (f FlnxioHu 

i. ^A Jl'AGNITUDE isdiTlliblelnM/&MiMrv, add thfc^aiti after this iii- 
Jm /■ ^''^ Dlvinon, bdng in&nitely little, arc what Analyfts call AU* 
I ^ / ■ mnti or Differencti \ And If we coolidet' Magoitode as lodetermi- 
I Vr I nate and perpetually Incieaftng or Decreafingj chfca the infinitely 
^ ▼ ^L little Increment or Decrement is call'd the Ftuxkn of that Magoi- 
tode or Qpantity : And whether diey be call'd MomtnUy Diffntiictt 
0r Biaciaasj they are Itill fappos'd to hare the lame Proportion to their VVIwle'Sj as a 
Fiiute Knmber has to an In^nite^ orasafinlte Space has to an infinite Space. Novr 
thofe inBoitely little Parts being extended, are again infinitely DivifiUe ^ and cbefij 
infinitely little Parts of an infinitely little Part of a given Qjiandty, are by Geometers 
call'd iK^efim^ bfimtefimariim or FUtximt of Flmxims. Again, one of thue infinitely 
little Parts may be concciv'd to be Divided into ad infinite Number of Farts wMch 
are call'd Tl^d Fkximiy &c. 

2. Becaufe this Dodrine may leem hatd to molt Readers at firltj I fliall endeavour 
to prove that there are Quantities infinitely lefs than a given Quantity, which areallb 
infinitely greater than another Quantity ; aod conlcquently, that if there be Qpan- 
tities infinitely little, there are others infinitely lels than they: And in a Word, that 
Quantity is not only divifible i» infinitum, but that there is aUb an endleis FrogrelDon 
Of foch iafiflite Divlfions. 

B thtt 
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1 Fluxions: Or an-Jntrodu^ion 

That there arc Qtiantitics iiiliniccly Icfs than hii innniiely litde Qiiantity may be 
prov'd tliiis. In the Circle ABF draw the Diameter AB, 
and let B F be a part of the Periphery infinitely little* tJieaita 
Chord B F will alfo be infinitely little \ that is, the Chord 
BF will have the 6ni^ Proportion to AB as a finite Number 
has to. an infinite. F jm F let fall the Perpendicular F G, 
and draw the Line AF i 1 fay BG will be infinitely left than 
BFi for the Angle AFB in the Semicircle is a {Profii. 
EUm.3.) Right angle, and FG is Perpendicular to the Bafe 
A^ therefore the Trian^ts ABF, FBG are (^Prep. 8. 
EltwL tf.)"fiinilarv and Confequeatly., iPrgp. 4. Eltm. 6.) 
AB;BF :: BF:BG. But BF is infinitely kfs than BA, 
thercfiare BG is infinitely lefs than BFj that is, a Quantity 
maybe infinitely lefs than another Qnantity infinitely little; or a Quantity infinitely 
lefs than one may be infinitely greater than another. Q. E. D. 

It is evident from the natore of the Qrcle, that the Tangent of an Arcli is greater 
thaathe Sine of that Arch j and that Uie Tangent of an Arch k greater, sndits^ine 
lefs than the Arch it felf : This teing.Jui)pos"cl, ia the Circle ABF, whofe CentetC 
and Diameter AB, take the Arch BF infinitely little, BE the Tangent, FG the 
Sine, and BG the versd Sine thereof. Draw FFi Parallel to AB, then HE will 
be the difference between the Right-fine of the Arch B F and its Tangent. Now the 
Oiord B F is infinitely little in Comparifon of B C, and B G is infinitely little in rtfpeft 
of BF; and again, HE will be infinitely left thin BG, becaufe the Triaugles CGF, 
F HE are Similar, and CG:GF :: GB:=FHiHE. Hwce 'tis e\iid«nt that if the 
Quantities CG, BF, BG, HE be given, thenCG is infinitely greater than BF, and 
MjEdire-infinitely greater than BG, andw/fwcp-rw/fBiro-infinitely greater than HE. And 
thus, from the bare Confideration of the Circle we have arriv'd to Third fluxions. 
And for a clearer lllultration of this Doftrine, take the following Example from 
■ the IncomparaMe Mr. Nev/dw, which 1 fiiirf Demonftrated 
by « late Ingeoiom Author thm : Let AG be a common 
A Parabola, AB its Axis, and AE a line toucliihg (he 

fame in the principle Vertex A. Thfn it is evi- 
dent from the nature of the Curve, that the Angle of 
Contaft FACis lefs than any reftilineal Angle. To the 
J lame Axis A Band Vertex A, defcribe a Parabola of ano- 

ther kind, t^g■. a cubical Parabola AD, whofe Ordinates 
encreafe in a fubtriplicate Proportion of the intercepted 
Diameters ; I fay the Angle of Contaft FAD will be in- 
finitely lefs than the Angle of Conuft FAG Or which 
is the fame thing, k is impofible fo to diminifli the 
Angle of Contaft ( of the Apollonian Parabola AC,) 
F A C, that it Ihall be equal to or lefs than the Angle of Conuft FAD, let the Para- 
meter of A C be never lo great. Which is thus Demonftrated. 

Let the Parameter of AC be —a--, and the Parameter of the Cubical Parabola 
A D = t. Take the Point E in the Tangent line : So that, a: ^ :: i : A E, and then 
» X A E — ^^ Through F the middle Point between A and E draw F D Parallel to 
the Axis, and interfefting the Curve ADinD, draw DOB Parallel to the Tangent- 
Une AE, then fuppofe BD = z, BC=/, and AB=wi then is 4*=^% and 

h*x~ ftJ, and — = « = -r^. Therefore i*^' = 4 23 j and reducing this Equation to 

an Analogy, it will he b^:az :: z' :y*. That is, a xAE:«xBD ( = <iXAF) 
:; BDf :BCf ; but «xAE is greater than 4X AF ( by fuppofition) therefore 
B D 9 is greater than B C f , and B D is greater than B C : Therefore the Point C in 
the Apollonian Parabola fells within the Cubical Parabola AD: What we have thiis 
Demonltrated of B C holds true in all the Ordinates of the Parabola A C, fo long as 
they are lefs than A E j and therefore the Portion of the Parabola A G at the Vertex 
A fells within the Parabola A D. Therefore the Angle of Contafl D A F is infi- 
nitely lefs than the Angle of Contaft C A F, becaufe this Angle being infinitely di- 
rainifh'd, is ftill greater than that. 

In like manner if the Curve AG be defcrib'd, whofe Ordinates increafe in a fub- 
qiadruplicate Proportion of the Inttrccptcd Diameters, the Angle FAG, might be 

Demen- 
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to Sid'atbemdtical Vbilofifhy, 9 

dcmonftrated to be infinitely lefs than the Angle F A D, which is infinitely lefs than 
the Angle F A C, which is infinitely lefs than any reftilineal Angle. Again, if thr 
Curve AH be defcrib'd, whofe Ordinaces Increaie in a fubquintuplicate Proportion of 
the Intercepted Diameters, then the Angle of Contad F A H might be prov'd to be 
infinitely le& than the Angle of Contaa FAG, &e. 

. And thus we have a fcries of Angles of Contaft, which might be continu'd in 
tt^witiim, and every one of them is iafinitcly greater dian that which immediately 
follows. 

And thos I think I have briefly Demonitrated that there are degrees of Infinity, 
and that the fame Quantity may be Confidei'd as infinitely little and infinitely great 
in diSerenc Rc^eds, Aiul having thus premis'd a general Accomt of FlHxiwf, I ihall 
oowoooecoiaore particular Inltaoces. 

3. Bf thetX)dnneof Ftmivtmj wemderRaadtiKJriibmetukof infinitely finall In- 
crements or Decreoients of Indeterminate or variable QjiantitieS} and by fuch Quan- 
tities we undcrftand thole which in the Generation of (v.g.') a 
Cunre by local Motion perpetually incrcafe or decreafe, which are c .... A 
tberefbre more properly c^l'd (by the Incomparable Mr. Navtw) \''{\"y 
fWm'mr $hivmut. For Inltance, let AMB reprefent the Curve •; ■ Lfc 
of a nnBola, Hypeibola, Circle, Hlipfis, or any other Geome- 'jAZ^. 
trical Figore- The Parameter of any Figure is a determinate and \j ^ 
invariable (^tntlty, and ib is the Tranfverle Diameter of an ^ 

Hyperbola, ^ipie w Grcle : And craifcquently in the Arithme- i 

t^ of Fluxions they rtanain always the &me (j. t. They have one ^ 
^ t^ lame dcterouoste ValK) throu^ut all the Work. 

But if we fiwole a Line as P M, to move witb one Extremity upon the Diameter 
A D' (and with the other to touch the Curve) from A to D, always Parallel to it felf, 
'tis evident tiut according as it delcends or recedes from the Vertex A, and comes 
.nearer and nearer to D, it increafes in length, as doesaJfo the portion of the 
Diameter intaxepted between the lame and the Vertex Aj Thns fm a greater 
than P M ant^ uie Intercepted Diameter A ^ is greater than A P , and the 
portion of the Oirve AMm is greater tiian AM. Now if the Line MR be 
drawn Parallel to tbe Axis A P, *tis mamM, that A P being the AbfcifGi, P M is the 
Ordinate^ and again, if AP-4'Pp be the Abfcifla, then the Correfpooding Ordi- 
nate is PM-i-Rii» = ^«fc So that if the Increment of the Abfcifla be fuppos'd 
= P^, then the bKrement of the Ordinate is =Rw j and die IncreoKnt of the 
Cuprcis =M<i». Andif P^ be fuppos'dto be infinitely little, then P;>, Rw, Hm 
are call'd ttie Moments, Difiereotials, infinitely little Increments, or (more properly, 
as I have iiitimated before) Hoxions of the intercepted Diameter AP, Ordinate P>[, 
and the Curve AM refpedively. 

4. All Sorfaces may be confider'd, as Compos'd of an infinite Number of Parallel. 
lines, Strei^t or Crooked, and thofc Lines (being Ibeight) may be fuppos'd ParaU 
lelo^:ams cf an infinitely little height, and may be call'd the Elemm* of the Snrfece. 

For inftance, in the Parabolic Space AMBDj Imagine the Axis or height AD 
to be divided into an infinite Number of Equal Parts, and fuppofe the Ordinates P M, 
fm to be drawn through every Point of the Axis, then 'tis evident that they will 
Occupy the whole Parabolic Space A M B D. And if we multiply every one of the 
Ordinates P M by an infinitely little Part of the Axis P ^, there will be produc'd the 
iofinitely little Surl^ces or Parallelograms Mf (becaufc the Ordinates MP, m^ being 
infinitely near each other, the Triangle M Km is infinitely little in refpe(^ of the 
farallelc^ram Mp, and conlequently may be rejefted.) Now as Pf, Rw, Mw, 
are the Flnxions « the Abfcifla, Ordinate and Curve refpcdively : So the infinitely 
Ifftlc FaraQ^(^nm M^ is the Moment, infinitely little Increment or Fluxion of the 
Area or Parabolic Space AMP, and the Summ of all thofe Parallelograms is equal 
to the laid Parabolic Space AMBD. 

5. And )£ we would Contemplate a Solid, we may oanfider it as Gompos'd of an 
infinite Nomber of Parallel Plams or Surfaces comprehended by fheight or Curve- 
lines. And th<rfe Snr&ces or Plains may be taken for Solids vfbo&.he^ts are equal 
and infinitely little. ' So that Phins or infinitely thin Solids may very properly be 
caft'ddie Eiemtms of Bodies. 

Thus 
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4 Fluxions : Or an IntroduSioH 

Thus in the ParalwHcal Conoid, which is a Solid fbnn'd by the Revolution of tiiii 
Semi-parabola A M B D about the Axis AD*, 'tis evident that every Ordinate P M, p w, 
defcribes a Circular Surface in one whole Revolution, which being multiplied by Pp 
an infinitely little part of the Axis, there will be generated an infinitely thin Solio^ 
which is ehe Fluxion or Element of the given Conoid, dnd the Somm of all the laid 
infinitely thin Solids, (the Solids generated by thcRevointion of the Triangles MRm 
being infinitely little, and confequeotly vanuhing when compar'd with the othcn) u 
equal to, or Confiitutes the Parabolical Conoid. 

6. And thus we confider Qjiantities as indeterminate and variable, and perpetoally 
increafmg or decreafing by local Motion. But we mult: take great heed, not to con- 
fider the Fluxions, or Increments, or Decrements as finite Qiiantiti«: For being oncC 
Finite they are no longer Moments or Fluxionsi, it being in a manner repugnant to 
their perpetual Increment ot Decrtment. They are the very firlt Principles (Prmei- 
fiajdmjam nafetntia) of finite Magnitudes. Ntr it it nectffgry tbst wt ^uUJ fo muA 
confider the MagnituJt ef tbtfi Moments, «i tbt Profortitiu bttwten tbtm si they begin to btr 
And therefore it is the lame thing for our porpofe, if inftead of the Moments them- 
felves, we confider the Velocities of the Increments or Decrements, or even finite 
Quantities proportional to the laid Velocities. 

Thus in the Parabola A M B, we draw any two Ordinates P M, ^ m infinitely near,' 
or at Icaft fuppofe them to be fo j and having (brawn M R Parallel to the Axis A D, we 
call MR the infinitely little Increment^ of the AUcifla A P, and Rm that of the Or- 
dinate, and Mm that of the Curve, which lines more properly denote thePropcn'- 
tion between the refpedive locremeots of the Ablcifla, Ordinate, <^r. or the Vro- 
portion between their relpeaive Velocities, wtuch tiwy lave when they be^ t<J 
Contribute to the AD^nentation of the laid Abicilg, Ordinate or Carre rcfpedirely. 

7. And as the Lines P^, Rnr, Mm are call'd ftKciM/, fo the finite Quantities 
AP, PM, AM are call'd fkaviMg (^MMtitiet (which are the lame 
with (^Art. 3.) indeterminate or variable Qpantities,) and I chufe 
to ufe thefe Names in the enfiiing Treadle, becaole thci Generation 
of Figures and Quantity by continu'd Motion is more Natural and 
more eafily coQceiv'dj and the Schemes in this Method are more 
fimple than in that of Parts. But when the i^lrt. 6.) BroportioiL 
of Fluxions is to be inveltigated, or any way conduce to the So- 
lution of a Problem, then I call the indefinite little lines P^* Rm, 
M« the Fluxions of the refpeftive flowing Qjantities AP, PM, 
AM, tho* being but Finite Quantities only, they do but rei^efoit 

the Proportions between the relpedive Fluxions of thole flowing Quantities. 

8. And 'tis manifeft that in this Method we confider all Curve-lines, as Compo^d 
of an infinite Number of infinitely little Streight-lines, or as Polygons of an infi- 
nite Number of Sides. TTius the Particle of the Curve Mw, being fuppos'd 
infinitely little is confider'd as a Straight-line. And then by confidering the Fluxions 
of finite Quantities, and their mutal Relations in infinitely little Streight-lines, we 
come to difcover the Relations and Proportions between the given Quantities them- 
felves. For all Curves being Polygons of an infinite Number of Sides, 'tis evident 
that one differs from another in nothing elfe but in the Angles Comprehended between 
thole infinitely little Sides \ and confequently to find the Curvature of any Line, is the 
fame thing as to Determine the Pofition of the faid Sides. But this will appear more 
plain afterwards, when we come to Ihew how to draw Tangents to all forts of 
Curves, &e. 

9. And as in Specious Algebra, all forts of Qoantities are denoted by Letters, fb 
here to avoid Coniiillon, and to cafe the Memory as much as pofllble, we always de- 
note the Abfcifla or intercepted Diameter of any Curve, as A P by tie Letter «, the 
Ordinate PMbytheLetter>, and the Curve AM by the Letter &, tiien the Quantities 
«,7, z^ are call'd (i^. ^and 8.) flowing Qiaatitin, and the Fluxions P^, Rm, Mm 
are reprefented by the Letters reprefentmg the relpeSive flowing QpaDtitics, with 

Pricks over them, in this manaer, ?p = x, Rnr=7> Mm = ^ 

And 
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to ^Kiatbematical ^.hilofofhy. 5 

Add if the flonii^ Qpantity be exprc&'d Fiadioa-wUe v.^. :^^ then die Fluxioa 

thereof is denoted thus — :-, or if the flowing QpantitybeaSord as v'«« — xx» 
* — * 

Then the Flmtion thereof is written thus Vm»— » «. 

Note, that gpoenlly (unlefi it be otberwilc ezprelVd) thfr kit Letters of the 
Alphabet denote flowing Qpantides, as v, /, «, and the fiift Letters, as «, A, <, ^ 
always denote invariable Qpantities. 



SEC T. II. 

Tbe <i^lgorithm or ^Arithmetics of Fluxions, 

PROPOSITION!. 

To fmitbe Fluxion ef om cr more fimfte fZ/tMiOitusCoMiieUed with tha 
S^HS + or — . 

10. T ET it be re^Dir'd to find the Flnxioo of ». Sof^iofe « to ttprt&ax. a line, 
-^ as AP, (Ftg. m Art* 7.) then 'tis evident that the Hoxion of « is P^ = at 
Again, Utit be rcquir'd to find tlie Fluxion of «+ x 4-7— £> If wefiippoft* 
to be alimented by an infinitely little part ir, that is if « heconK =x-^«, then 7 
will become == J- ^-z, and *=*+», andbecauIc*ban(.At.9)invariableQpan- 
tity, it remains alwajrs the lame, therefore the Qpantity propos'd « 4^ « -\-j — x^ 
win become «+»-!"*+/+/"■*""** and the Flnxion pf that ^ven Qpantity, 
<V the excels of this above that, is « A^-'j -~ », and hence arifes this, 

R U L E L 

II. For finiple Qpantities Conne^d with the Signs 4-Or— . Take the FlnxiM 
(tf every ope of the Qpuitides propos'd, and Conned them with the ^gm of thdr ' 
refpeftive flowing Qpantities, and the Summ will be die Fluxion rcqoir'd. 

P R O P. II. 

^ X ^ muhiflki into Z, Mndif tbe Prodaa heXZ. tJef^e to kiKm the Fitixi- 
. omtfthe Rea^^k X Z ; Tha is^ faffo^ the SiJet XtudZtoie M^metrted 
. or dimitufi'd eMch iy m ittfimtefy littk OgMtitu I tMiU kmm hom imebtbe 
, mew Re^Mf^U exceeds or is exeeedediy tbe given Re^Mtigle X Z. 

1 z. If X be multiplied by Z the Redangle is X Z : Kow fuppofe half die infii^tely 

Ihde mcremp nt of X to be i «, and half the Floxi- ^ ; 

on or infinitely little locrement of Z to be t «; 'tis 
evident that the Flnxion or Increment of the Red- 

anglei$ = Xxi«4-Zxix-f-r. Again, foroofe 
hall the infinitely little Decrement of X and Z to 

lie t X and t « refpedively, then the Flnxion or 

Decrement of the Redangle XZis=Xxii + ' Z 4 £~i^ 

Z X iit— r, and adding the Increment and De- 
crement into one Sumni, we have XKK'^Zxxibrthe Fluxioa of Redangle XZ. 
aE L G Tbe 
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6 Plteamt: (fr m IittrtdiiSim 

The Incomparable Mr. JAiifm, Ihews how to fiiid the Flouon of anr Redangle 
III • DHnirtr Mtliiqg diAethig inffl tMs, onlf enml^d anofhn: vra;. For inltance, 
to fiiid the Fluxion of the Rcdangle X x Z : He »]ppoi» the Fluxioa of X and Z to 

\)e i lai i. Then, 

X+ii . 

. ?+{t ■ : 







"thc'Mome;i'n = '^2+'"Z + ''''+*" ^2-i'2-ilx+iU 

And the ^idotnce i'Z-f' ^Xb=:totheFhttionafacReaiiig.XZ. 

Then is yet another war to God the Flmdon of any ReSangle XZi whichistbiB, 
the Fluxions of the Sides X and Z are (ifrf.io.) ieande, and theitfore the Sides of 
the Reftalgfc fcccome X + i airf Z + i, andtheRefiaBgleitrelf isXI + iZ^- 
^X-^s^x, from which fubtrading the given RedangleXZ, theienuhlderxZ-|'^X 
(tkttataaiiileliieinSnitelylittlckaiaiparifosof dthtrof thefe) isFlisloatheof 
theReamtkXZ. (2,E-I- 

PROP. m. 

Tijbul tht FItalm (f th PfoJuS if aaj ff oilier pffimag Saiuitiei 
mtbifUtiiiiitaie tKttktr. 

13. Let it h£ requirM to find the Fluxion of My%; this oiay be done lereial 
mys, M I*. Snppefe x/ to be one Qpuitity, and r, another, then xjn nay be 
confider'd as a Reftatgle. Now the Fhxion of xj is (,At. 11.)'/ +i'< "U^li ^- 
ing multiplied by the other lidee, thepiododls jVK^-^^«;ir, and the Fluxion of 
the.liik«i< (>rt;io.) s, by which multiplying the other fide x/, tbe produdis 

A»)S nd9Uiagb(ilhFradia>tagetbirwehm«v+7>'H~>''/> "hict ia 
the Fluxion at the gimaPradad or Quantity xjt, ,Q,E.L 

Or 2?, The Floxion of X7 & may be iband thus ; for ji put-/-)-/, for x pot x-^-x 
»b1 Sir < put ^+ i «heBjr+/x«4-» m+iwillbe = */Xrl-iv+iv+ 
ii«jr+iif -fi><-^i/«+ii/, <nm which Bibtnaing thegirairndiaor 
QSMMUji^iL, ihtR«a«hMleriv+}^* + ';*)i (rejefling all thoft Terms tliat 
fcnowas bemghenOpuiMylefitbuiuiy of thefe) is tiie Fhnion orhilboaiUDos 
lacmKlt of the given Qpantity ar^K, Q,EL 

And if it be require to tnd the Fluxion of x^ ^«, I take x; I for one Qpantity, 

and taking the (.Art. 1 ; ) Flodon theimf, vi^ xyx.-\- j xx.-\- %,xj. f mkiply the 
fimeby the other Term «,«adth«fro<iia if ijwh/»v + i«/ •: "Iliea I 
mnltiplythe Fluxion of a,^:;: ^bftheotlicr Tenn arijrand theFiBdiiSb a'^^t 
laftly, laddbothTroduas together,. toddtestheSiimm xfKn-^rJx'Jf^-i.xj*-^ 
• x^ ic is the Fluxion of the given QfUticsr xjXa. Ant hence arjlis, 

RULE 
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R u L B n. 

ttfti th Katbia iftifi Nmnkr (ffomtg SgdMitia multiflieiiiih au iMthtri 

MdtlAt^ tfte FlmiBn of eT«7 i>miciit>r Qiutitr b; tbe Fro<li]& of d tlK othcn, 
tkcn tM SanB af in tbtft Fraans b the Fhsisa nqnu'd. 

Thii<WliliiM«<tf i'iiix4-tx= (4<M;}.ud».> is And the Flaxiii* of 

l^ptxt—»i» = ti— »« — »*—«»• A«*tl»Riil«i«(jr»«-f; h 3<V 

And to find the Flmion of x/ + ii«^ Thenoxlocof thcTenn xj b (^r>. n.) 
xjr-^^x, andtheHaxknoftheotherTecmciib^w-f- ««, attdconftqaentlrthe 
Fluxion cf x7+\»U=«ji+7» + i«+ »«, 
And theFIrakmof <«4'**7+«<^*" = **+*/*+*'J'+«»i+«'» 
P R O P. IV. 
To f ltd th ftuxiat if tUrf Frd^ioih 
14. Let k te icqebV toSnddR FhsioD tl — . Si^infe— s^, Aa b 

x=fti Noir it b erident that as theie variable Qpantities ate alnays equal be- 
tween thenlelTes, wMther tlicy be ftppos'd to Increaft or decrca&i their Ftnxioiia 
innfihe fotoo^ aildtheitfbtcx=^^-|' i^J, andx — %j =jriL,aiiddiTidiiigby/, 

""V =t = (byyottiiig£.^0'!f~V. Bat % hdog = ^, therefore ^ = 
7 7 • 77 7 

tothcFtDiionof ^, andcDDreqatntl;,/^^^^^^ l='0 if equal to tlw FliUioa of 

tlKftaaiOB-> 

Again, Letitbepropos'dtofindtheFlaxifluof diuFiaftioa--r-.Stip(ofe-^^- 

s<c than iOKfii-^ir^ aiidxs<^-^V'+a:^ and brTnn4ofiti«««—i(« 

^<<-4~*^> and by Divilion *~'^* s ^, and SablBnitiilg -iL- for iiii the £• 
• + * « + * 

ooatl»n,ii«hawii4:_li:7-£5=i,d«li ,. ,»* , , («i) m to 

the Flnrion of the giren FraAiDn — J—. 

Andif itherttpiit'd to find the HBiionof—p« — = iL, then b »±ijtt> and 
(the Flltiloii;of» being (,^.9-i =o> 0=^ +7^) andby TnnljpOlEtSaii — V 

= f'si, and^l^ = ^, and b; refUtntiail, potdng Afor^, *'**7 (=;1() s to 

7 7 77 

tkcIlBioMf thtgimFnaia— . Aidke^Kirekm^ 

a U L B IH. 

Tr/UikBtxk»tf mfgrtOki^ 

M i l l > l|l>en«dni«f«>»Wm«atoi bf (to DOHaiMOr, aNlaii(rit|ilKl 
(with the Sign ~) the Fluxion of the Denominator nnltiplied mto the Nqncntoy : ' 
And divide the whole bjr the Square of thcDeoqiniaitor. So Ihall jm^brrtilm 
Bnikinof theglTcaFraawB. yi^ 
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8 Fluxms: Or an Ititrodudion 

Thus the HiKion of JtJL. fa = ^'.H'^'^T— ^ 



i-\-x ih-]r lix -\-xx t i -\~ 2ix-\rjtx . 

And the nuxionof A is = " V* " "'^ '^^J^^ -JL^h^-'h^Z^ 
xj xxjy « x^j '* + »*/+// 

Before we can proceed &tther to find the Fluxions of Powers, it win be aeceOary 
xa explaip the Anuogy bctveen Powers and their Exponents, wlUcb I IhaU do in the 
foHowiog 

L E M M A I. 

Jf MRdakif Nemherhia^GeometricdlProgr^M, 4tUifthtfrfiTermheVmty 
Modtheftcond Aoy Qu/mtitj as Xj And if wtder every Term its own Exponent be 
fUe'df 'tis evident thitU thofe Exfonentt w^form dn Arithmetiea/ Pt-cff'^n, 

1$. For inftance, Geom. FrogreOion i, *, xx, xxxj xxxx^ **, **, Jir7,&c 
Arithmeticat ProgreiGon o, i, ' 2, 3, 4» 5> *, 7, &c 

And if the Terms of the Geometrical Progreffion be cootioif d downwards fMu 
Unity, and thole of the Arithmetical downwards from ModiingvTlK Tenns of Oi^ 
ProgrelTion will be the Exponents of the refpedire Tenm of Uiat, Thos the Expo- 

nentof — wM be— i, and thatof —will be— i,^f. as is evident in thele5<rw«>' 

Geometrical Progreffion *> ». -^. . ;^ ^,. ;^» ;^,»<^ 

Arithmetical Progreilion i, o, — i, —2,-3, —4, •~$f&e. 

Or if we Timpore the firft Term of a Geometrical Series to be (v. r .) and that 

" ^ XXXX 

every Term is prodnc'd by multiplying the preceedingTerm by *, then the Series 
will be, 

I 1 I I 

-: , , , , I, Jf, x*. xxx* xxxx, 

XXXX^ XXX ** ' ;c ' * ' 

And the Gorrrfponding Arithmetical Series (the comnjon difierence by vhidi the 
Terms rife bung i) will be* 

— 4» — 3. — 2» —I. o> »> 2) 3) 4- 

. And if the Geometrical Scries be exprefs'd by help of thele Exponents^ it will 
ftand thus. 

**—<■, X — J,* — % Jf — \ *•,*%*% *3, *♦. 

Whence it is erident that the Exponents of perfed Powers Afceadiag, arepoftire 
Kombers, and thole of perfeft Powers Defcendii^ are Negative Numbers. 

But if it fo happen uiat the Exponent of the ^mer is not a whole Number biot a 
Broken^ thatis, if the Power beany intermediate between the Root and the Square 

or the Square and the Cube, &e. then to find the Exponent thereof we matt take the 
Gorrelponding Number in the Arithmetical Series. 

Thus Uk Exponent of yx is i, becaole as yjc is a mean Preportkuul between i 
and X in the Geometrical Series: So i is an Arithmetical Mean between their.Ex- 
ponentsoand 1. 

And the Exponent of Vx is ^ : Becaufe as yx is the firft of two mean Proporti- 
onals between landx^ So f is the fiift of two Arithmetical Means between tbdr 

Exponents caadi, and for the like reaTon, the Exponent of yV* isf; aodtliKof 
\fx9 is J. 

. ■ . . If 
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to iKiithemitticd 'Philofiply. ^ 

If there be three mean Pt«portionals between i and j:. Then the Gcometrkal 
Series will ftand thus, 

■ I, V^» V*^> \xKX^ X, y.xxxxXf yxxxxxx, y/xxxxxxx, XX,&Ct 
And th e Conelponding Arithmetical Series will be, 

I 1 J . 5 « 7 , 

* 4 4 4 4 4 4 

And contradmg the 1>iins of the Geometrical Series by help of the Exponents of 
the Powers to which the Letter x b adually rais'd, it will then Itand in this Form, 

», .V'*'> V'*'" V'*'. *'. V'*'. V^»', \/x', JtS&c. 

Or (transferring 4 out of ^, and majung the iame a common Denominator to the 
Exponents of *) thus, 

1, «*> **' **' *'• **' *'' **> »'>*<^- 

Whence itis manifeft that, ■».(. xi is the Erlt of thrccimsui ?TO|wr^ontls bfti 
tween iiBd<, and ttat the Exponent thereof (}) is the (ams with the refpeai« 
Ten* <4,) inthe Arithiftetical Series ; which is alib, the grit of three Arithmeti- 
olneaiil'iPpaRiPSiils, between oandi. 

And in liJu manner in the Negative Series, dKEipewittf '^7— ii— iiarftlie 

V«' 
Exponent of -,7- Is — }, and tliat of -JT- 1» — {. 

Tins if aD the Terms of the Geometrical Series be lejs tliw Doity, as in Ac liilt 
■m of the third Series, and if between every tw9 Terms tiKFC be tW9 mean Propor* 
tinali, tlKnwe Ihall have this Series, 

, 1 t , 1 I , I I I j^ 

xxxx ^,11 i/,» XX* i/»B ij/,,' xje y„ Y'** ' 
And the Gonellionding Arithmetical (eriw wffl l>e, 
-4, -M. -'f, -3, -J, -!,-»,-}. -f, -i.&e- 
And oonfequesdythe Oeiaietrical Series may be written thus, 
*-♦. *-■ H„— ^,,-», x-i,x-i,x-', x-t,,-»,,«-'-*"^ 
The reafim of this win &rther appear, if weconfidertheleprfochlilEeSeiies's. 

GeopKtrical FrogreOion i, *", * ■, y/x, %/xx, x. t, \/x', V*'. V**! *• 
Arithmetical rrogrelBon o, i,ua,\, f, i. o, i, J,. *» ■• 

Gwrnetricairrogrfion. -i:, ;jr;. i,. i-, ■^, ^, i. 
ArithmeticalFiogrellion, — I, ^i, r^»,— i, — f, — J,— i. 



Whence 
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I o Fluxions : Or an InttodnBion 

Whence it is evident that a Geometrical Series v- g. 



**■** VJrxjrJc*** XXX yxxxxx xx yxxx x yx 
May aUb be exprefs'dthus, 

' Or thus, \,. > ' . '. 

i, ~v i, ^' ^' ^' ^.p..^v^-.,^. 

Or this, 
«— ♦, «~^ *""'> *~^. *"^V '*""*, »~''*~^,*',«»,«',<J.r. 

And which way foevrt thde Termshey^tM, theXlRlittlJereadasthcyareEx. 
pfefs'd in the Jrft or fecond Rank. Thus, * ' is one dirided by the Square Root 
of the feventh Power of », and *""* is one diyidetlbj th? Square Root of the SiUi 
Power of a:, and x~^ is one' divided by the Cube Root of the elerenth Power of 
a-, and ib of the reft. 

Andbecanfe the E»I»ileBtsof PojMnaboreUnitf •repsfiareNrobeis; as the 
Exponents of thole that are below (or Ids than) unity arc negatiTti Numbefs: 
Therefore that may be call'd the poUtive or alcending, and this the negative or de- 
ictndineserieslnre^ieaof.i, thefTrftTermof eabhSeria. ' r.-'. ■ .,■. 

But if we fuppofe the lirft Term of a Series to be le& than Unity, and the fotjow. 
ing- Teinisxo be produced by a iucceCire hbiltiplicatioa 1^ jr, or by^y f^wer of xl- 
then the Exponent of every Term between that firft Term and Unity, will be Nega- 
tive^ that of Unity nothing, and thofeof the&>Uowii)gTenhsPofitixe^- Afid^vea 
the Terms of the Series, whofe Exponents are'Negative Numbers, as well as thole' 
vibolfc Ejrfonents are politivc Numbers, areaTcendiiig in k^/c&^ dKiHTamat 
^ ^n^reffion. ■^,- 

' And u General, the whole Contrivance lies in adapting MooibeTS 111 uArkhoUti^ 
cal Progreflion to thofcin a Geometrical, without altering or dilhirbing the Indict 
in the two firit Ranks in this Lenuna. -^ — ?. 

;;" ;: : "consectaries. -:';■' ^ ::'/':.r 

f;: , :'■.., -■-, . - - .., , - . ' .^^'\-- .■_;):J 

i«. Hence it is evident that, V'> V^j V*S — , — t 'A,*" ' 't ' 

maybeexprefi'dthus,**, *t, xi,x~',x-',x~i,ixi 
Refpedively, and both ways reprdeot the iiune thing. 

1 7. ^c Sum of the Exponents, of any two Terms ina Geometxical Progitfl^ is 



theProdud of «— t or -j multiplied by**. 

" * More'E^ample^ of Multi^datioi, 

To find file Pwdna of -^jc -57-. 
* V*' 



To 
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taf^Mathtmatkd'Phihfofhy. ii 

To find tbe Predoa of — 4 X — . 

AT? *T 

To find the Produa of TF=5 X T7— 
\" V*' 

_ 1 ' 

.J :_. . "RifindtlieProdaaof-ixxi, 



' ■- -' TogudtlieProduaof -n— x»*- 

V** • V»' 

Aguo, the'Sqiareof iiicir«lxA;ii$ =^<t = «l, md the Oibe «f »• ii 
^.*.i.a-j,6j if the lidictt he Negttire. The Sjpare of -j orVrf «"♦«» 

*'"*"*=*-' or—. TheCuheof *~*is»""*~t—*or*~* = «■"*. 

WhcKt ^ e?ideilt, that Double, Triple, QpadTiiplc,<$v. Hie Expoiiedt of eny 
Tcnnma Geometrical Series, is the Index or £xpoocntof the Sqnare, 0]be,'BI-' 
gainer, <$-r. of the laid Tcnn. 

i8. The diffirence between the Exponents of any two Terms uj a GeonKtrical 
Piogreflion, is the Exponent of the Qpotient, one Term hemg divided by the other. 
Thns**— 1 = «*— *=«iisthe Qpodent of »t divided by *f. Andif »tbeto 
kedivifcdbyjrf the Qpotient will be*t—t=»Tt, and if *—* be tabc4i;idod 
*»*<'tl» ftjotientwaibe *— *— 1 = »— ii. 

,.'-.. More Examples of DivifiOil. 

■ To Divide T7—b«—/ 

V*i X 

; 't) trX='-') '-' (='-0 '-♦ (-'-^'irx 

" "' " To Divide** by 77~, 

PROP. 
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I a Fluxkni : Or an Intfo^Bion 

PRO F, V. 

To find the Flaxioas pf Powrsy tvhm the Exfoirents ^re whoie /'/mmiirs. 

19. Firft^ If the Exponent be a pofitive Number: Let it be requited to find the 
FIuxioDsof :trx orx% 'tisntanifeft^at ATxis ^= xkx. ButtheFluxknif^xx xa^ 
{Arl,ll,)xx-\-xx-^2xjc. 

In like manner the Fluxion of the Cube of ;«:orof *?, orof * x jr x «is =: (^f, 

ij.) XXX •\- XXX -\- iMrx := 3 ***; ' 

And if the Fluxion of x+be requir'd, it will befoun4tobe =xx'9~{-xx^ 
■\'xx'i~\~xx9 =4^:9*, and the lame Method is to be i»'d in fin^^ the Fluxi- 
ons of ail other Powers (whofc Exponents are poCdre and whole Numbers) iq 
mfifiitum. 
^ Hence if m repreftnt anrpoBiJTe whole "Number at 'pleafiire, then the Fluxion pf 
the Power x" is = « jt""-' *. 

Secondly, If the Exponent of the Power be Negatire : "Let it be requir'd to find 
the Fluxion of *-'. TheBowing QpaSotiQr *"' U— C*r.55. 16.) — , and the Fluzi* 

on thereof is = C^n,i^) ^Zf = — *-2*; 



*-^ XX — x:x — *— « _ 



: — l *->•"',* =~i *— »*. 



In like-manner, the Flnxidn' of *-3 or i-is=— 3 ';^r-'i. 

TTie ftehms of fuch negative Powers may be inrtlUgated thm : Tff find ti« FIjaion cif 

*-3or— . Suppofe-^=^, then is i = ^x>, and tlie Fluxions of both 6fd«s«ftife 

Eqiutioaare, (J^rt. 9. 13.) o = 3^*** 4-*'i, and by TranfpOfitron — 3^*«i 

^ ~xi ii amtby Divilion tlA£!:^ or -ll^^ j, _ • andTuMUHiting ^-ferr, 
. . •*> X atJ » 

wc have nl-^ or— 3*-3~' * (=^) = to the Fluxion of the negative Power 

x-i. 

Hence Unirerially if m repreftnt any negative whole Number, dien the fiazt 
on of the negative Power *-"• is = ^ w*-""' *, 

PRO P. VI. 

To find the Fhxums of Papers, when tbeExpofKnts sre hrokem Nmiihers, 

This Fropolltbn difKrs bat little from the former -, And 

10. Firft^ If fSt^EqiOitenrteia-Fndgdnaiidpelitive: iMitbercquirVltofiDdthe 

Fluxionof **. Snppofe x^ ='j(., tiieriis * = V, and thfe Fluxions of bothfides of 

tbeEquaUon (,Art. lo. 19.) are ^= ixi. vndhfTAviSoa ^ = ^, and Subftitn- 
ting jtifon^, we'have^— r = ^» ■attdGoflTciwottly — riori**"^' « is the 

. / 2«* ^ ' 2X* 

f luxuta'fif the ^ven Power x^. AfVl 
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to fShfatbemattcal ^hilofofhy, 1 5 

And if it be requir'd to find the Fluxioa of wK Suppoft «f = ai, then « = a;3 
and* = 5ft*«» MK^T— r = » = (by Suhilitntion) -^ = (^rt.i 5. and itfj 

And UniTfffiUjr, to find the Fluxion of v*" <* * '• Si^)pofc *^ = 2, liien is 
jc» =«,■, and their Fluxions are equal, w^. (^rt.i?.) »*»-'*=: »ai"-'^, and 

by DivifioB ^^^^1:7- = i: = (by fubftitutitm', becanfe xf— ^, and * * = ^b, and 

jxaTeqacatly *"~"^ = (j<rf. 18.) *" divided by ** = ^.■"*, and mnlUplying 

by j#, ii*'"'^=:»<"-0 ^^^^^ ^= (^.i8.) —***'*— to thp Fluxion 

of V*"' 

Secondly, If the Exponent be a f ra^on and Kegjidre : Let it be reqtui*d to find 
tbeFloxionof dr"! orOf.i5.i&)-7. Soppofe-T isf, tbenit [=J^^lc,and— 
is = «t. Hier^bre the Fluxions of both fides ci the EqnatioQ tfe (^fr*. 14. to.) 
-^ =!*"■** and by Multiplication and then chai^g all the Signs (tf the VtfOOf 

tian, wpluwi=— fiC^r^J ix: f bccnjfe<.ss-j^ — i«^J«= — f 
jir—^^""**} whidi is the Fluxion of the Power *~*i 
Again, Let it be rcqnir*d to find the Fluxion of *"~^ or -^. Put— £ = ^, then 

is — =**, and^^ =i*i"~* «, and by Multiplication and ChangJAg an the 

Signs of Equation, there will arifc ^=— i^^,*^* = (beoanfe >t^ *~~*^) — i 
**^f jf = to the Floxion of thegi¥«iPow<r*~"t, 
• Afid Univerially, To find the Fluxion of «'"'' or -V* Suppofc Ar""''=ai,then 

is -r- ^* i a°d i=— ~5t<.*^~* * — ——*""''* x= to the Fluxion c^ 

And from the two precetiding FropoQcions may be deduced this General 

R U t E IV. 

To fud rhe flH?!hnt cf j& fortt ^ fomru 

Moldply the giren ^iwer by its Exponent, and midtiply that Prodoft by the 
fhtpon Of the ftoet \ And iaftly, from the Index of the Power, Subcrad one or 
tloity, -aid then titis laft Quantity is {bp Hwcioti lA die gjmn FOwtf. 
. 1^ if m rei^Ient any Number whole or brofcen^ ptfTuiw or negative \ and if x 

be the flowing Qpantity, then Uie Fluxion of x" b = m x"' ' x. 



t» ROP. 
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1 4 Fluxions : Or an IntroduSion 

PROP. VIT. 

To ffid the Fluxions of Surd Quantities. 



21. Let it be requir'd to find the Fluxion of V zrx — x x , or irx — xx'i'i 
Suppofe zrx — xx'^ = xjt ^^11 is i r x -~ x x ■= ^x.t and Confeqiiciidy 



- XX ■=^TiK^ and by Divifion - 



-XX 



^zrx—x 



— to the Fluxion oi '^ir x — xx. 

Letit bcrequir'd tofind theFluxionof tfj"— flrj:|'; for*jf — *jf|' put ^^ dnd 
then 47 — XX ■=%j ^ ini sy — zxx =\x.~^ ^t And Multiplying by 5, 
iay — 6xx-=-K,~'^7:,yZaA conTequently 3«c 7— tf^ ■»^* = it= ( Subftitn- 
im^ay — xx\^ = K.' ) 3«*7'7-;*^^*V7 + 3«^V — ^^'/'^i^- I2«7 ArS^ 

— 6 *s *■ = to the Fluxion of « 7 — *■ *1'. 

The Fluxions of imperfeft Powers may be alio inveIHgated by iArt. »o.) the 
general Rule, and exprefs'd otherwifc and more briefly thus : 

The Fluxion of irx — xx^. is = i k zrx — xxX~^)(.2T'x—lx'x = (^Art,i^, 

.^ r x ~~ X x 

Vzrx — XX 



The Fluxion of «^ — x x\^ is ^ j x sy — xx\ nsy — xxx, wbidi being Re- 
duced will be found equal to the Fluxion thereof formerly found. 

The Fluxion of ^xy-^-yyi^ =\xxy ']-jy\~'^ xyx-^x'yYzyy = {Art, 15.) 

^•y + -^ 7+ ^21. ^ ^jjg Floxion of ^»^-\-»xy3 is = i x «*-t-**/7l "^ 
^^xy-\-yy 



X #7' x-\- i*xyy - 



ay^x-\'Zaxyy 
2 Va*-]- nxyy 



The Fluxion of V « .v -)- «■ * + V^ 4 -^ ^ j^^ ji is = by the (Art. 20.) Role and 
The preceeding Example j 



ay^x-^lsxyy 



2'\/ax'\-xx-^'>/a*-^sxyy l*\/ax-\'XX-{'Va*-]-sxyy x 2 V**-^**/^ 
The Fluxion of ■ .— '1 ^^ is = C^rt. 1 4. 20.) (finding the Fluxions of the Na- 

ax4-2.t^ — -^ 7 * + jfj + 2 J"/ . v:r~iTT 

ratorandDenom.) ?< , . h*' v*;r+7j. ~7 ; '^ V«*-r** 

^M^x-^-xxX 2 yjTj'+j'y 

To find die Fluxions of Qpantities Compounded of Rational and Sord Quanti ties ; 
Let it be requir'd to find the Fluxion of **»+c«x + e«' x V* * + « « = ^^ 
Put **»-!-«#* + ««' = f, and V**-l-«« = ?. Then the giren CJpantity is 
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to (SM^atbematical ^hilofofhy, i ^ 

pq — »i and the Fluxion thereof is i_Art. 12.) p^ + jp =i. But i is 
= - =r. — , aDiif\%-=^hxx-\-c*x. Therefore in the Equation f^ 4"? f =a;, 

if in place of ft ^, f , j, we reftore the Quantities they rdprtfent , we fiiall have 

hxi '\'t»x'-\-ea* X X X . . . 

, -== -YzbxxVxx-^-aaxx-V-caxVxxA-aaXx^z,. 

V a: » -j- 4 4 ' 

Which being Reduc'd to one Denomination, gives 



' ' 7 — — ' = t = to the Fluxion of the 

vx x-^-tta 

given Quantity. 

1 might now Ihew how to find the Fluxions of Powers when the Exponents them- 
ftlves are alio flowing or variable Qiianuties : But this being a Bufinels coo intricate 
for Beginners, I Ihall refer it to a more proper place, and conclude this Sediou with 
oueoluervation, which ought carcftlly to be remembcr'd. 

22. In aH the preceeding Propofitions, we have fuppos'd (in taking the Fluxions 
of flowii^ Quantities) that when the variable Quantity x Increafes, the others k, 

U&c increafc alfo ; that is, thatwhen* becomes =»-^i, we have fuppos'd that ji 

and z. become equal to y-^-y and x.-\-t, rclpedivcly. But if it fo happen that 
while one Increafes, all or any of the others Decreafc, we muft Confider Uie Fluxi- 
ons of thofe that Decreafc as Negative Quantities in companion of the Fluxions of 
the others iwhich increafe at the lame time : And confequently we muft change the 
i^gos of thofe Terms wherein the negative Fluxions are found. Thus if x Increafes, 

while/ and % Decreafe, that is. If x become Ar-|-x, and 7 become/— >, and 
% become k — x^ and if I would find the Fluxion of the Froduft xyx^ If all the 
Quantities be fuppos'd to Increafe, then the Fluxion of x / % is (Art. 1 }.) =xfx. 
A-yxx.'^-x.fx. But if/and% Decreafe, while jt increafes, then I mnft chaise 
the Signs of diofe Terms, wherein the Fluxions oi « and jr are fooodi and then tns 
Flnxktaof x/sis = jt/ «—/*« — »/•:< 



SECT. 
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1 5 Fluxtom: Or an IntroduSiott 

SECT. HI. 
The Ufe of Fluxions 

Jrt Jrdirirg TangerUs to all forts of Curve Lms^ Jl^ehrak and 
Tranfcewlou. 

DEFINITION I. 

AL L Curves are Polygons of an (Art. 8.) Infinite Number of Sides. AjhI 
If any of the iBfinitely Uttk Sides as M» be produced both ways then chat 
Line will touch the Curve in M or w, and is therefore call'd a r*^f«« totheCnrTC 
in either of the laid Points. 

DE,FINITI0N II. 

All Cnrres ReTpea either a certain determinate Peat or an JxU. Thus the 
Curve A Mm is delcrib'd to die Axis 
AP. And if A P be the ^i^ then 
the Cnrre is faid to begin in the !anK^ 
in the ferttK A. And lines dniwa 
from any Point Mia the Curve, asMP, 
Pcipenmcukr to the Axis, ar^ call'a 
Or£iutei. And the Portion of die 
Axis interceptod between the Vertex A 
and the Ordinate M P is call'd the m- 
tereeftti Diamettr to diat Ordinate. 

DEFINITION III. 

If the ttottre of t*w Gurve-Une A Mi» be exprcfi'd by an Equation, in wKdi die tiro 
indeterminate Quantities denote ftraight lines «Bly, ^a the Sod Carve is caBVlflii 
A^thtue or Gtemetrical Curve. 

Thus if the Nature of the Curre AMw be fuch, that the intercepted Diameter 
AP retain always the lame Proportion to its GorreliJonding Ordinate PM: For in- 
ftance. If the Prodftft of AP multiplied into a determinate Quandty, be alwaiis 
equal to the Square of P M, then the Equadon ExprefTmg the Nature of the Curve 
AMm will be (fuppoling AP = *i PM=;'; and the determinate Qjiantity or 
htmrtSmn of the Figure =«) sx^^yj. And becaufe the two indeterminate or 
flowing Quantiues* and;, denote ftreight Lines, Therefore the Curve AM* U 
call'd an Algeiraic Or Giemttrical Curve. 

And it is m?n'*'''ft: that die Kimber <ii fiich Carres is infinite : Becauft aH the 
ft^lt varittj of Relatioms between the Ordinate and intercepted Diameter is enJleji, 

DEFINITION IV. 

And if the Nature of any Curre be exprefi'd by an Equadon, wherein one of the 
flowing Quanddes reprefents a Curve Lme, then that -Curve is call'd a trMJceiuhtt 
Curvt i And if the Curve which enters the Equation be Geometricd, or a Dnrve of 
Xhtfi'^ kmdor Jttne, then the TramfemJent Curve is call'd a Curve of the feeonJ kmJ or 
dtgru \ And if die ^id indeterminate Qpandty reprefent a Curve of the feeoni kmJ, 
then the TranfanJent Curve is caird a Curve of the thirdkmd. And lb on Infinitely. 

I know that all Ibrts of Curves might be more accurately reduced under proper 
Hods, frotn die Conllderadon of their Fta: But what I have advanced already vnll 
ht fifflcicot tr my purpofe. 

PROP. 
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ro tSMdthematical ^hibfiffy. 



PROP. I. 

To ebrm a Tangent to s Circle, 

23. lo the Circle A M B : Let the Diameter A B be = 1 *, and let the 
little part of the Curve Mm be prolong'd until it cut the Diame- 
ter prodnc'd in T, and draw the Line MC Perpero^cular to T M, 
laterieaing the Diameter in C. Draw the Ordinate PM=/, 
and another Ordinate ^ w infinitely near to PM, and draw MR 
Parallel to the Diameter A B. Now If the Intercepted Diame- 
ter AP be =3f, then (^f. 3. 10.) the Fluxion thereof is = i, 

and for the like reafon, the Fluxion of the Ordinate R« is —j. 
>toi¥ the Pofition of P M being given, and MC being fuppos'd 
Verpendiciilar to the Tangent MT, it remains only to find the 
length of. PC, which determines the Perpendicular CM, and 
ooi^uently the Tangent M T. 

The Triangles RMw, PMC areflimlar, (fertile Angles at P 
andRare right Angles, and theAn^esPMR, CMmbeing right 
Angles, if the Angle CMR which is common be fubtradedftom 
both the rcmatniog Angles PMC, RMm will be equal, and confequently 



17 



infinitely 




PCM is 



t=:RiiiM.) Therefore MR (=:Pi=Ar) : Km (») :: PM (r) : PC = -^ 

K 

&rt the property of the Qrcle isthat AP x PB = PMj. Therefiwe the Equation 
cxprcffiag the Nature of the Curve is xax-^xx =-yyy and finding the Fluxions of 

"both fides of the Equation, wc hate (^rr. 9.12. 19.) x»x — ixx = 2ji} or 
i* — \ri = ;/, and by Divifion * = -^. But PC == -?- = (fubffituting JJ-. 

for x) l/^~^-^-^ =4~x. Whence it is evident that the Point C &Us in the 

Ceoter of the Circle, andxonftqtiently His maoifeft that If a Line be drawn from C the 
Center of the Grcle, to any Point in ih^ Circumference asM, and if MT be drawn 
Perpendicular to CM, it will touch the Circle in M. 

And if it be requird to find the Length of P T which determines the InterfeSioQ 
of theTangent MT in the Diameter BAproduc'd; It may be done thus i TheTri- 

aogles wRM, MPT are fimilar, therefore wR (}) • RM (i) : : MP('7);PT 

■=z-r- ^ f becaufe X - 
~ y \ 

"^ax-^xx ax 



i=-d.\ -ZJL=i5-^--^*. AndPT-AP=S: 
a — x/ a — X <— Jf 



•-^f . 



= AT. 



Another way. 



14. Retaining the feme Symbols as (Art. 2;.) before; fuppofe PT =f, then 
bccaufe theTriangles TPM, MRware fimilar, it is TP (r) : PM (/) :: MR 

(jir) : Km = — . And A.p ^ x -\' x', B/ = Z0 — *— *;'and ^» =7 •+■ — _ 
ThenitfAr — xx~\-iax — Zxx — ** = (becaufe A^ x By =f(i»^, by the 
property of the Curve) 7 y + -^-- + tSfL. Fj^m which fubtraSing the Equa- 
quation of the Curve z a x — **=/;', and rejecting the Terms xx and 
— -- as being incomparably little in relpeA of any of the others, we have 

F 1 « * 
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1 8 Fluxions : Or an IntroduSion 

zax-'Zx'x= lUL^^ and dividing both fides of the Equation by 2 x there will 
arife a — x—^, and confequently ^^ = i = P T. Which was requir'd. 

DEFINITION V. 

The Line P T, which determines the Interfeflion of the Tangent M T in the Axis 
is call'd the Sub-tangmt, and the Line PC which determines the Interfedion of the 
Perpendicular (MQ) to the Tangent in the Point of Contaa M, in the Axis AB, 
is call'd the Suhmrmal. 

P R O P. II. 
To irm Tsf^ents to mII forts of Vwriidoiies. 

25, Let the Curve A M w be drawn. Then if the Ordinates P M be in a futdu* 
plicate Proportion of the intercepted Diameters AP, the Curve A M w is a Parabo- 
la ^ Bat if die Ordinates MP be in a 
Subtriplicatc , Subquadruplicate , &e. 
Proportion of the intercepted Diame-- 
ters AP, then the Curve A Mm is 
call'd a Paraboloide. 

Suppofe the intercepted Diameter 
AP = *, the Ordinate PM=;', and 
the Parameter of the Figure = «: Then 
the Equation exprcflln^ the Nature of 
• the Parabola AMmls, m x ■= y y. 

let it be required to draw the Line MT to tonch the Curve in M. St^pofe the 
thing done, and that MT is the Tangent requir'd, interieaing the Axis jnxiduce^ 
in T i it is requir'd to find the Sub-tangent P T. Draw the Ordinate P m infinite- 
ly near PM, and draw MR Parallel to AP, then Pp= ■«: = MR, andR»» =;; 
and becaiifethe Triangles nRM, MPT, are fimilar, it is, wR (7) :RMC«) 

:: MP (y) :PT=V-. Now the Equation of the Curve is Ax^yy^ thcrefiare 
M*x = ^yy■, and* = -^. Therefore PT =^ is = -=^ = (byTubftitDtlng ax 

y • 

fi>r/>) ~=2* = iAP. 

Hence it is manifelt, that in the Parabola, the Sub-tangent FT is equal to twice 
the intercepted Diameter A P. 
Andif the Equation of the Curve be ««x —y^t then the Curve A Mm isaCnlU' 

cal Paraboloide, and the Sub- tangent PTb = (^«. 25.) -^ = (becauft ««*=;?, 

andi=:^^'') ^= (bccaufe***=r3) ^^^ = 3x=:3APi whence 'tis; 

evident that in this Curve the Sub-taageat PT is equal to three times the intercepted 
Diameter AP. 



PROP. 
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ti) <S\iatbematica{ Vhilofopby^ i ( 

PROP. III. 

To dfMw TdngMtj to dll forts t^ f^perhloiJes. 

26. Let AD, and AT reprefent the Afymptotes of the Equilateral Hyperbola M« 
then the Point A is the Center of the Oppofite 
Seftioas. Draw the Ordinate P M, and ano- 
ther Onlinate f m infinitely near the lame ; 
then fappofe the Parameter of the Figure = g^ 

the intercepted Diameter AP=*, P^ = *j 

the Ordinate PM = ri and R»»=jr. And 
let it be requir'd to draw the line MT to 
touch the Curve m M. Suppofc the thing 
done; then the Triangles mRM, MPT are 

fimilar, therefbrewR (>) : R M (x) :: MP (;) : PT ='^. But the Equation 

of the Curre liattz^xy, therefore reducing the Equation to Flmdons, wc have {Art' 

9.12.) o=^yx-^xf^ za<icoi£a]peia.\y -—y zzz — 

is = iArt. 21.) — ^ is = (fubftituting — ^ for —7) — * = AP. 

—y —* 

COROLLA RY. I. 

27. If the value of the Snb-tangent P T come out politire, then it is a lign that the 
point T £ills on the Cune fide of the Ordinate P M with the point A the beginmng c^ 
jf, as in the Parabola : But if the value of the Sub-tangent conjc out Negative, then 
the point T &lls on the contrary fide of the Ordinate F M in refpcd of A the begin- 
ttii^ of *, as in the Hyperbola. 

G O R O L. It. 

28. In the Parabola and Hyperbola, if the Parameter be fh|^)68*d =1, then 
jF « = « eiprefles the nature of all forts of Parabola's^ when m is a politive whole 
or bardEJcn Nuodier, and the lame Eqaadtm exprtiOes the Katore of an £)ns 
of Hypabolilbrm Figures when w is a negative Nombn-. And Uiuvirfsfy in 

atfaer, the length of the Sub-tangent FT = (AM5. 2tf.)'^ » = (becaule the 

/ _ ■ 

gttieral Equation for both is _y"=:*, and confequefltly »/■"**/ = «) —myrs 
(becaule >" = «) =«;«?. 

Hence if «■ be == {, the Equation of the Curve b ^f = * or (potting the Para- 
meter i =«) Mxx-=:yij which expreHes the Nature of one of the Cubical Para- 
bola's, and the length of the Sub-tangent FT is = i AP. 

If «»= — 3, then the general Equation is ^ — 3=*, or (^Art.i$.') 1 =y*x, that 
i4 (fi^pofing the Parameter i =») m*::=yix, which exprefles the Nature of a 
HyperboliftnTn Figure, and the Sub-tangent PT = — 3;^= — 3AP. 

And Umnmfalljf in all Parabolifiarm and Hypcrbolifimn Figures, the 5*^-f«)rje»; it 
t^iul to tie Exfment t^ the Fewer ef the Ordmate muitiflitd hat tbr A^feijta- 

C O R O L. III. 

29. In the Parabola, the Snb-tangent PT = 2 *, and by the property of the 
Curve, PMj (=7^) =«*, therefore (by limilar Triangles) the Sub- normal 

PQ.= — =J# = toi tht Parameter of the Figure, and confequcntly it is an 
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invariable Quaatity. Which is a Remarkable property of the Apollonian Parabola ; 
and thus the Sub- normals of all forts of Paraboliform Figures may be Inveftigated, 

C O R O L. IV. 

30. If w be a Fraftion and pofitivc, v. f . = f , thea 
the Equation of the Curve is y j = i-, that hf— xi, and 
confequently the line AE which touches the Curve in the 
Vertex A becomes an Axis to the iame, that is the Con- 
vexity of the Curve is towards the Axis. For in this 
Cafe, the Ordinate PMbeoames the intercepted Diame- 
ter A E, and the intercepted Diameter A P becwnes the 
Ordinate E M. 

C O R O L. V. " 

31. And to draw a Tangent to the Vertex of any Parabola, being t6e beginning 
of X, we rauft ipveftigate the Proporti(Hi between * and; in that point, which is donq, 
thus : my"''} — (,Art. 28.) jr, and reducing the fame to an Analogy 'x--'y::my'"~i- 
: I. Now 'tis evident, that in (Ftg.Art. 25.) A, theOrdinate 7 Tanifhcs or is equal- 
to nothing, therefore the fourth Term of the Analogy is infinite in refpcft of the 
third, and conftquently j is infinite in rcftjcdof *, that is, the Tangent in the Ver- 
tex A is Parallel to tlie Ordinates. But if « be lefs than Unity, then ; becomes (^Art. 
30.) the intercepted Diameter; and the Tangent to the Vertex ACo-incideswithAE 
the Axis of the Curve. 

P R P. IV. 

To irm tMgtftts to dll forts of EUiffes. 

iX. Let AMm be an EUipfis, and 'tis requird to dtaw MT which (hall ttraditlre- 

feme in the point M. Suppofe theTranf-' 

D. vcrfc Axis A B —o, the Parameter = k 

Draw the Ordinates M P, mP infinite-' 

-ly near each other, and MR Parallel 

toAP, andfnppoicAP=xj p/!=jr' 

T ' A PJ* C ' It B PM=;; andRw=). Thcnbythe 

property of the Curve A P x P B (* x 

<— Jt> ;PM? C?^) '•' AB-C-O = Paranui. and the Equation expreffing the- N«orc 

<tf theCuTM is ^y =.!«—** Therefore (^rf.-ii. 19.) ^r^ = ** — 2*jn 

aad^ =r — -^^ andcoflfeqoentlyPT=v-is = -f:z -J~~ (fubftittt: 

ung..-*.for"-^-?) ^-JliL=A^. AndPT-AP=^^""^"^^x, 

p y a — ix f — zx 




And UnivtrfaUf, If m be the Exponent of the Power of A P, and n that of P B 
(where note that Exponent of PM =^, is = to the Sum of the Exponents of 
AP=:*, and ,EB =-»—*) then the Equation exprefling the nature of all forts 



of EUiples will appear in this form, 



I -=^-7 — =*"«• — x\ , and Conie- 
quently 
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It 



■n-j-nay"'* 






qaefltly C^rt. ig.ii.) 

x^uddten (putting t =: i) bydivifioo 

But PT = ^ — (by robftimion) 

J* war"—' x« — *" — »<—*»-« xat 






= Cbr 



fobftitatingje"*:*— jr»for-^-T — or*y*-*-») 1=^ ^=^ 

* «»*■■-* x«—*" — »<—*»-»»( 



= (diTidingby K"-') - 



••+-»J«JfXJ 



- = (dividing by *—*■-') 



mx f'-x' — m0 — *""' X * 
m-^mxxX0~'X _ m-^mxax — xx .j^j^^^jj^ p^^^ p _ ^S^J^I-^ 
m X a—"x —Hxx m* — x-^nx x m» *- « — «* 

urn it 



-=:AT. 



m*~~x — nx 



C O R O L. i. 

3j. The lame tbiags being fupposM as (.Art. 31.) before, tmly if the |)ouit 
6 fell on the other iide of the pomt A 
in relpeS; of the Ordinate PM, then 

We bare this Equation i^— — = -t* 

X i» + jr", which exprefles the Nature 
of all forts of Hyperbola's in TeQ)ea of 
thdr Diameters. Whence it will be 
ibaidthat the Sob-tanecnt FT is =: 

m- \-m ax-^xK and tmx 

ms-^x -^»x ma-);-m-\-ii:f 

CO RO L. n. 

54* tf we fcpptrfe the iatercept«d Didmeter A P to tw infioltdy prodotM; 
then * will be mfiaite, and the Tangent MT will touch the Curre at an infinite 
aftancc^ dutii, it wiU become the ^>jiiyw«CE, andinthatCalc AT as (-6t.33.) 

will be = (becauTe the Term mm h infinitely little ia r^Jieft <if 
x« = AC 




M-^n x, and fo may be rejeded) ' 

m-\-mx w-f <* 

And if »ii=i, and n=i, then the Curve is a common HypcrbolaJ and 
AC = i« = iAB«i invariaMcQiBntity; thatis, tU AAmtMa tf tU mmm 
Hjftrhh PtterJtS t»tb other a tbt Cmter ^ tbt oppejitt Stltmr^ 



CO AO t. 
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C O R L. III. 

55. And bccaufe the Equation exprefllng the Nature of allfortsof Hyperbola's in 
Finite Cafes is. (^Art. 33.) ^-7 — . = jc " 

therefore in this Cafe, when x is infinite 
we have ay"-*-" = (rejeaingthcTemi 
a as being incomparably little in refped 
o( x) = hx^x x' ^ix''-*-\ And 
putting r=: «-)-», wehave.«;p*" — ixr. 
And extrafting the Root r. of each fide 

of the Equation, there win arifc y sj » 

= X V*» and confequently (^Art. 21.) yy»-=.x yk Now if we fej^fe the A- 
fymptote to be infinitely produc'd, until it touch die Curve, and if we conceive the 
Fluxionary Triangle to be formed in that point, and if A E be drawn Parallel to the 
Ordinatcs, then 'tis evident that that Triangle and the Triangle C A E wiU be fimi- 

lar. Therefore* -.y:: (\/<:^/i::) AC(^— ^« = — tfYAE==~ ^^.r-i. 

Whichdetermines thcpofitionof the AfymptoteCE- . ■ ' ] 

For inftance, if «be=- 1, and«= i, then is r=;i, and the Curve is the i^wl- 

lonian Hyperbola, and AE =^ yba^~^ = j yah. That is, AE is equal taj 

the Conjugate Diameter of the Hyperbola ; for the Conjugate Diameter is a meaa 
Proporrioaal between the Parameter b and the Tranfverfe Axis*?. 

And if .« be = t, then AE = ^ y/ab =i y/aaz=ia=: iArt, 34.) ACj afld 
the Angle EC A = i a Right-angle, and confequently the Afympiotes are Perpendi- 
cular to each other in C, and the Curve A M is call d an Equilateral f^ptrbtla, 

C b R O L. IV. 

35. In the Ellipfis {Fig. Art. ^z.y A MB, the Equation exprefling the Nature 

thereof is (i*rr. 32.) ^^ = «*—;«: ;r, thatis when the point P fells in, C the 

middle of the Axis A B, the relation between the Ordinate and intercepted Diameter 

win be exprefs'd by —^ ~ i "'■> ^^ consequently ^ji = ^ # i and by equal Ex- 

.ti^dion ;=5V*«i that is, the Conjugate Diameter in the Ellipfis is unieaa- Pro- 
portional between the Parameter b, and the Tranfverfc Axis «. 

And in that point the Fluxion? is infinitely little in refpcft of i, therefore the Sub- 
tangent is infinitely great in reipeaof the Ordinate^, that is, the Tangent in that 
point will be ParaUel tothe Axis. 

C O R 6 L. V. 

37. If the Ordinate P M ^j- be fuppos'd = i the Parameter of the figorc = i *, ' 

then the Kquatton of the Curves (Art. ^i, s^.") —^ ~ ax -±1 xx, win becopie 

iab — ax^^xx'^i the Parameter x i the Tranfverfe Axis. And the pc»nt P is 
caU'd tie FecMtof tbt Fi£ire, ottke Umbilici Peint^ or Ptm^nm ex Contftrstimi. 

C O R O L. VI. 

38. If dD (Fig. Art. j2.) be =i.the Conjugate Diameter, and I* the Focus of the 
Figure, thenPDis = A C = i the Tranfverfe Axis. For PDf = CDf 4-PCf = 
Urt. 36.) i«* + PC5= CArt.37.) «*--fl:* + PC} = APxPB-f PC^ = 

ACj, andconfequcmlyPD = AG 



"Ld 
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Andifl the Hyperbola, If C be the Center of the Afymptoces, and CD = i the 
toiijugate Diameter, then isCD= {Art. ^y') AE. I fay, alfo AD=CE=: 
C P = to the Djitance of the Focus P from the Center C. ForAD«r = CE5 = AE« 
-1- AC? - (^"-SSO i«»+Ae7= iArt.n.) »»4-*«-4-AC? = APx 
PB-1-AC^ = CPj. Therefore CEf = CP5andCE = CP. 

If the Axes of the Ellipfis (fi^. Art. 32.) are equal, then the Curve A MB Is a Circlej 
and both the Fod P, P, unite in theCenter. ForAP xPB= (.Art. 36, }^.} CDj = 
(by fuppoStion) AC5. Ergo the Points Pj C, P, Co-incide. 

C O R O L. VII. 

. * 

39 If the Cnrre A M be an Equilateral Hyperbola, Then I fiy, B P : C A : AP 
are continually Proportional. For APx HP = (Art. 37.) %ai^ (Art. 35.) ^aa 
= ACj, Therefore BP : AC: AP4t-. 

If in either of the Afymptotes of an Equilateral Hyperbola, as C E, you take C F 
= C A, and draw the Perpendicular FP, it will interfed the Axis in the Focus P. 
Beoaiife FCP = 4 Right^angle , therefbit FP=FC = AC= (Art. 3^.') DC 
Tfhercfbr«GP=±AD, and (Art. 3S.) pis the Focus 

c o R o L. vm 

- ^lo. Refuning die Symbols (ytrt.zf.') If anyTangent (J%. jirt.ij.) MTbedrawn 
toochiag theParabolainM, and ifABbedrawn Perpendicular totheAxisAP, and 
30 Perpendicular to the Tangent MTi thenllaythe Portionof the AJtis ACwiU 
always be = i the Parameter of the Axis. ForAT= (Art.i^.') A P, thereftffC A B 
=.if. Andthe Triangles PTM, ABC are Similar, therefore PT (i*) : PM 
f>) i : AB (i/) : AC = J » = j the Parameter of the Axis of the Hgine. 
lUFomtCuaiWdtbtFtntif thtfargitU* 

And it is manifell that in the EDipfe and oppollte Sedions, there are tun Feet, and 
" ia the Paialtila but One. 

C R O L. IX. 

4t. If any Lindas TM(4 touch the Parabola in M, andif the Right-Iioe CM con- 

neft the Focus C and the point of Contad M, 

■'arid' from M be drawn MF Parallel to the ^ 

.Axis AP, I lay, the Angle FMN = CMT. ~-^<s^ 

■for'PA = AT, therefore MB = BT, and xS-M •» 

..the Triangles CBM, CRT are SimiUr and p 

Eqiial And cdnfequently . the Ancle CMB :/ V:vViV6 ,> 

-•.±CTM=:FMR ji_i_,A2hX- ^- 

-■.'jP. AndCM=CT. Thatis,AP + AO t / /«^ 

= CM. 

" 'j"- tf the Ordinate MP Co-incide with MC 
■ iSen MP ( = MC) = PA ( =CA) + AT 

= (Art. 25.40.) i the Parameterof the Axis. 

And AB = J MC = J Parameter =AC. 

, ; 4'. If AD be taken .= AC, and OG be drawn Perpendicular to the <Uis AD, 

then any Line as MG drawn (from any point of the Curve as M) Parallel tothcAxis 

;..AD< and Interfeaing DG in G, will be equal to the Line MC drawn from the 

firne pomt M to the point Focus C For draw the Tangent MT, and the Ordinate 

.M*, th«aPA = AT, andif to both equal things be added, WL. ACandAD, then 
PD(=MC) =CT(=MC). — o -> 

5°. The Right-line C B produced will pals thfongh the point G. For if the line 
BGbt drawn, then MC« — MB? = MG,-^ MB}, ami conTequently BC = BG, 
and the Angle M B C (which is a Right-angle) = M B G, therefore the Lines G B, 
BC an in OK iame Streight-Iine. 

S'. And 
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6', And MG = SC-, For (^rf.29.) PS=;i the Parameter of the Axis = c n 
midCS = PD=MG =CM. ' 

7'. If any two Right-lines ME, RE touching the Parabola in MandR Inter- 
fed each other in E, and if tlie Lines MC, RC be drawn fitlm the points of Contaft 
totheFocosC I fay, the Angle MCR = i MER. For C M T and C R X are Ifof 
celcs Triangles, therelbre MCP = 2MTP= 2MEL and.RCP = iRXP = 
2REL, and confcquently MCR = I MER. 

8°. Hence if any Line as MQ, be drawn through the Focus C, and Interftft the 
Curve in Mand Q., the Tangents M^ and Q.^,. will Interfcfteach other at riRht 
anglesinj. forMCP + PCQ.= 2 Rigbt-angles = iM^Q. 

9^ And becaufe the Triangles CAB, CBM arc fimilar, thcrefoi« CM-CB" 
CB : C A, and confcquently CM}; CB} :: CM : CA. 

in^ And if MS be drawn Perpendicular to the Tangent MT, and SZ, SV Per- 
pendicular to M F, M C, then the Triangles S M 2, ■ S M V, S M P, are equal and limil 
lar, therefore MZ = MV=SP= (^Ari. 29.) i the Parameter of the Axis A P. 

If B C be the Axis of a Parabola, and E F any Diameter ; and if from the 
point E the Right-line E P be drawn Perpendicular to the Am- I 
Ciy the Parameter (L) of the Diameter EF is = Parameter (/I'ol 
the Axis (BC) +4BP, that is L =;-l-4.BR For if ET touch 
the Parabola in E and interfta the Axis in T, and if BG be tkawn 
Parallelto TE; then BG=ET, an4GE = BT=BP and 
TPE is a Right-angle. Therefor* 

/)iBP= (PE?) TE» — TP, = (becaureBT=:BP)TE. 
— +BP, = BG,— +BPj=LxEG— 4BPj = LxBP-^ 
4BPf i andconfequently/KBP =LxBP— 4BPJ, and by Di. 
vilion and TranfpoCtion L = / -)- 4 B P. 

12". If C be the Focus of the Parabola, and E the Vertex of any Diameter E F 
then the Parameter (L) of the faid Diameter EF is = four-times the diftance of the 
Vertex E from the Focus C, thatis L = 4CE; ForBC-V-BP = CE, andL— J-1- 
4BP=4BC-(-4BP = 4CE. " 

C O R O L. X 

42. In the Hyperbola and the EUiplis, the Diftance between either of the F««i and 
the Ceniir, viz. C P is a mean Proportional between J the TraufTerie Aiis C A and 




JCA-|-J» intheHyperbu) _„ 
iCA — 5* intheElliplis J *"'> 



CA; 



(CAxJi, or -\ 

) 4 » *, (.*«. 37.) or / 

< »*i;Ar», or > :: CA:|< 

} IntheHyperb. APxBP=CPf— CA»\ 
t In the EUipfis. AP xBP = CAj — CP j J 



And by Compoltion in the Hyperbola and DiriHon in the EUiplis, 

CA,:CP, ::CA: ^£A+;*!"'!"Hyi«rl^ 
' ' cCA — i* In the Elltplis. 

And dividing the Antecedents by C A, we haTe 
CA:CP}!! 1: jcAi{*|; '■"t'SiCAiCPiiCPtCAiiii aE.Dl 



COROL. 
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C O R O L. XI. 

43. The Diftattce of the Focus (Fig. Art, ^2. and Fig. Art. i^.) P from the 
Center of the Seftion oroppofite Seftions C is = (^rr. 42.) V^aa^J** = t 
^da~+ ** =CP. And the diftance of the Focus P, from the Vertex A, or AP = 
\t ■* * "T" * '^ And the diftance between the Foci, is — i/ a a j;;; at. 

Hence in the BquiUtcral Hyperbola, in which * = >, the diftance of the Focus P, 
from G the Center of the oppofite Sections, is^Vi ^=1"^/^ 
And the diftance between the Foci, is i^a^ x^ and the diftance of either Focus 

from the adjacent Vertex is . 



G O R O L. XIL 

44. In tfie Ellipfis and oppofite Seftions, If AN, BG be drawn Perpendicular to 
the Axis AB, until they Inter- 
Icd the Tangent N M T in N 
«iid G. I fay, the Redangle . 
ANx BG = i ABx i Para- 
meter =r i <i A. For BT = 
(witt. J2.) (BQ, being = *) 



'^* — ~:Z^x- If we Ima- 
gine the Fluxionary Triangle to 
M drawn at M, icnill be fimi- 
iar to the Triangles GBT, 
NAT; Therefore^:/ :; BT 

G^)-°=-^^ "i 

^ ^ »x~xxx 




-iO^'-y 



■Aid 



AN 



_ tit—,xj 



7. But/ = iArl.ii.')- 



** — iSa 



*ix — zatxx ^_, _ ^^ ai i — j t^tx-\-la tx 
laty—^ixj 



AlldAN= — 



Therefort BG = 



and Multiplying 



tbofc Analytic Values into one anotfaer, there will arife (after Reduftion) ANx 

Ba=:i<i. 

C O R O L. XIII. 

4$. If a Circle delcribed on (F/j. Art. 44.) AB the Tranfveric Axis of an El- 
lipfis (or Hyperbola) as a Diameter, Interfeft any Tangent Line N MT in E and D, 
and if tlw Lijics E P and D P be drawn Perpendicular to the faid Tangent N MT. 1 
fey, they will btcrfeft the Axis A B in the Foci P, P : For By Similar Triangles it is, 
TA:TE :: AN:EP and (by the Property of the Circle) TA;TE :: TD: 
TB :: (by Similar Triangles) DP:BG. Tlierefbre AN:EP ;: DP:BGi and 
confeqnently, ANxBG'=EPxDP= (,Att. 44.) i « *. 

And (hecaufe the Chords E K, D L are Perpendicular tp the Chord ED) E K = 

DL, and (becaufe AB is the Diameter of the Circle) EP = LP, and DP = KP. 

H There- 



Digilized by 



Google 



a 6 Fluxions: Or an IntroduBion 

Therefore EPxDP = EPxPK = APxPB=DPxPL = BPxAP = J.i. 

And confequcntly, the Points P, P, are the (^^^37') Foci. 

C O R O L. XIV. 

AG. The Lines ( pv. v^r/. 4p, ) C<i, CB, CT are continually Proportional: 
For, C Q X C T U". 32.) (" ~J— « ,iT^) = CB f •«■) 

And A a (.---): CO. (--") ^ ^ Q.T {Ar.. ,a.) ("'Z^^') ■ OB 
And AT (f--J^) : CT f--^- ) ^ : Q.T Tii.^ " *ii V.fi'f .' 

And confequcntly by fimilar Ti'iangles AN:CI :: Q.M:BO. , ' • 
Therefore AN xBG=C»xQ.M = (.irt. 4+.)^ "*• . V. ,'^ 

C O R O L. XV; 

47. In the E!!ipfis and in the oppofite Scdions ; if to any point 6f the Scffioft' 
iF/g. yirt.^9 ) M the Lines PM, PM be drawn from both the Foci P, P, rhey wffl 
form equal Angles with the line touching the Scftton in that point, that,is, the An- 
gle P M Ewill be — P M D. 

Let the Ordinate Q.M be produced until it cut the Circle in XandY, and draw 
the Lines I XT, atYT touching the Circle in XandY. Then the Tanvents XT, 
YT, MT, will mutually Interfed one another io tin- i:)i-.n-'eLcr produced in T (bc- 
caufe the Sub-tangent Q.T is (Art 13. v-) t-onimon to j!1 the three). Draw the 
Ordinatcs EFandD-u, and produce them until they Interfed the Tangents TXj 
T Y in I, X, /, c. Then by the property of the Circle 

DJKhJp (lExIf) 

or )- ■ < or C :: XJ^ :: XIj :: (by fimilar Triangles) MD«:ME« 
UdxDc\^ (lExE*5 t. ^ 7 3 

Again, by fimilar Triangles, , ■ 

D^:EI :: TD:TE. and ■ ' 

De:E* :: TD:TE. %<. D</xD«:E1kE* :: TDf :TEj :: XJj 
:XI^ :: MD?:MEj. Therefore TD:TE :: MD:ME. 

And by "limllar Triangles TD:TE : : DP :EP. T1icrtfi)re DP:EP :t MJD 
:ME. Tlii^cfore the Triangles MEP, MDP are (Prcf.6. EiemS.) fimilar, and 
the Angle P ME ii=PMp. Q.- E- D. 

C O RO L. XVL 

48. In the Ellipfis and in the oppofite SeOions ; If firom both the Fod ( F^, 
'Art. 49.) P, P the right Lines P M, P M be drawn to any point M in the Sedioji, 
their Sum in.the Ellipfis and their Difierence in the HyperboUwiU always be equal to 
the Tranfverfe Axis A B. 

Let C be the Center of trie Scftion and draw the line C D, and let d»e right Lioe 
P D produced, cut P M ({mxiuced if need be) in S. 

Then becaufe the Angle P M D, (^rf. 47.) S M D and M D S = M D P, aad M D 
OMnmon to both, MS is = MP; S D = D P, and in the Ellipfis PS = PM-j- 
M P, and in the Hyperbola P S is = to then: E^^nce. 

Becaole 
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Becanfe P P and P S are BireScd in C and D, therefore C D || P S, and P S = 
2 C D = (becaufe of the Circle) A B. Ci E. D. 

If from either of the Foci, P be drawn P M to the point of Contaft, and from C 
the Center of the Section be drawn C D Parallel to P M, until it cut the Tangertt in 
D, then is CD =C B, andif PMj PD be produced to S, thenis PD = SD and 
PS = AB 

Being willing to avoid Tcdionihefs, I have omitted the Schemes of the oppofite 
. Sedions, which every Reader may eafily Supply. 

C O R O L. XVII. 

49. If M R be drawn Perpendicular totheTangentMT, until it Intttftd the Axis 
in R, and if &wn R the Lines 
R«, R » be drawn Perpendicu- 
lar to MP, MP. I fay, M. = 
M« =J the Parameter of the 
Alis: For the Angle EMP = 
(jbt-tiJ^ DMPand RM Per- 
pendicular to MTi therefcre 
theAnglePMR= PMR, and 
(becaufe the Angles at » and » 
are right Angles and M R cdm- 
siofi) {oafeqpently, the Trian. 
gles RM*>, RMfare (imilar 
and. equal, w hence M « ::= M a. 
Again, (becaufe E M R is a right 
Angle) M R 11 E P, and the Tri- 
angles MPE, RM» ar« fimi- 
lar. 

Alfo , ( becaufe E M R = 
MDP) the Triangles PMR, 
P 5 P are limilari 

Therefore P S : S P ; : P M : MR. and 
, M * : PE : : M R : P M. and by Multiplication 

PSxM»:SPxPE::PMxMR:PMxMR, therefort PSxM« = SPxPE 
= (A».48.) iPDxPE = (-<«.4S.) i Parameter x AB; But PS = AS, there, 
fore M» = itli« Parameter of^theAiis = Mg. dE-O. 

C O R O L. XVIII. 

,. BCL («> = 8C (i.) := ar (i^Z^) : AT (=ir-_i5.) . 

And BC (i.) : AQ.(«-.) ■■: BT (;j:^) : ttT (^- ',Z"' ^ 

AndconfeqnenUy ATiBT :: Aa.BCi, 

C O R O L. XIX. 

51. If tiitOTgh the Center of theSeaion (Fij. ..<«. 49.) be drawn the Kameter 
Parallel » the Tangent MT i 1%, M» = CBl Draw P » through the othet 
focus. Parallel to MT; Then, becaufe PME = (/<rt. 47.) PMD, therefore MfP 
= MP»amlM» = MP. And becaufe Ci! |] P»and CP = CP, therefore P» = 
tJI^ that is, 9ft — \ the difference between P M and MP or Mf, therefore (PM) 

M»-V »» = 4 PM+ PM = Un.i,i.) i AB = ca <J. E. D. 

CO R O Lr 
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c o R o L. XX. 

52. IntheElliplisand the oppofite Scftions-, If AB betlieAxis, and BG, AN 
Perpendicular diereco. Interfering any Tangent M T in G and N, and if the Lines 

G P, N P be drawn to eithei: 
N Focus P, the Angle G F N will be 

a Right angle : For A N x B G 
— {^'!. 37- 14) AP K PB, 
therefore AN: AP:: PB:BG, 
and the Angles comprehe;ided 
NAP, PBG are Right angles, 
and confequently, the Triangles 
are fimiiar, aiid the Angle FN A 
= BPG ButPNA4-APN 
is = to a Right-angle — B P G 
-h A P N, therefore G P N is * 
Right-angle. 

And if the Conjugate Dia- 
meter be producd until it Inter- 
fed the Tangent in J, then S N 
= JP — fli' - flGi forBC=:, 

CA, thereforeCe =flN. And if a Circle bedefcrtb*d on theDiimjter GN, it 

will (^Prof-ii. Elcm. 3.) pafs through P, P- 

C O R O L. XXI. 

53. If on the Focus (^Fig. Art. 52) P, we draw P M Perpendicular to the Axis 
A B, and Interfering the Curve in M» and if the Tangent M T be drawn Inierfea- 
ing the Conjugate Diameter produced, and the Perpeadii.iil.rs AN, B G, in the 
points 8, N, G. I fay, C 9 = C A = C B ; For B G x A N = (^rt 46. ) P M k 
C fl = ( Art. 44.) ^ . t = i the Parameter x A C = (/ir/. 37,) P M x A G There- 
fore C 6 = C A = B C 

C O R O U ■ XXII. 

f4. If the Ordinate (F^. Jrt. 52 ) P M be drawn through the Focus P, and die 
Lines B G, A N Perpendicular to the Axis Interfering the Tangent IV( T in G and 
N. I fay, B G = B P and A P = A N -, For (^^n. 50.. AT : BT : : A P : P B, 
and by Similar Triangles AT: BT :: AN: BG Ergo ex t<juc^ AP: PB :; AN 
: B G. Therefore the Rerangnlar Triangles PAN, PBG are Similar, and the 
Angle A P N is — B ? G. But the Angle G P N is {An. p ) a right Angle, there- 
fore the equal Angles A P N, B P G are each equal to 450. and Confequently the An- 
gle APN = AN P, andB P G i= BG P, and BP =BG, and AP = AN. 

C R O L. XXIIL 

55. The fame things being Suppofed as in the precedeing CanBsry. If A M be 
drawn from the Vertex A, to the point of Contaft M, and if any Ordinate as L K bie 
drawn to the Axis A B, Interfering A M in R. 1 fay, the right Line K.P Intercepted 
between the Focus and the Ordinate is = L R, comprehended between the Tangent 
MN and AM i For, AN being \\ RL, the Triangles MAN, MR L are Similar; 
therefore MN : M L : : NA : LR. aUb MNiML :: PA:PK, kixtcforc ix t^m, 
NA:LR :: PA:PK; But NA=(Wrt. 54.) PA. Er^o LR=PK. 



C O R OL. 
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C R O L. XXIV. 

^6. The Method of detennining Tangents to the Ellipfis, in relpeft of any Dia. 
meter being the iime as when the 
Axis is given j in the annex'd Dia- 
gram, and in Fig. An. 52. pro- 
dn% the Diameter MC until it In- 
ttrfed the Tangent NA (alfo pro- 
doc'd) in I. I fay, the Triangles 
ANT, MM I are equal: For CP, 
CBorCA, CT are (An.ifi:) con- 
tinually Proportional, and (by fimi- 
lar Triangles) CP:CA :: CM: 
CI. ThereforcCA: CT :: CM: 
CI ^'and confequently the Triangles 
CMT, CAIare (Pr.;. 15. Stm.6.) 
<qual ; and if to each be Added (or 
from each he Subtrafted) the Quadri- 
lateral Figure M CAN, the Triangles 
A N T and M N 1 will be equal 

And if D E be drawn through the 
Point O (where LK interfeSs the Curve) Parallel to the Tangent NMT, then the 
Quadrilateral Figure DO SI will be = Tri.ingle ADE-, For the Triangle ANT 
is =MN1, and SubtraSing from both the Qpadrilateral Figure PMNA, there 
will remain T P M =CAI— CPM. 

Then becauTe the Triangles TPM, EKO arelimilar, it is TPM : EKO ;: (Praf. 
19. Elm. 6.) PM?:KO« :: BP x PA :BK x K A : : CBj (or CA5) — CPj 
: C A } — C K} : : Triangle C A I — Triangle CPM: Triangle C Al — Triangle 
CKS :: Triangle TPM: Quadrilateral Figure AKSI, therefore EKO = AKSI. 
And adding to both the Qpadrilateral figure ADOK, we hare ADE = DOSL 

C O R O L. XXV. 

57. The fime things being fuppos'd as in the precedeing Corthry. Hay, ADf : 
AN? :: DFxDO:NM)i For aANT= (,««.5«.) MNI and aADE = 
DDOSl Therefore, 




AlMN:aDOSI, and 
(Prtf. 19. K«.) ANj; ADj. Therefore 
AN}: AD}. 



iANT: A ADE 

aANT: aADE 

. AlMN:aDOSI 

And by fimilar Triangles, 

aIMN:aIZD:: NMjrDZ}, and 

aIZD:aSZO:: DZ{ : O Z }, and by Divilion 

aIZD: aIZD— ASZOorDOSI :: DZ}:DZ5 — OZj =Df xDO. 

Therefore S»i}» aIMN:DOSI :: NM}:DFxDO. 

And confequently, 
AN}:AD}::NM}:DFxDO, andinverfely AD}:AN} ::DFxDO:NM}. 
Ffiyalfo, if theUnc AM join the Points of Conuiiof the Tangents NA,' NM 
and interfea DF in V, that then D F X D O = D V }. 

For it was before AN}:NM} :: AD}:DFxDO. 

And becanfe the Triangles A N M, A D V are fimilar therefore (Prep. 2 2 . £/. 6.) 

AN5:NM} :: AD}:DVv. 
Andc»DfequentlyAD}:DFxDO :; AD}:DV}. Ergi DFxDO=DV}. 

I C O R O L. 
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C O R O L. XXVI. 




y>K 



^8. The fame things being fuppofedas in^r. 55. If the right Line P O he drawn 
from the Focus P to the Point O (where the line L R draw n at pleafure interfeas the 
Curve) I fay, K L is = P O. 

Forbecaufe the right Lines N M, N A touch the Seflbn in M and A, and AM Con- 
nects the Points of Contaft, and L * is drawn Parallel to the Tangent N A, there- 
fore (Art. 57.) L*xLO = LR?= (.Art. yy.) KPyj But L* x LO -(-KOf 
= KLf. Therefore KP 3 -HKO}= KL5 = POj; and confequeatly, KL = 
PO. Q:E.D. 

C O R O L. XXVIL 

59. If a Parallelogram MNPKbe defcribcd about an EHipfis, and have its fides 

Parallel to the Conjugate E)i- 
p ameters A B, D O j and if 

any o:her Parallelogram, 
vg. ELGF be defcribed 
about the fame Elliplis, ha- 
ving its fides Parallel to any 
other two Conjugate Diame- 
ters. I lay, the Parallelogram 
M N P K= Pgram. ELG F. 
Produce I T until it Inter- 
fea FN in a, and PK in 
Y; and produce DO until 
it interled F E in X and 
FG in Z. Then the Tri- 
angle *AR = Trbnglc 
haB ADdCAj=CHR. 
In lilie manner the Triaogle 
CI X is = Triaogli CD*, which is equal and Cmilar to the Triangle COY. 

The Parallelogram C 2 * Q.is divided into two equal Triangles by the Line C A, vix.. 
into C A Z and G A Q. i And becaufe the Triangles « A H, A A R are eqoal and have 
each the Aa^e at A equal. Therefore >i>:AA :: RA:AH, and by Compofitio^ 4A: 
>A " RH:*H. NowtheTriangleC«A:TriangleCAA :: Aa: bA :: RH:*H. 
And the Triangle C R H : Triangle C* H ;: R H : A H. Therefore the Triangle C a A : 
Triangle C RH : 1 Triangle C i» A 1 Triangle C * H. Whence it is raanifieft tlat the , 
Triangle C A A = Triangle C A H, and becaufe the Triangle Z C A = Q.C A. There- 
fore ZCA —CAH=: Q.G*— C*A, thatisCHZ^CAQ, 

In the Parallelogram Y d, the Parallelogram C A P O is a mean Proportional be- 
tween the two Parallelograms Y C and C Q. (becaufe the Parallelogram YC: Parall- 
elogram PC:: YO:OP::YC:CQ.:: PA :AQ,:: Parallelogram PC:Pgm. Q.C,) 
and in the Parallelogram Z X, the Parallelogram C H F 1 is a mean Proportional be- 
tween the two Parallelograms ZC and CX. Now the Parallelograms Q.C and Z G, 
Y C and X C are equal f becaufe the Triangles Z C H, Q.C A arc equal and the halves 
of the Parallelograms Q.Cand ZC, and the Triangles CXI, CYC are equal and 
the halves of the Parallelograms X C and Y C) and confequently, the FaraHelOgram 
C P is =: Parallelogram C F = i the Parallelogram F L = ^ Pirallclogram P M. and 
the Parallelogram M N P K = Parallelogram ELGF. Q. E D. 

P R O P. V. 

To dram Tangeatt to all forts of fingU Geometricd or Algebraie Curves. ' 

4o. Let X reprefent the Intercepted Dkmet«r, and/ the Ordinate of afty ^ge- 

braic Curve,' and let ^ exprefs the Value <rf the Subtangent in General Afl&me A 

general Equation expiefljng the Nature of Infinite Sorts of Algebaric Curves, v. c. 
fxm -|-^/» -\- bx^jr' 4- A = o. In which / is the Coefficiedt of that Term Ad- 

fefted 
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feded with the Indeterminate Quantity x or its Powers, and m the Exponent of the 
laid Power of * ; g the Coefficient of the Ttrra Adfededwith^orits Powers, andw 
the refpcSive Exponent of r- The third Term in the general Equation, reprefents thofc 
in any givrn Equation, Adfeacd with x and/ together, or with any Redangle under 
them or their Powers^ b is the Coefficient of the iaid Term, r the Exponent w *, and 
t that of J. Laftly, i reprefents any Invariable Quantity. 

Having chofen this Equation Expreffiog the Nature of an infinite Number of fingle 
Gcoaietrical Corves in General ; find the Fluxion thereof, iwai. 

»/*""' x-\-n£jr*~ 'y-{-rby' xr^ix-^tbx^jr'-^yz=Lo: 

Then by Tranfpolition ^ 
mfx-'~'x-\-rby*xr-'x^~ngy'-^y — t&x^y'-*j.' 
' And Dividing each fide of the Equation by mfx" " • -|- rbj* ^ ~ ' 

^ _ —ngy'-yj — ibxf f-^ y 
mfx'^-' -\-rbjr* x'~ • 

And fabltituting this Value of i in ~ the general Vfilue e£ the Sub^tangeni, 

,/.-■'■ y 

we 0iaU have th« Sab-taagent = ^ equal to 

, - / 

mfx"" ' -\- rby* x''~' mfx^'^-\-rbji' Jt'""* ' 

■ ■■ WWdiisageneralTheorem.ExpreflingtheValueofthcSub^taDgenlinaUGeome- 
tncal Corves exprefled by the foreuid general Equation. 

E X A M P L E. I. 

' Lattlv required ttrfimi the yslie tf the Smh-tgiigeiU PT itHbrCmmoit PtraboU. 

' ThcEquationexpreirrngthcNature of theparabolaisji**— ^Ji^o* WWchbe- 
iog fiippos'd equal to the general Equatioa we have : 

■■■'-.. Or, ■ 

" And if we Compare the Terms of the 
■. £quauon Exprefling the Nature of the 
.iWabola, with the refpedive Terms in 
. the general Equation i. t. If we Corn- 
rare the Terms Afieded with the fame 
flowing Qjiantities, the Coefficients /*,;, 
&, and the Exponents m, ii,r,i, maybe 
determined thus \ 

The Terms Adfcfted with * only are «*■, and/*": Thereibrc fopp(He«jr = 
fx^y then 'tis plain that /"^^ andw = i. 

The Terms Adfefted with y only are y* and ty't which being alfo fni^olM 
oqmJI^tat. — f'=gy'. Wehavef=: — ian3» = 2. 

And becaufe the remaining two iCTms b x'^y'-\-b have no Terms that anlWer 
^tptfiCBi in the given Equation, they muft be pot equal to ndthing, vnc bx* y' 
= 0, or i *"■ /' = o X x°y'' and i =: o. And then i = o,r = o, i=o, and h =0. 
Having thus determined, ^^, wandw, Subftitute their Values in the general Va- 
lue of the Sub-tangent, and re)ea all the Terms Adfeftedwith the Coefficients *, r, /, 
fo have you the Value of the Sub-tangent la the Parabola. 

PT = 




P F 
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PT _. —^ gj'—sbx 'f _ — 2K— 1 xj ' — oxanx'y 
mfx''^ ' -\-rby' xf~ ' lx«x*'~'-^oxox_y'* jro-r 

= —^-■'I— = ii^ = (bccauTe »* =fj) ^-^=ix. Ci E. I. 

I X4X * » * 

EXAMPLE. II. 

If tAm he m Hj/ferhU ienxen the Jfymftotes AV, AD, and the Sui- fluent 
PT rejuir'i. 

D 





T 



Let the Eqoatioii ntpreffing the Nature of the Hyperhok •< — xr be puc = 

Then f^ o, m = o,^ = o, « = o, i = 
Andconfcqaently PT = 



— I )iyx* 






- 1, r = I, *= I. 

I X — I X j t' 7' 

~ 4-1 X — I x^'x^c'" > 



= -'^= — *. Q:E.l 



EXAMPLE III. 



7/ it he ri^uired to determiM the Sulf-tMgeMt ^ the Curvet wbcfe Nttme is 
exfreffedij sx* + r/*— 9''y — ^ = 0. 

Snppofe 0xi'\-ey*^9 x^y —f =fx»' -^gy* + hx^y* +*; 

Then/=:#, » = 3, ; = *, 11=4, i= — j», f=5, ir=i. 

And oonftqucntly the Value of the Sob-tangent T" ^-^^- * .*' ^' is = 
° mf x'*~ * -^riy' *'- » 

— 4XCXJ'* — I X — j>XJf*jr _ $fxf y-^4e y* 

3«*« + 5x — pxyjf* "" 3«^"— 45-**/ 

In like maooer the Snb*tangent9 of all other Iimple Algelxaic Corres may be de- 
ternun'dt 



PROP. 
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PROP. VI. 

n i,iu,e Vnivtrfd Rules f.r Jr.^i„g T.k,Ms to d ['TIS of Gio,«lric4 
Curv,,, ,vkn,beg,vm Eju^u,. ,xpre]fes ,% R,l„io„ te„„/,fe Ordije 
tad littmefttd Dimuttr. >"»<»«r 

tfi. Snppofc the Intercepted Diameter 
AP=*, and the Ordinate PM =/; and 
let the Equation of the Curve be fo or- 
defd, that all the Terms (being brought 
over to one fide) be equal to Nothmg, 
V. g. If the Equation expreiGng the Na- 
ture of the Curve be xi-\-jxx-\-lx 
=3i'+7Jx-\-lif-]-i. Tlien*!-)- 
jfxx-\- ix—yi^jtyx — bf~i~o. 
'Tis requir'd to draw the Line M T to 
touch the Curve in M, 

1°. Reduce the Equation to Flniiom. That is, put (Af =) « -f i for (A P =) 
'i'mom.'"^^ '+> *»' (PM=) f, and then the Equation of the Cnrre wiflbe 

+,xx,-^rxx-^iyxi+ yi' \\—y)'t—}J* — i*iy — xy'. 

A-xx'y-'rlx'xy-^- yi- —yrx—ly'yx — xy' 

•+ lx, + lx + I'x I */ '— *7 — */ 

— /'.->' —iy'y —iy'y —,t\\~ '■ ~ *• 

2°. In tldsnew Equation delfror all the Tems wherein neither x nor i U fbnni 
beranfc the Sum of thofc Tenns made up the given Equation, which was (after Ttant 
polition) equal to Nothmg. Hence it is evident, that no Term not alftaed with 
« or 7 can be kept in the New Equation. . _ 

becaufeanruch Terms com^ "'* ""e other, are Incomparably lefi'than they, 
andconfequently may be fejefted. Whence 'tis manifeft, that thofe Terms alfei- 
ed with « or ^ of one Dimenlion only, will remain in the New Equation, There- 
fore 3«"i+27»;-|-,*; + ;i_3,.y^l,-_;^^i_j^_j'^ j^j^ 
TranTpoling all the Terms Adfeded with ^ lo the other fide of the Equation we have, 

Which Equation being redoc'd to an Analogy, it will be 
iJ) + ^>y-\-i — xx:ixx-\-iyx-^l—,f :: x:', 

i:p't('o: JmT'^ '"'"*• ■^^** =«"«'* *"■«'<« MR(;):R«.(;) 

Therefore, (S. 3») 3^7.^1», + j_„. J,, ^^^,^,_^^ ,. ,.^ 

And Reducing the Analogy to an EqaitioB, wehave 3 .8+ ix r'-t-*!— *«f 
?=|"f + »t7»+'' — 7r- Now from hence to deduce m UnivtrM MalxJ 
for drawmg Tangents to all M Curves ohferve, »~ ' "• vnror;* mum 



K 



J". That 
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5". That all Equations exprefllngthcKatiirc^ of fuch Curves areCompounded of two 
forts of Terms, 'viz. Simple (the invariable Quantities, /, h, i not being Confidered) 
wbm the Ttrm cotifi/ls of x cr y, or of ibt Peweri «f either, as j^y by, *3, Ix. or Vjixt 
tthtn the Term confifii of feveral Flowing Quantities, as when * Or any of its Powers is 
Multiplied into ;- or any of its Powers j as 7 jr, j-^ a-, / » * ', l>f''x> 

6°. That from every limple Term in the Equation of the Curve, there arifesa 
Term of the Equation which determines the Sub-tangent. For if the Powers, &c. of 
y 4- J and jt -|- :t be Subftituted for thofe of y and x, in the Equation of the Curve, 
and if the Terms of the faid Powers be written in order as in common Algebra^ 
then 'tis manifcft ($. 2°, 3°.) that only the fecond Term will remain. 

-?*. That the new Term in the Subtangential Equation which arlfes from the fimple 
Term y, y \ &c. is equal to the refpeaive Term of the Equation of the Curve, mul- 
tiplied by the Exponent of the Flowing Quantity or the Number of its Dimenfions. 

8". That the Terms in the Subtangential Equation affefted with *, which arifes from 
the fimple Term Involving x or its Powers in the Equation of the Curve, is the fame with 
the faid refpeftive Term multiplied by the Exponent of x^ one of the Dimenfions of x 
being deftroycd and r fubltituted inits place. Thus if a: * be a Termin the Equation 
of the Curve then 2 / k is the rcfpeiSive Term in the Subtangential Equation. 

9". The Signs prefixt to the Terms of both Equations are the lame. Hence, 
General Rule, 

To tiraw Ta/tgeats to Curves j when the EquMtion of the Curve conffts of 
Simfle Terms, 

lo". Let the Equation Exprefllng the 
Nature of the Curve AMiwbej* — sy* 

_]- ij, >__^4 J- Ixx — » jf-j-B r=o, 

and order the fame fb that all the 7 be on 
the left and all the x on the right lide of 
the Equation thus, y*~\-yy — sy% == 
jr4 — Ix x'^ mx — ». Multiply every 
Term by the Exponent of the Flowing 
Quantity ^orA- in theiamerefpedively, ■ 
and in every Term Aifeded with Xy 
Subftitute t ftir one of its Dimenfions^ 
and then the Subtangential Equation will 
ftand thus. 

4>* — 3 '^' "t~ ^7 = 4 J *' — 1 /f Jf -j- w ^ and 

coufequcntly PT(0 = \^;^}^^- 

Again, Let this Equation/" = * (the Parameter being Suppofed = i.) exprefs 
the Nature of all forts of Parabola's when the Exponent m reprefents a Pofitive num- 
ber, and all forts of Hyperbola's when it reprefents a Negative number. Then (§. 7°.) 
mj" □ *and (§.8°.) «j'" = f. Butj"=a:. Therefore w^™ =wj: = f . 

1 1°. And If ive Coniider the Mixt Terms in the Equation of the Curve, it will ap- 
pear that from every one of them there will arife as many Terms in the Subtangenti- 
al Equation, as there are Flowing Qjiantitics in the refpeftive Term. E G. Let the 
mixt Term hcy "at", where m and n are the Exponents of the Powers of / and *, 

then for <$. i".) 7* there will arife 7"+ w ;'"'-» 7, &e. and from the Term*" 
there will arife*" +»*"-• x,&e. which being multiplied iogether,theProdua is 
(dcftroying thofe Terms wherein neither i nor } is found §.2'. 3°0 w*"/""'/ 
■^ny-x""^ X, and confequently the Terms in the fiibtangential Equation ariCng 
from the Mixt Term J"" *■ are (§. T"* 8°') w/"*" +»» *""' >"■ 12% And 
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1 1°. And the AfTetiion of thofe Terms is the fame, as if the Equation be ordered 
according to §. lo. fo that thefameTerm 7"" *" ftand on both fides of the Equation 
with contrary Signs, and^ be coniidcred only on the left fide and x on the right fide 
of the Equation, according to §7'- 8=. 

And it the laid Terms be placed on both fides of the Equation, it is manifeft that 
their Signs muft be Contrary, becaufe both the nev7 Terms (§. 11°.) have the fame 
Sign, and in reducing the Equation as in (§. 10.) all the Terms affefted with ( mnft be 
brought over to one fide, according to the Common Rules of Tranfpofition. Hence 
we have another. 

General Rule. 

To drttJP TMgeats to Curvesy when the Equithft of the Curve conftfis of Simple 
or Mixt Terms. 

1°. Order the Equation of the Curve Co, that all the Terms wherein 3 or the 
Ordinate is found , Aand on the left , and all thofe wherein x or the Inter- 
cepted Diameter is found ftand on the right hand of the Equation •■, rejeding all thofe 
Terms wherein neither* nor j> is found, and then all the mixt Terms will ftand on 
both fides of the Equation with contrary Signs. 

2°. Multiply every Term on the left fide of the Equation by the refpeSive Dimen- 
fionof 7 (S'7°' 12°.) 

Multiply every Term on the right fide of the Equation by the refpeftive Dimen- 
Jion of X, and divide every Term by jr, and multiply the Quotients by t (§. 8° . 12° .) 

^»d thus from any Equation expreffing the Relation between the Ordinate and 
Abfciila, we may find the Subtangential Equation, and confequently the Subtangent 
itfelf. 

ExamfU ; Suppofe the Equation of the Curve to be C^, i".) *3-|-7«*-l-»/jr— 
y'i—^yx — l'y — i = o. Then f '\-yyx'\-hr — jxxi% the lot fide of the 
Equation. Therefore the Equation will appear in this Form/' J[- yj x •\- hy — y xxcD 
^-[-jixx-\-tx — jyx therefore the Subtangential Equation is ij^-\-^yyx-\- 
hj — yx x= St X X -{-itxy — t J y-V^t. The lame as before, and the Subtaa- 

gent PT = t = 2_£ — ^—T^ ! — ^ t , • 

What I have here demooftrated of Curves Concave towards the Axis, may be 
applied to Figures Convex towards their Axes. 

PROP. vri. 

To drttp Tangents to Curves, when the EfUdtion expre^ng the Reldtion between 
the Ordinate And Intercepted Diameter , Involves IrrMionsl Qudntities and 
FraRions. * 

62. Soppofc AP =x; Pp=x; PM=:r; Rw=7, and let the Equation Ex- 

prefling (Ste the Fig, in the fongmg Page) the Nature of the Curve A M m be — 

■ ■ , + **^^+77 + 7=f:r3=p-.^:z=o. 'tis requird to 

«x+/*Ar» Vbh'^lx-]-mxx 

draw the line T M, which fliall touch the Curve in M ) or which is the lame tWng, 
it is required to find the Proportion between the Sub-tangent P T and the Ordi- 
nate P M. 

For Brevities fake, Suppole a-\-hx = n; e — *;«: ==f i eic-\-fx* = j; gg 
'\-jy=r' bb-\- Ix ^m xx ^zt. Then Sobftituting theft Qpantities in place 

J if V' 

= o, and reducing this Equation to Fluxions^ there will anie this 7hiri E^MtiMt 
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yt — ■•-_? 



+ .Wr-l--^-l- 



^syy — yy, 



» = ii-;;>= — zxx-^i]-=ex-\- ifxx ; r = 2>7-, aod i ^= Ix -\- z m x x-^ 
and fubftitutiog thefe Values in the refpeftive Terms of the third Equation^ there will 



aiife this Fourth Equation- h 



^f1* 



- Itfnx X — Ipnex — 4^ n f x 






laxyr ^ijy—hr'—'^'"yj' 



-1- 



2 * V 



= o. which is an Equation 



wherein the Fluxions x and 7 only remain, and cither one or t'other will be found 
in every Term of the Equation, cleared of the Radical Signs and all other Incum- 
brances. Whence if all the Terms afiefted with x be kept on one fide, and all thofe 
aficded with 'y be Tranfpofed to the other fide of the Equation, and if the Equation 
fo ordered be reduced to Analogy, it will be, 



- :: x'.'y :: PT:PM. Now in this Analogy, ^and_y are given, and 






l~\-imx 

confequently the Values of », p, ?» »", 1 are known, and three Terms in the Analogy 
are given to find the fourth Term P T. Q.. E. 1. 

Thus I have Ihewn the life of Fluxions in the Rcloluuon of a CJlieftion othcrwife 
perplext enough, that the Learner may the better underftand how to apply the Rules 
which hitherto we have explained to the moft Intricate and Perplext Q^ftions of this 
Hatui%. 

PROP. VIII. 

Let the Carve AM m Mid its Toftgent MT te given •, and let another Carve 
A N » ^ applied to the fame Axis A P ; andjnppoje the Relation hettpeen the 
Ordinates PM, PN to he given: ^is required to draw the LineNLy which 
. JbaU touch the Carve A N /» in N. 

SuppofeAP = A:,PM = y, PT=*, PN =w, P/- ~MR = NK = i-, RfflP=/, 

Now becaufe the Triangles mRM, 
MPT are fimilar ; therefore m R 
0):RM(;)::MPO)PT(0 

ty 

and confequently * = -- . Again, the 
Triangles «KN, N PL are fimilar, 
and»K (i) : KN (i) :: PN («) : 

PL id) therefor* i = — =*-?and 
conlequently m = -^- i But P L = 
-p* find the Value of « in » or the Value of x la « by help of the Equation 

N 

of the Curve, and fubftitotlng the iame in the left Value of the Sab-tai^ent, all the 
Fluxions will be deitroy'd j ana the Sub-taogent will be expicfs'd io knowa Terms. 

For 
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For Inftance, let « be an iaTariable Qiiaatity, and fuppofe the ' Relation between 
FMandPN tt> be expreft'd by this Equation *x (>;>) — •« = ««, then is, ax 

(zyj) = « ■ «, and — = i. TherefiM* the Sub*tangenc PL =: ^ is ss ^^ = 

(becanle *x — »» = ««) 2« — i*. 
Bat if the Relation between the Ordinate^ Mt exprefi'd by the Letters y^ m^ v.g. 

yji—tu=Ms, then we may proceed thrf: xy} = i m'u aad y'y = »'u = -^', 

and dividing by/* aid mnluplying by dy we have Jyy = f ««, and 1/ (= PL) 
= l5!Jlj and if the Qffve A M m be a Parabola, then *'* = yy^ and » = (Art. 

25.) 2« therefore PL = = = 1* — 1# as before- 

Andif wcfiippole theRedangle MP x PN to be always eqnal to the Square of 
0, then the fiqoation expreffing the Hatnre of the Carre is yu^ss^ and 

/•= — «/, andcohfeqnentlys = — ^ = -jy and J (PL) = — r= — PT. 

and becaofe the Siai is Negatire j ik is evident* that as the Ordioates of thie Curve 
AMw Increafej iothcHe^ NnDedxafe; that is, the Curve AN wis Convex to- 
wards the Axis A P, and the Sub-tangent mtift be taken from P on the fide of the 
Axis oppofiteto A- 
A^u, Let the Kature of the Curve A H » be cxpreiTed by this Equation jr ■ = X X. 

Tbenj'i»4-m> = l'*. Bnt7 = ■^, therefore /i + a} is =;»-^ *^ = 
i**,aBd« = -^ — , therefore PL r =-rJ=jj^^—— = (be- 

_ . ixx tx 



PROP. 
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p R o p. IX. 

Th Carve Lint AS mI th Ditimler AT mi t DttermlMtt Point P hing 
li'Oen; Lit the Curvt FMA fc iefcrit'i, ft the Jrtaijig tig Damrtrr 
FMPN, the Relttim betmeirt FM, FP, FN i< exfnfi'i i) tit) fHiex 
Efuttbn: 'Titrejuir'iltiiJrmtheTiiigeiit MT to touth the Curve FMA 
i» the Point M. • 

«4. Draw the Line KFH Pcrp«ildk«lar to N F, tin it Intefftft tha tHimtet A f 

tJtoduc^A in K* and the given Tangent N H in H, and on the Center F with the Di- 
' > e- -o ^^^ ^^^ |.j,^ j^ ^^ 

fcribe the little Arches N Q, 
P I, M R tnnodcd b; F <2.i«. 
finitely near to FN. Which 
beingdone, fuppofe FR = ,, 
FH=/, FM=„FK=», 
FN = •. Then the Trian- 
gles KFP, F»f; FMR, 
t^ \ yf%M FF<. FNQ.; HFN, Nq2 

are fimilar -y therefore V F 

(«):FK(0!:>. (i)! 
P. = ^. AndJ^c*)! 

«"" m(j)>f'('^):Kn. 

^'-Jl^, AndF? W: tN(.)::P«(^)iNQ.*^< fciid.gAi,HF 
(0 : FN W " NQ-Cvf) = 0-"=-^' *^ *■*'?' »"'(^) »»• 

Now by help of the Fluxions of the given Equation, we may find the Valne of 

/in * and li, and therein SuWfituting for • its Negative Value — '-j— ( becanfe 

while X Increafes, • Decreafcs), all the Terms will then be aSeaed with i, lb that 
potting the Value of j found thus, in place of 7 in the Value of the Subtangent 

'f" aB the Fluxions will be deftroy'd, and the Value of F T will be eiprdS'd io 

XX, 

known Terms: 

EXAMPLE. 

6< Let the Qirve A N be a Circle paffing through the given point F (fdtua- 
tedfo m lefpea of the Diameter A P, that the Line F B Perpendicular to A P, pafs 
through G the Centerof the Circle) and let P Mbe alwap = P N, and draw M L 
and N Ell AG, then is GL = GE. Whence it is manifelb that the Curve F M A » 
that which U now called the O^mA. And becaufc P M = P N, therefore the Equa- 
tion Expreffing the Nature of the Curve fcn +7= a*, and » +? = x*- And 

(Sobltituting, 
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. I SHUX - V - , • It XXX -{-tuux _,_ __ 

(Snl^tating >— for ») conftquently f = — = . Whence FT = 

xxy i,tmx-\- SUM 

And if tbe poiat M bappea to &n ia the point A^ thtn the Udtt F M, F K, FP will 
be equal each to FA. Alfo FKwUlbe = FH (^torthen KFHis Perpcndicultf to 
A F, and the Angle RAF = FAH, aiid FA is common to both Triangles) and 

FT =rr:^^^—-^~ = i'--\M, 



' %txtf-\-iku 3*' 



Am)tbirwty» 



Ytie TaD^ent M T may he otherwise determined (the fame way as in the tarabo- 
la) thus: Draw N£ and ML PerpeodlcnUr to tbe. Diameter FB^ and find the 
Equation Exprefflirig the Relation of tiie Abfcilla F L to the Ordinate L M in this 
manner : Snppofe FB = 2#,FLorBE = *, LM=j; then the Triangles FL M, 
FENarefimilar, therefore FL (*) : LM O) :: FE:EN :: EN (VaTJc^T*) 

J BE (=*.) Therefore the Eqnatkm of the Curve is** = -jxtxyy — x xyj^ 
and,** — 2**jFf — **7j(, thatis, byDivillon 

*; ,6»x*x — 2*9* - .3****^-*9* 

■ stjf/and — =1/^, and => BotLS 

i« — * a* — *i ^X2«— *r 



*9 , .^ *' X 2 •— X 



^ if = rj^^'-" ^ (su^tmiDg -!!i- for ^7) 

'j i*x* ** »«-*•« }#*" — 4f9 

34 — « 

Aad if B D lie Ereaed Perpendiaikr to B F, and M C be drawn Parallel to B F 
aid T M produced to D, then the Value of CD, which determines the Tangent to 
thpvo'"'"'**''**"""^"' *** "™'''er: LctLZbes=», BL = i« — », and 
CD=<. Tllen Ct) (0 : CM (2« — at) :: «».(;): «M(*) whencejs 

^ 'r* i - . Andtirtiid |iM|ienydFU» CUdtKi— ;>x— •», theref<>re i<;c 

iiJ4»i = x««ind •= — — r-^-' • A«d bteanftin th* CMioidetheLmei 

BL,LZ,LF,LM are continnall; Proportional, theiefbre the Equation Ezprelling 
the Nature of ** CMWe S * * => », and j « i — * ji -(- > '«, and > 

:c— — * . AndbecaaleiMx — xx=3«Haad/*K x jrtox, tlietefbre,we 

»«»«ttl»Iqi»itoim«>— «)ia>jifc itei»^=, -^ii-aiiii-ILi-? tSere^ 

fore «iiM = Ztf — xxiKx—yu = (SublEitotlng « « for 2 ff — *x* and x« for 
V • ' ^ 1 • «##—»* a.»x-^xi'x _. 

Tlierefilire i« = 3«+/i and conftqoestlr, Ob (-!=0 =**«+{/• WHeS 
idniH «f I laott liaiFlc CMltniaioii, bruttiig Gt>3>i{LZ-|-iLH. 

P R O P< 
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P R o p. X. 

Let the tm Carvti A Q.C, B C N fc grviii, ji><< T A B F thir Dia§ettr ) 
Afulfttffofe the Method of drMivin^ their Tunsents Q^L, N F kmmny gnd let 
the Nature if the third Curve MC he expry'i'd hy Mtrf given Retttion between 
the OrdinMes Q.P, M P, N P. It it required to drsw j Tdugeut to the Curve 
MC, nhicb JbuS touch the fdme in miij given Pointy v.g. inM^ 

66. Draw the Ordinate pm inEnitely near PM, and draw NS, MR,^« Pa- 
rallel to P^, and then we have the three little Triangles NS», MRw, Q.ffj, 
Soppofe the given Quantity PL =<:and PF = (,PQ.= «, PM =)■, PN = i/. 

Thencf = jr, Rm—j^ Sn (><ff.22.) = — v, (becaolejirandjriacieafewhilei'de- 
creafes) and becanfe the Triangles LPQ., Qfj; NPF, nSN; MPT, »>RM are 

(Imilar, Therefore (IP (») : PL (/) :: )• (i) : Q.»= — , and Q.«=MR 




= NS = 



Again, NPW-.PF (() =: iS (— t-): SN = - 



t Therefore 



-;^=^,andi=-^. Laftly,«R6):RM^^^ :: MP (;): 



PT=-iiiorthm,R«.(/) ; RM 



Ci)- 



MP (;) : PT: 



= -^, whkh 



being fonnd, reduce the Eqtatioo of the Cnrre to Fluxions, and fiibftitate — - ft»r 

V, and find the Valoe of x in 7* and fiibltitnte the the fame in -^ . So all the FlAxi- 

00$ will be taken away, and the Value of the Sub-tangent will be cxpn&'i ia Terms 
altogether known. 

EXAMPLE. 

Let A Q.C be the Apolonian Parabola, and B C N a Cabical Parabola, whofe 
OnUnates N P are in a Subtriplicate Propoitioa of the Intercepted Diameters B P, 
then *tis raanifeft {Art. 1 5.) that P L = 1 A P, and P F = 3 B P. Now Snppofc 
the Nature of the Curve M C to be fuch, that the Ordinate F M be always a mean 
Proportional between PQ.and PNv then it is PQ.: PM :: PM:PN, andconfc- 
qnently the Equation Eiprefling the Nature of the Curve M C is // = * •». And find- 
ing the Fluxions of tlus Equation we hare 27} = ** + v* = (becaufc « = — 
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tv'x\ ■ tv'x tvx — svx %tyj . ,„^ tf'x 
I vx— - — = therefore x = - — ^-^—. AiidPT= -^.- 

tx/ t t t'0-—tV jf- 

I'tfjf /c,i.o.«.*i„« c^ \ 1" 2pFxPL tfPBx2PA 

tx'o-^txv ^ ^ ''' r— * PF— PL 3PB— iPA 

Q.E-I. 

JmdUmwfi^y, Soppore ;""+» = x" v* then m-]-m ky-*' - ' /= »» v» *— » 
ir-4-««"«"*' »= (bccaofc- — is = 'Pi and confeqoently , the Term 






tx ~ tx "~ Tx / 



ereryTennintheNomeratorindDeiiDminatorby*) — 

Therefore w+wxr*"*"" '7iS= ^ anabyMnl- 



tiplifaaon and JJiTriJon/ r~ 



JVf -j-«/K/" 



S3 j(SwbWtnring.y*p' for/«+") - ^ mm 11^* «* ■ ^ ^widuig Mameiiiftor 
and Denominator by *■•«") = — ^31.^, Q; E. I. 

COROLLARIES. 

tf?. If the Qn-res AQ.C and BGM degenerate into right Uaesj then the 
Conre MC will be one of tbe Conic 




I". If the Ordinate CD &1I between 
Aanda And if the Angle C A B = 
GBAbe = 45''< then the Curve MG 
win be a Circle. For then AD =CD 
= DB. And the points A, L; B,F; 

Coincide: Therefore P T = ili = 
( — I 

^^-14 - '.l"" ot . wWch is the Valae of the Snbtangent of the Circh 
PB — PA AB— aPA 

fonnd (ilrf. 23.) above, 

a^.jf Ae Permdicular'C D&B between AandB, and the eqo^ Angles CAD, 
C B D be each leu than A C D, then the Cqrre M C is an Elljplis^ For the Sqbtai^ea*^ 

PT ^ m~ = T^^^^ » ^^^^ » ^* V*^™ ^ ** Subtangent of the ElUpfii 
jfoMfl Oi. 530 above. 

M 3*. If- 
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3°. If the Point B be at an infinite diftance from A, that is if B C N be parallel to 
AFD, then the Curve MC is the Parabola: For then the Sub-ungent PT = — -' 



_2PBkAP 

~ PB— AP" ^"^*'" ''"""" *' ""^ PB 

which is the Value of the Sub-tangent of the Parabola found (^rt.25.) above, 



2PB X AP 

: (becaufe PB is infinite inrefpeft of AP) _ = — ; 



2AP, 



4'. But if the Perpendicular CD, fell beyond A or B, then the Curve M C will be an 
Hyperbola, and A B will be the Axisj 




ForPT = 



2BPxAP 



, which 



t-\-s AP + BP* 
is alfo the Value of the Sub-tangent of 
the Hyperbola found {Art. 33.) above. 
And thus it appears that all the 
Se&tons of the Cone may be defcrib'd, 
by help of any two ftraight Lines, 
^veabyPofition. 

PROP. XI. 

If the Mature of the Curve Liae APB, aad the Method of Jrdipwg TdHgeats 
tothefamef v.g. PH, bekamvn; mU if Mtrf tUttrmintte Point ¥ without the 
fad Curve begivea^ jrom rvhtch drawing the right Line F P M ftJ < third Curve 
C M D, the Proportion of ¥V to "PM. be expreffd ly My given Equation ; 
'tis reqair'd to draw the Line MX, which pa/i touch the Curve in the 
Point JVL 

68. Draw the right IJne FHT Perpendicular to FM> anddraw Fm infinitely 
near F M, and on the Center F delcribc the Arches MR, Pi?, then the Triangles 
Pof, HFPi MRw,TFM; FMR, FP#arefimilar. 




Strppo&theknownC2pantitiesFH=j, FP=a:, fH=y; tbenlayPF (.^x) '• 
FH(i)::yi.C;):P* = ^. AndFP (*) : FM O) :: P» (^) : MR 

= ^, andR».0):RM ('^) :: FM (>) : FT = ^^^ , which may be 

XX \xx/ XXJ 

EX- 



, dcar'd of the Flaxiws by help of the Equation of the Carre. 
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Suppofe the Curve APB to degenerate into the right Line PH, and that the 
Equation exprcDing the Relation of F P to F M is jr — « = « (that is to fay, that 
P M is always equal to one and the lame given Quantity *) then 'tis evident that the 
Curve CMD is Nkhonuin'i Canebcide, and the Line M T touching the fime in the 
point M, may be detcrmin'd in this manner, ; = at 4- *, and ^ = *. Bat F T = 
till — (fiblKtnting ^ for i) '-11, Whence there will arife this, 

CONSTRUCTION. 

Draw Me parallel to PH, and MTparallel to PE; I fiy, MT will touch the Con- 
choldeinM. For, FP W : FH (.):: FM (/) : FE = y, andFP W : FE 



(^)^ = 



::FMO):FT = '^. 



Hence it is evident, that P H is the Afymptote, and the Point F is the Pole of the 
ConchoidcCMD. 

PROP. XU. 

If the Nsttert of the Carve A Mm be given , gjid if the iatercefted Digmeter 
A P he the Portion cf a Curve (infesti of 4 fitaight Line, as in the preceding 
Prohlems) dnd the Portion of the Line P K touching the fame in P he given : 
*Tis required to drsw the Une M T, jphieh fiaS touch the given Curve in M. 

69. Let AQ,B bethcAxisof theCnrve AP^, and draw the Ordinate MPQ,Pcr- 
peodicnlar to- A B. Draw the Tangent P T, and fuppofe M T Interieating P T in T, 
to be the Tangent which touches the Curve A M iw in the point M. Imagine another 
Ordinate n^ Infinitely near FM< Draw MR 
Parallel to P T. And then Snppofe the Ab- 
fcifla AP=*andPM=7. ThenPy = MR 
= X andRw = /. and the Triangles m R M, 
MPTarefimilar, therefore w R (_; ) : R M 

(i) :: MP (>) : PT =^.- which isCleafr- 



ed of the Fluxions, and Exprefs'd in known 
Terms, by Confidering the Equation of the 
Curve, that is by Comparing the Relation of 
AP=: X to PM =/, as has been done in the 
like Cafes before, and will yet be more evi- 
dent by the following 

EXAMPLE. 

70. If the Curve A Pf be a Circle, andif APorxbctoPMor/, asjjsto^, then 

the Equation expreOing the Nature of the Curve A Mm win be * = -'- , and 

x = 'f-^ and confequently PT = 'r- = (by fubllitution) ^ = *, and the Curve 

A M C will be a Semi-^cUiJt , Simpk if * be = #, TrctraSti if i be greater than a ; 
and CoHtrtStJ, when b ts lefs than a. 
And in the fimple or common Cycloide MQ,= AP + PQ,, and MP = AP, 




therefore « = ^ and PT.= ^=: 7 = *. That is, PT =: PM. 



C O N- 
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CONSECTARIES. 

I, In the Circle APBif the Chord AP be drawn, I fay, it will be Parallel to the 
Tangent M T. For the Triangle MPT being an Ifofceles Triangle, the External 
Angle T P Q.is double the Internal Oppolite Angle T M P •, and the Angles APT, 
A P Q. Handing on equal Arches of the Circle arc equal ; Tleitfbrc the Angte TP Q. 
is alft double T P A. And confeqoently tie AagleTMP = MTP = TPA;awl 
the Lines M T and AP are (Pw;. 27. El 1.) Parallel. 

1. A Line drawn ftDm M Parallel to P B, wiH be Perpendiculal: to the Cycloide 
inM. 

3. Tho' the Cycloide be a rranfanlint Curvt, yet the BMita! the Snbtangent to 
the Ordinate may be expre&'d is ordinary T«I»i For Q.P:<i.A :: Q.M:<iK. 

^ And bo:iufeMN:aN :: AP: Aa, aild_AB : AP ;:_AP: AQ.; there- 
fore the Tangent MN is to the SubtangentQ.N as AB» is to AQ.'. And if the 
Tangent M N be produced until it Interfeft the Bafe B C produced, and if a Line be 
drawn from M parallel to A B, then the Tangent will be to the Snbcangeut (B C 
bcingconfidcredasan Axis) asAB,' isto B <i\*. 

Another w^* 
Soppoft Q.M = »i Q.r=7;Q.K = 'i aN = ';DQ.= i'; AP = »i AQ. 
= «;Q.}=Pe=lVfS=*iSi» = «iy» = y: thenjtis Cbylimlar Triangles) 
QK (.):<Jf O) ::P. <i):f.(y) therefore; = ^. Again Q.N («): Q.M 

(.):: SM<i) ;:S«(«)«iertfore i = — . Thirdly, DP (r) : Pa(;) :: 

P/(i) .;»(») therefott i = " . 
Now let the Relation between the Carres be « ; i : : n — y : *- Therefore^ e = 

in—ij. And<ai = >»— i^,aiidbySubItitntiaii — = — ?• AndbyAe- 

inGAoR trtt ^=i hiM<f — ir;'^ = (bccaufc *:;r :: jr ; i/,) ituy — htii^ anda>n- 

AndiftheCnrre AMC bethe trimtiy or Simf It CjMJt xiaat = t, audi = 
jqL. ThatisBa:aP :: (ttP: Q.A ::) OM^QH As in thethira Coroliry 
of the preleat Propofition. 



PROP- 
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PROP. xiir. 

Tie Nature <f tie Curve Uiu A P B, anJt tie Pcfiticii (f tie TtufeKt P H fo/w 
gifueit. Let tiere fo tmtier fxt and inmoveM Point F, and alfo auotier 
Came C M D ; audlel tie Relatim rfVM to tie Portim of tie Curve A P 
ie give» ; 'tit rejuir'i to drta tit Use M T » touti tie Curve in M. 

71. Draw FHPerpendicukrto FPontilit Interiia the Tangent PH inH, and 
MT the Tangent required in T, and imagine the Line Ff Infinitely near FP fanning 
the InEnitely little Angle PF/r. On the Center F with the Diftances FiM, FPde- 
foibe the little Arches M R, P », and then the Triangles P.«, H FP arefimilarj 
beeanle the Angles HFP, Pt^are right Angles, and the Angle HPF = H>F, 
their difference P F; being Inaimpaiably leis that either of them. An d fer the like 




raafon, the Triugles MRm, TFMare Smilar. Let the glren Qpantities P H = 
(iFH=ii FM=7iFP = *; and the Arc^ A P = jj, and then PH (0:FH 

(,) :: Pf (i) : P. = " , and FP (^) : FM (;) :: P. ^^) : MR = ^ 

Agun-R O) : RM (~^ " FM (,) : FT = '-^, and confeqnently FT 

may be obtain'd in Imown Terms by deltroying the Fluxions ^ and j, and fubMtnting 
Qrantities equal to them^ by help of the Iqnatlon ezpiciling the Nature of the 
Curve. 

E X AM P IE. 

71. IftheCmre APB heaarde.and FltsCenter, kis evident that the Tan- 
^ntPH win become Farallel and Equal to the Subtangent FH(vk, > = <) beciaft 
in this Calc both aiv Perpendicular to FP; and 



txj XJ 



■ (petting « for x. 




bccaitfe FP beeonics an Invariable Qjiantity) ^^ 

Non if we Jiq^tple the whole Graimfercnce or aaf 
dcccrminate PcnxioQof the circle A PB =^, andji 
itbe^:^:: « :/^ then the Currc Line GMD, which 
in this Caie becomes FMD will be Arebimiit/%Sfrdt aadtfafl CiplRtion ez{n%iGng 

the Nature thereof IS ^ = jr, and V =}; TberefoKET=^^ is 

^. 'Wheocove have this 

m 

CONSTRUCTION. 

OntheCeDterFwiththe JIjiuuFM,dercribetheArchoftfaearcIeM<24 bonnd- 

?diat<ibitfcjlUy FA, which joyus ihc points F and A. Then take FT = Q.M< 

N and 
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and draw the line M T ; I fay, it will touch the Spiral Line F M D in M : For becufe 
the ScdorsFP AaiidF MdarelimUar, thereforcFP (o) ; FM(;) :i AP(j;): 

a 

Jtid VniverftHj : 

If itbe i":(»"' :; c":/"*. Then b" y" = a" x." aad wi";"-' j- =:na''z''~' Zy 
and (dividingbothfidesof the Equation, by the Equation of fuch Curves) mj-'y 

= » t - ' z, that hmzr = nyz^ and z = — - . Therefore F T = ^^ is ~ 

"^^^^ = "'^— , and by help of the Equation exprefling the Nature of fuch Curves, 

K. may be taken away, and the Sub-tangent exprefs'd in ftraight Lines. * 

PROP. XIV. 

If t he Curve Line A N B, andtheRight Lines A F aad F B hegiveHhy Pofitioa ; 
and if another Curve^ as AM. G he fuch, that draivi/ig the rt^t Line FMN at 
fleafitre^' and M ? parallel to F B, the proportion of the Arch A N /o A P he ex- 
prejs*d by apy given Equation : Tis required to draw the Line M T /o touch the 
Curve in the given point M. 

73. Suppofe the Tangent requird M T to be drawn. Then through T the Point 
fought, draw T H Parallel to F M, and M R K Parallel 
• J?— ^ to A F, and draw M H Parallel to the Line touching 
theCSrve ANB iaN. Draw the Line Y mn Infinitely 
near F M N, and w R f Parallel to M P. Then Suppofe 
the known Quantities FM— n FN=^^ AN =s; 
AP=Ar; MK = ai then the Triangles F N w, FMui 
Mdfw, MHTjMRw, MK T are limilar. Therefore, 

FN(;):FM (.):: N»(0:MO=i^- and MR 

^ y y yx 

If the Curve ANB be the Quadrant of a Circle, and F its Center, and if it be 
AN («) : AP (;t) :: ANB (A) : AF («) then it is manifeft that the Curve Line 
A M G is what Geometers call the QuaJratrsx ; And the Equation of the Curve is 

-** 
a 
parallel and equal, and A P = *■ ; therefore » = « — *. Hence (in particular) 

MH='-^= (putungtf — :cfor«.) '-I5riii5= (becaufe>=tf) :*<— ^^^ 
yx yx ax 

,-,„. bx -hta — b$x , aKe , abbs — aihx^ 

= (fubllitutuig -- forO = (putting -v for*) 7 = 

' tf tf r tt a 

ULtLIS; Which gives this eafie. 

CONSTRUCTION. 

Draw M H (parallel to the Tangent n N, or) Perpendicular to F M and equal to 
the Arch M Q defcribed on the Center F, and draw H T Parallel to F M •, I fay, the 
LineMTwiU touch the iitfairatrix ml/i. ^ For becaufe the Sefiors FNBandFMQ. 

are fimilar, therefore FN (•) : FM (/) ::NB(*-^) iJA<l='-^~. 

C O R O L- 
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COROLLARY. 



47 



74. Hence to determine the point G, wherein the ^uaJrairix A M G interreds the 
Sen^i-diameter FB^ imagine aiicther Ray F^i infinitely near FGB, and^/" parallel 
to G F; then by the property of the ^uadratrix^ and the limilar Triangles FB^, 
rff ReftangularinBaddFi it is ANB : AF : : *B i/^F : : FB or AF: FGor/^. 
Whence it is evident that FG is a third Proportional to AN B, the Quadrant of the 



Method for drawing Tangents to this Curve, which is this. 

Having drawn TE parallel to MH, the Triangles FMK, FTEarefirailar, there- 
fore MK (#—*): MF (/):: ETorMH (^'AzU^") FT = *'*~"^ = 

\ a / sa^ax 

fpotting , for*) — , — -^^= (dividing by i — k) — ^. Whence 'tis mani* 

* " baa — aai^ aa 

fell that F T is a third Proportiooal to F G and F M. 
PROP. XV. 

Let anj two Carves B N, F Q, sad their Axes B C, E D ir given ; dnd fuffofe 
the Method of drsmng their Talents N H, Q.K iwiwff, and let snother 
Curve Line LM he j'uchj that drawing from any Point M in the famey the 
right Lines MGfh and }A i^N Par a&l to AB and A E, tbeSpaces EGQf 
(the Point F heing a determinate Point in AEy and E F kiing ParaSe/ to A C) 
and AVND he always in the fame Proportion to each other : Tit required to 
dratp the JJne M T tvhich fljaB touch the Curve lALin the Point M. 

75. Snppofe the variable Quantities AP = GM = «', PM=:AG=:7, PN = », 
GQ.= ^, and let the Space E G Q.F be = /, the Space APND=», the Sub-tan- 
gent PH=«, and GK = i. Then Pp=:NS =MR = ;^, Gx=R«=Qj' = 

(,4rf.ii.)— 7, S»= — i = — ; bccaufe the Triangles HPN, SNii are fimilaf 




*f =it=:^*, becaoTe the Triangles Q.GK, j»Q, are alfo fimilar; KP^* 

?=# = iii, and Q,Orj = » = — ^jt Where it muft be obferv'd that the Values 
of RwaadSw arc Negative, bccaufe as AP=:* increafes, PMssj- and PN 
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= u Decreafe, Thefc things being fiippos'd, , take the Fluxion of the given Equa- 
tion, wherein Subftitute « a-, — s;/, ""* , — ■—■ in place of V, *, », 5c, and there 
will arifc a new Equation (hewing the Proportion of _; to x^ or of M P to P T. 
■76. Suppofe J = f, then is, — ^.7 = « i, and — ^ = x j Therefore P T 

f = ^J = — -^ • And becaufe the Value of P T is Negative {Art. 17 ) the 

point T falls on the contrary fide of P in xtfpcSl of A the beginning of *. And if 
we fuppoft the Line F Q.to be an Hyperbola, A C and A E its Afymptotes, and that 

G Q, = ^ is = — , and that the Curve B N D becomes a ftraight Line Parallel to A B, 

fo that P N («) be always equal to the EJeterminate Qjiantity e (the Parameter of 
of the Hyperbola) then 'tis evident that A B will become an Afymptote to the Curv« 



L M, and the Subtangent P T = - 



- will be = (Subftituting — for ^ ) — — = 



— c. That is, the Subtangent of the Curve L M will be an Invariable Qflantity, and 
the Curve L M is that which Gtemtteri call the Loi^rithmttie Line. 

PROP. XVI. 

J» Equation txfre^ng the Vdue of the Sith-Ungest of mij CurvCj in the 
MMre^ 'Verms being given : Tis required to find the Equation *xfr0ng the 
mature of the Curve, 

77. What I mean by the neareft Terms will be belt explained bjr an Example. Snp- 
poft PT=:/, AP=*, PMr=:r, MT=ii and let the Equauon cipreltaig the na- 
ture of the Curve be ^ 9 +« ;)f = ;t » -^ 
hxx then, the Subtangent T P will be r = 

I Call theft imtu Eipreirmg tlie Value 
of the Subtangent the Nuri^^ becaufe 
they icunediately flow from the Equation 
of the Curve ; But if this Value of the 
Subtangent be Changed by applying the 
Equation of the Curre, -d.;. if we put 
37' =3*' + 3*««— 3^^7i and 
confequently « = J-^-^—j—.-'J ftch I call gmm Tm>: 

Now if the Value of the Subtangent be Exprcfs'd in the Nearttt Tenns, the Equa- 
tion of the Curre may be InTelhgated in this manner. 

Let the Curve (% . /*-(.77.) A M ». be dcfcribed, and draw M T to touch the Curve 
inM, then fuppofe the AbrcilIaAP=«; theOrdinate tM=f; P^=«, Ri» = 
jithenbecanfetheTriangleswRM, MPT arefimilar; therefore «.R (/) RM 
(i):: PM C7):PT = y Put this Value of the Sub-tangent Equal to its Value 

given in the Neareft Terms; dear the Equation of the Fiaaions; and Snd the 
flowing Quantity of each Term j fo have you the Equation of the Cmre. 




EXAMPLE 
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EXAMPLE I. 

Let it be required to find the Equation of the Cuire A M w, the Value of the Sub- 

tangeatPT being = — . The Subtangent p T is = ■'^.- = (exHj^.') -—•, there- 

fore ^rryx = ij^ y and ^rrx = iy''y. And Subftituting x for Xy and ^ for J 
^rrxD lyi and (dividing jfrjrby i the Expooentof a-; and dividing ijf' by 3 
the Exponent oiy) zrTx—\y\ and p »■ r * = 2 7 ', which divided by 2, we have 
^rrx =>it the Equation exprefling the Nature of the Carve A M w. 

EXAMPLE n. 

Ler it be required to find the Property of the Curve A M «, the Subtangent P T 



The Subtangent P T is = , 
3 

and r * = 27 7, and Subftitnting * fi)r * and 7 for 7 ) »• * n i/7, and confequently 
(dividing r * by the Exponent of jc, and 27/by2theExponentof/)r;t =;-/, which 
Ihews that the Curve A M » is a Parabola. 

EXAMPLE in. 

Let it be required to find the Property of the Curve A M w , the Value of the Sub» 
mgentPT being =?iL+L^ 

The Subtangent PT is = ~ = ^^—^ — I Therefore 3 Ar*Jt+i'** * = 3 J'* 
y iXx-\- lax 

y-\- 1 *J7, and (putting* for x and ?for7);jr'-]-2<*'0 3j9-^2i/% 
and (dividing every Term by the Exponent of the Flowing Qyantity therein) x^ + 

;■ »xx=^j^-\~byy, vrhich Equation ExprefTes the Nature of the CurveAMw. 
But becaufe this Method depends on that Problem to find the Flowing Quantity 
<»f any Fluxion, vf ith which the Reader is yet fuppofed to be unacquainted, I fhall de- 
filt from profecuting the fame any further at prefent, and content my felf to deduce 

- i^e.Solution of the prefent Propofition from the (^n.tfi.) iizth preceding^ this 
t^ing nothing elle but the Rcvtrfi of that 

78. that we may be able to proceed with the greater certainty in this inqui- 
ry, it win be ncceflary to obferve from the forecited Place. 

1'. The Subtangent ( is always of one Dimenfion, and is Exprellcd by a Fraftion. 

i". When the Value of the Sub-tangent is ExprelTcd in the neareft Terms, then the 
Numerator of the Fraflion conlifts only of thoft Terms Wherein the Ordinate 7, 
(or tlic Tangent/) is found- 

. 3° . And if all the Terms of the Equation of the Curve be fimple Terms, then the 
intercepted Dbmeter x never occurs in the Numerator, nor the Ordinate ;, Tangent 
/, or Curve ^ in the Denominator. 

4°. But if the Equation of the Curve contain mixt Terms, then both x, ^, s and y 
may be found in both parts of the Fraftion : but with this Condition, that the FraSi- 
on being reduced to an Equation, and all the Terms of the Equation being brought 
over to one fide and every t changed into x^ and every / into ^, every mixt Term 
*fill be found as often as there are variable Qjuntitics ia the fame. Aad the CoefG- 
O cleats 
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ticnts or prcfix'd Numbers will be Equal or Proporiioiial to the Refjiective Exporicnts 
of the Povvcrs of the variable Qiiantities. 

5°. Whence it follows that the Signs of the Terms wherei^i the Tanis vaiiablc Quan- 
tities occur, arc the fame, after adiie Divifion by the pixfixt Ntmibcrs (or rather 
by the Exponents ot the variable Qtiantities.) 

Hence to refolve the Problem concerniiis. 

The Jnverfe <SM!etbod of Tangents. 

79. I °. Change every r into a-, and every i into j^ (denoting; the Curve) and tranf- 
pofe all the Terms to o;ie firfe of the Equation, and diligently obfcrve whither all the 
Termsare fimple, or fome limplc and others mixt. 

2°. If all the Terms be fimple, divide every Termby the Exponent of the Indeter- 
minate or Flowing Qiiantity ill theOme, fo have you the Equation Exprefii.ig theNa- 
tuc of the Curve. 

j". And if there be any mixt Terms, then obferve ^ 4.5. ATt.n^. Andlet every 
Term containing the fame Variable Quantities be divided by the Exponent of the Pow- 
er towhich the Refpeftive Flowing Quantities are advanced, fo that the fime Term 
refillt from every fuch Divifiou, and be as often found in the Equation as it has Flow- 
ing Quantities. 

4". Retain only one of thole mixt Terms which occur more then once in the Equa- 
tion, and manage the other fimple Terms according to §. 2". And there will aiife 
an Equation exprefling tlie Nature of the Curve- 

EXAMPLE I. 

Suppofe/ =-?-^,^^?^— — ■^, then (byRWd") changing (into at, andTranf- 

pofing all the Terms to one fide of the Equation, we hare x"^ -\- ax x -\-bhx — 7* 
— ayj-yhby^ and becaufe all the Terms arc fimple Terms, therefore (2°.) f x} 
-y^ttxx -\-libx — \y% — iayj-Vbbf =0, whicliis an Equation cxprelfing the 
Nature of the Curve, as was requir'd. 

E X A M P L E II. 

Let the Value of the Sub-tangent be f= UlzLL'^f—. ^*J2n£^ then 

ixx-\-zxj-Yfy 
we have (by !".) ^x^ -\-ijxx -\-yyx — 37*— zayy-Y lxyy-\- xx y^ and 
becaufe we have the mixt Terms 2)'** and 7 at j-, alfo yyx and lyyx^ each repeated 
twice according to the Number of the Flowing Qy.intities, therefore i? one of them 
be divided by the Exponent of .v, and the other by the Exponent of y (3° ) there 
will arife yxx-Yjyx (by 4° .) and dividing the fimple Terms by the Exponents of 
the Flowing Quantities in each refpeftively, the Equation exprelTiag the Nature of 
the Curve will be a-J -^-yxx ^-yyx — j'i — ayy^=o. 

EXAMPLE III. 

And the Method is the lame if the Carve z enter into the Value of the Sub-tan- 

6ayit,x,-\'^Myizi-\-M0y*~jxxzZ — iyxxx,«.i 

gent, v.g. Suppofc ( = ■ — 

ijxt} 
change every t into *, and every t into x^, and tranliwfe all the Terms over to the 
fame fide of the Equation, and then we have 

ijx^ xx-\- yxxi^-\- 3y**0 — tfi/' a^^— 4<>3 ^^— «-»;♦ 

Wherein 



Djgiljzed by 



Google 



to iSMathematical ^hilofofhy. 5 1 

Wherein the Term ^a:.v^5 containing 3 Flowing Quantities is found thrice, and 
thi Term ay'^ xx containing two is found twice, and becaufe thofe mixt Terms be- 
ing divided by the Rcfpcdtivc Exponents of the Powers of the Flowing Quantities, 
the rime Quotient always rcfuks , it is plain that t!ie Value of the Subtangent is given 
in the neareft Terms, and tlicrcfore the Equation Exprefling the Nature of the Curve 
will be jx} ^^ — 2 ay'^x.x, — \aa y*T= o. Or adding any determinate Quantity 

80. Hence it appears that a Determinate Qiianticy may be added to the Equation 
of the Curve: which is plain fioin the iircti method of Tangenrs, bccauie then 
when we Inveftigate the Value of the Subta.]j!.cnt, all the Terms Confifting of Invari- 
able Quantities are rejeSed or vaiiifh ; And this is fonictimes abfolutely neceflary, 

v.g. Suppofer=: j~ j_ • Th'^'i we have 2xx-\-yx-\-xji, andconfcquentiy ata: 

J\-x r = o, and bccaufethis Equation has no true roct, therefore we mult adda De- 
terminate Quantity, and then the Equation of the Curve may be xx-\- xy-^zbt. 

COROLLARY. 

81. Hence ifthcValue of the Snbnormal (?i»-.^rf.8i.)PQ,begiven, thePropertyof 
the Curve may be found. For the Triangles Q.M P, M T P are limilar, therefore Q,P : 

P M : : P M : P T, and if P Q.be = y, then ; = -^ - . Whence the Equation of the 

Curve may ealily be (i^f-t. 78 79 ) found 
The Property of the Curve may be Invelligatcd otherwife, thus : the Triangles m 

RM,Q.PMarefimilar, therefore MR (*) ;Ri»(/) :: PMO)- PC=A', and 

putting tltis Equal to the Value of the Subnormal given, the Property of the Curve 
may be (,Art. 77.) found. 

EXAMPLE. 

. is . ■ =: ~ , and max jt = 2 jr' 7, and (Subftituting 

'jj X ^yj 

;tf for i, and )» for 7 ) »mx xu %fS therefore (dividing the Terms by the Expo- 
nents of X and J ReQieaively) \ »a xx-=::i\y^. Whence »x = j- *, which flievvs that 
the Curve A M in is a Parabola. 

Mmi might . be fgid en tlk SuhjtS §f ExetStnt Ufe i» Mechanical Philofophy, 
which the ReaJer majf txpeS jomt bmts ef^ at tcca/im t/ rs (/'if platt btii^ imfrtfer for 
tbit puife/t) in iht fe^utt ef ibu Ireaiijt. 



PROP. 



Djgiljzed by VjOOQIC 



52 



Fluxions : Or an IntroduUion 



PROP. xii. 

If the Right Lines T M, T A ^e giveri hj PoJitioKy aad if the foint M he given 
in the \ight Line TME; Let it he required to defer ihe the Curve AM»w 
tvhich fiall touch the Right Lme T M /» the giveff foint M ; the Nature of the 
Curve A M «» heing known, 

?2. I et T A produced be the Axis of the Curve required, and from the given point 

M let fall the Perpendicular M P on the Axis A P, and draw p m infinitely near P M, 

then *tis manifell that the Particle of the 

Tang,ent Mot {ptf.n. i) mult alfo be a 

particle of the Curve required. 

Suppofe the Curve A M w to be difcri- 
bed, and draw MR Parallel to P/>j then 
A P — A- is the AbfciiTa, P M — j is the 
Ordinate and PT ^r is theSub-tangenc. 
And becaufe the lines T P, P M are given 
byPofition, Suppofe PT (r):PM (.?) 
: -■ r:r. then it will be alfo r : j ; : (by fi- 

milarTrangles) x : j. Therefore x = 

— , and if the Equation Exprefllng the 

Nature of the Curve required be reduced into Fluxions, and Compared with this, the 
Parameter and AbfciiTa of the Curve, which (hall touch the Right Line T M in M 
may be determined. 

EXAMPLE I. 

Let it be required to defcribe the Parabola A M w which fhall touch the Right Line 
T M itt M. The Equation Expreffing the Nature of the Parabola hax= jj. There- 

.- %33 
foreaAT = ^3h and x = - — . 




. _ 3-!i which determines the Parameter of the Curve required. Now by the Pro- 

r 

pcrty of the Parabola « = ■'-^ = —^ , and confeqneotly x =^J- — (becaufe t:j:i 

T'.i and*=:— ] —, that is AP = i TP. Which agreeswitb the Property of the 

Subtangent of the Parabola demonftrated (_ATt.xy') above- 

EXAMPLE IL 

Let it be required to defcribe the Orcle AMw which fliall touch the Line MT 
(given by pofition) in M. The Equation Expreffing the Nature of the Circle is 2 « * 

— XX ^jy-, which being Reduced to Fluxions, we have* at —xx = yy, and x 

^,11 ^J_, Whence -- — = - , and jy = «f — r *■, therefore «=^^^ 

'~a^x , ' » — x i '■ 

= (by the Property of the Circle) -^"tlf , And Confequently zixy-^irxx 

— fj^jL^rxx, thAii^rxxA-ztyx^ryy, whence the Value of *^ (and Oinfc- 
quently that of « the Semidiameter) maybe fouadbythe folution of an Adfeaed 
Qiadratric Equation. 

EXAMPLE 
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Let it be requir'd to defcribe an Hyperbola AMw, which (hall touch the 
given Line T M in a given point M. Suppofe the Trarifverfc Diameter = «, 
and the Parameter =i, then the Equation cxprcITmg the Nature of the Hyper- 
bola is txx -]-bax= ayy. And reducing the fame to Fluxions we have 

Therefore 2 j ^^ = a rbx 



2ayy 



2bxi'\r^ix=^2ajfyymdx = ^^-^^ — 



-|-<ir, and by Divifioo i = 



irx-\-a 



*x-\-xx 



-±\l~x Therefore -\ = 



;= ( by the Property of the Curye ) 
And because in this Equation 



%T x-^- ar ttxA,'XX ' 
there are two Indeterminate Quantites (w;^. «,andjr) 'tis evident that thcProblem is 
notUtaited, and that the Values of i and jt will come out different according as we 
afliimc the Tranverfc Axis a. ■ 

COROLLARY. 

83. Hence 'tis manifeft that tho' one Line only as M T can touch a given Hyper- 
bola in one point M, yet an infinite Number of HyperboU's may touch a Kight Line 
in one and the fame point. 

But if the Curve A M w required to be drawn, to touch the Une-T M in the given 
point M, bean Equilateral Hyperbola, then (/^rt.35.) * = *, and the Problem will 
be Limited to one Particular Curve. 

P R O t. XX. 

To Invefi^jUe the Equation Bxpr effing the Ntture of mj Curve^ Generdteihy any 
given Presort ion between its Or dinates. 

, 84. Snppole A D a Determinate Right Line = 4, to which in any ^ven Angle. 
Apply the Right Line t>K (alfo Determinate) =*. Then take any Number of 
aliquot Parts otAD, as A B, AC. or the Mul- 
tiples thereof, as A E, A F ; and from the 
points B, C, E, F &e. Draw the Right Lines 
B H, C I, E L, F M *c. Parallel toD K, which 
Keep a Conftant and Immutable Proportion 
in refpeft of the given Line D K, and the 
Part of the Diameter which thejr cut of. 

And fuppofe the laid Right Line AD to be 
divided into an Infinite Number of Equal 
Parts, and an Infinite Number of Ordinates to 
to be Drawn Parallel to DK all in the fame 
given Proportion, then it is plain that the 
Little Lines A H, HI, IK, KL, «fe. will 
Conftitutc a Regular Curve. 

Now 'tis required to find the Equation of 
the Curve, knowing the Particular Relation 
of the Ordinates : that is, 'tis required to find 
an Equation Exprefling the Relation between 
the Chtlinaces and Intercepted Diameter. 

I*. LetAKNbeaCurvegeneratedasbefore, and taking AB = f AD= i J, and 
AC = f«;AE = f<; AF=2«j and fo on at Pleafure : fuppofc the Proportion of 
the Ordinates to be as follows, '»(XBH=5 i;CI=ifAi EL = i*ii FM=4* 
&Cf whence putting (in General for the aliquot Parts or Multiples of AD, this pro- 
perty of the Curve will arife from the foregoing Hypothefis, vi^, if A B or A E be ta- 
ken =««, the Correfponding Ordinate B H or E L will be = e tb. 
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From which the Equation of the Curve may be Inveftigated thus : put AE =: £4 

— A', then is e = - - , and put EL z^eeb—y^ then is le — -^- = — , andCbnre- 

qucntly-/"^ = xx. Which is an Equation ExprefTnig the Nature of the Curve A HN, 

denoting the lame to be a common Parabola referr'd to the Line AF (touching the 
fame in the Vertex A) as an Axis. 

2°. Ag;iiii, fiippofe A E — « j — jt, and E L = - = jj and tlien t = — =: — . 

'. " y 

and confcqucntly «i =*/, and thsCurVe AK N is an Hyperbola (^Aru 26.) re- 
ferr'd to o;ie of the Afymptotes A E. 

3". Thcfamethings bengfuppofed,and AEbeingput = f4 =*, andEL=> — 
^'ttth — ttbh^ Qxy) = tah ^- ethh. Then in this Lafl: Equation Sabftitute 
V hb . 

- for e, and there will arife yj-=hx xx^ denoung the Curve to be an Ellipfis 

and putting a—h^-wt have ax— xx = j/ expreffmg the Nature of the Grcle. 
AftA VniverJaSji 
4". Let m and » Denote the determinate Indices of the Powers of e ; and fuppofe 
e".! = AT = AE, ande" * =/ = ELj thenis«" = — , and«" = -'-, and by 

i i 
equal Extradion * = — 7 = — , and b" x" ■= a" y", and (advancing both fides 

a' b' 
Of the Equation firft to the PowetK, andthefe again to the Power w) b" x" ■= a'y"^ 
which exprelles the Nature of Paraboliform Figures, and if b be Negative ; that is, if 

;r be = — , then the Equation b" x' ■==. a' y" will expiefs the Nature of all forH 
of HyperboUform Figures. 

5*. Suppofc «« + «»* + «» tf = AE = 3f, and tb-{-e' b~\-e9 A = EL=/, 
thenis «+e*4- e? = — = t'* and </ = i* j and confequentljr, the Line 
AKK will be a right Line. 

€". SnppofeAD = *, aadDK = ^, andAO = r (= 1) and fuppofe AE=frf, 
and E L = -j^ . Hence if the intercepted Diameter *, be put = i «, 2 a, 3 *, 

4tf,&c.ortoi#, jrf,j*,&c.therefpeaiTeOrdinates^willbe=A,— , —,—,<$■(, 

Or y ri, yr rb, V r * b, &t. Now its requir'd to inveftigate the Relation between the 
Ordinate and intercepted Diameter from this known property. 

X b* X 

?vtx ^=etiy then« = — , and put -; — j = y, then fublUtuting — in place of ^ 

we have *' = /•" j», which (being Reduc'd) gives i* = r^—*/', which ex- 
prefles iJi» Nature of the Curve O K N< 
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S$. This Equation expredes the nature of the Logarithmetick Line, by help where- 
of it is an eafie matter to find the Logarithm of any abfolute Number and the coni 
trary. ex.gr. Suppofe AO = r = i, AD = a = looobo, andDK=:i = lo, then 
this Equation will arife 10*= i "-^'^"^^j''"'*^, and becaufc Unity being advanc'd 
to any Power whatever, never alters its Value, but always remains an Unite ; there- 
fore ii-<«««> = I, and the Equation laft found will become 10* = i^i<»ooo. 
Whence, if the abfolute Number y be given, its Logarithm x may be found (& 
vice ver/a) froih the common Principles of Algebra. 

PROP. XXI. 

^ the Curve AMm 4itd the Equatioft expre^/ig ihe Nature thereof te gwetti 
dftd slfo My determiaate Poiat M in the fame ', Let it be re^uit'k to aifcrtbe 
gjtother Carve B M m, which jbaS touch the gvven Curve in the given Point M. 

8tf. Let the given Curve A M « be a Circle, and fuppofe A P = jt, P M = r, then 
by the property of the Circle lax — ^^- = 77. Now let it be requir'd to defcribe 
the parabola BMm to touch the Circle in the 
given point M> 

Becaufe the Parabola is Convex towards the 
Grcie, the Equation exprefling the Nature there- 
of will be (luppofing BP = r) /* = A/. Now 
' ~ ■ loftl ~" ■ ' 

ax — X 



the Equation of the Circle 'max 



~xx=yj^ 




therefore = jr = (becaufe the Flilxi- 



OQof *orBPisP^ = *) -.— = — — , and 

confeqaently, ah'—bx■=L^ty\ which- being multiplied by this Equation f( =*j'j^ 

We have at — tx-=^iyy.i and » = — ^. Whence the Parametet * ttiay alio be 
«— * 

diicover'd. 
But if the Parabola be Concave towards the Circle, then the Equation exprefling the 

Natnre thereof will be it =77» whence/ = — ^- — , andi = 2r — 2*. 

And in like manner, any other Curve whofe Nature is exprefs'd by a given Equati- 
on, may be defcrib'd, lb as to couch another Curve, whofe Politioa and Nature is 
given, in any ^vcn Point. 
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SECT. IV, 

The Ufe of Fluxions 



B 


X^ 




/ 




^? 


^ 




,/» 






/» 







h hyefti^atm^ the Area's <f alt forts of Surfaces. 

DEFINITION I. 

IF theCurTcLiae ABCDEFconfiftof ao infinite Number of little ftraiglit Lines, 
)oin'd together in certain Angles in B,C,D,(^c. then the Space A FO (the Angle 
AOF being aright Angle in this Cafe) is a Po'.igm^ and 
if within the Peltgrn, there be drawn the right Lines E P, 
DQ., CR, BSj^e. parallel to FO, and infinitely near 
one another; that is, if they cut of the infinitely little 
Parts (equal or unequal) of the Diameter, SR, RQ, 
Of, PO,e^A they will divide the Feligon into the 7«- 
/wwrfDQPE, CKQX>,t!>-c. and the 5«w of all the Tm- 
tnja will be equal to the Infinite-Uttral or Curvilineal 

iT/jce ABCDEFOA 

And if the laid CurviliMeal Space be divided into the 
Traptzia E G I D, &c. by Uhes infinitely near one anothery 

and paraDel to A O •, then the Sum t>f all thefe Jrapexjas win be equal to the C«rvi- 

ImeMl Sfga AV O. 

DEFINITION il. 

If A O be the Axis of the Curve A B F, and S B, R C, &e. Ordinate? applied to 
the lame, and if Aa be fuppos'd = jt, Q.P = x, QX> = PH =_y, E H = /j 
thenEP=7+7, and the Value of the Trapezium DQ,PE = Da-hPEx iQf 

_ — ^"^ =3*4 — ~ , and becaufe the Term — - is incomparably lefs than 

*i, it may be rejefted, and the ^alue of the Trapezjum D QJ'£ or (_Art. 4.) tie Fluxi' 
wef the Ana may be exprefs'd thus y x. 

C O R O L. I. 

Hena if ; be put for the Ordinate of any Curvilineal Figure, and x for the Fluxi- 
on of the AbfcilEi, the Sum of all the Reftangles j x, will be equal to the Curvilineal 
Space requir'd. 

C O R O L. II. 

If theOrdinatesdecreafe, that is if /be = PE, and/— ^' = 0.0, then the Tr«- 

IJ X J X • 



fixiim DQPE = 1/— 7xij: = 
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If the Curve Line QJV D E F be rcferr'd not to an Axis, bat to a fixt ftd determi- 
nate Point Q, and if the Ordinates QA, 
Qp, Q,E be drawn infinitely near one ano- 
ther, and the Arches DH delcrib"d on the 
Center Q., then the laid Arches are taken for 
the Fluxions of the Ab^iTa, and DH is = 

jr, QD=> HE=/, and the Tritngle 
Q_DE or tbt FUtxtMnf tbt Are* Q,MDQ,is 

= Q^ K JDH = ^-^^ == Crcjeaiog 

jx)^—y and the whole Currilineal Space QA F, wUdiJs equal to the Sam if all the 

Triangles QpE will be eqnal to the Sum of allthe-'^; __ 




s 


,/^^0 




■■■M y^^ 


,^^ 


/ 


Y f ' 





PROP. I. 

If tbt Cirrve AM mD, thi Jxit AO, did tit OrJiMIt D O fc givtil. Mid if 
iialhir Curve ONLK iefuch, tbtt (if MT be irarit to touch tie give* 
Carve it tvj Point M, 4«/ MRIN fc iram PvM to tie Axil AO, 
tin) PT iedlMtie^uti IN; Ify, tie Curvilimtl Sfia AOO » ff««/ 
to the Curvilimll Sftce DDK. 

87. Forfincethe Triangles wRM, MPT areSmiUr, therefore TP (<) : PM 

O) :: MR (i):R»i C^); and 

coofeqaentlf. TP x Ri» or IN x ^^ ii 

GI ( = ()) U =PMxMR (= «— -:^- ^^^ 

r X ) , and becaule there are as many 

Reggies GN In the Corrilineal 

Space D O K, as there are Redan- 

gles M^ in the given Fignre ADO, 

'tis manifeffi that thofe ReAangles ^ A 1' f " 

being always equal hetween them- 

feWes, their Sums mult be ejual ; that is, the Figm AOO mnft be equal to th> 

Figure DOK. 

CONSECtARIES. 

88. I*. The TriUneal Space ADQ. is equal tothe Sum of all the «/ -, Foritis 
. equal to the Sum of all the Trapezia SnMH, and HM= Ap = «j and SH 

= /, and SHx HM = »/. 

1*. If the Curve AMD be a Paraboliform Figure^ and if the Equation 04t. 28.) 
expt^ITmg the Nature of fuch Curves be^» =*; then the Sub-tangent FT is =M;r, 

and conrequently, theTrilinealSpaeeDOKis equaitoaQtheRedanglesMx/, and 

the Trilineal Figure AOQ.isequaltotheSumofallthe Redangles xy. But all the 

mxy is to all the xy, as mis to 1 v and all the mxy are equal all the >jr, tliere-.. 

fore all the y x (that is the given Parabola) are to all the x'y (the Complement of the 
Parabola to the circumfcrihed Parallelogram) as m is to i ; and by Compofition the 
Parabola A M DO is to the circimifCTib'd Parallelogram, as w is to » + i ; That is, 

Q. f 
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— ^— K Parallelogram AQ.DO equal to the Area of the Pflraholifiwrn Figure 

AMDO. 

Hence if the Equation of the Curve be_y» =*, or 7' = (patting the Parameter 



« — 1 ) tf A-, then the Curve b a common Parabola, and the Area thereof - 



.+ 1 



Parallelogram AQ.DO is equal f Parallelogram AQ.DO. 

If the Equation of the Curve be ^ s = ;c ; then the Space ADO is i the circum- 
fcrib'd Parallelogram AD. 

^ndif >tbe equal x^ theory = :t*, and theCutve A MnD becomes Concave to- 
ward its Axis; that is, it is referr'd to the Tangent AQ,j and the Trilineal Space 
A D Q, = i the circumfirrib'd Parallelogram A QJ> O. 

PROP. II. 

The fame things heing fuffoii, at in the freetding Pra^ojition ; V*/ requir'd ta 
imiefiigAte the Areas of all forts of Hjferhlifarm Figures, 

89. Let the Curve CMmB be an Hyperbola or HyperboUform Figure, and AK, 
A O the Afyniptotcs, and let the general Equation for fuch Curves be (^Art. 28) 

^ « = AT (the Parameter being 



IV ^iC 




=. I, and the Index m being Ne- 
gative) then the Sub-tangent PT 
will be equal to m x< 

And becaufe ty=yx, if Gn 
be always taken equal PT, then 
the Rcftangles NlGn = (/ will 
always be equal to the Reoanglc 

PRm » = ;rx^ and if this be al- 
ways done, the Figure KAOBC 
infinite towards KC, that is, all 
the Redangles j x will be equal 
to the Figure K LSH equal to all 
the (/ s= (becaufe t = mx) all the mx}. But (fuppofing the Figure KAOBC 
= *; and the inlcribed Redangle LBOA^rf) the Figure KLBCwiU be=:* 
—4^= all the *} (becaufe IR = * and RM =y). Whence all the Reftangles 
in*i'=:allthe7* = i, kittoallthe xjir^:^ — il, as mis to i, and by Divifion, 
« : m — 1 :: ;* : <^ That is, the Figure KAOBC is to the infcrib'd Reftanglo 
LAOB, as the Exponent of the Power of the Ordinate (m) is to the lame Expo* 
nent Ids i. r~" 

CON SE C TA RY I. 

90. 1^. If ffl be greater than t, then the ^ce Indeterminate towards K may be 
meafur'd 5 if » be = i , then the ftcond Term in the Analogy is equal to notfiing, and 
confequently the Space KAOBC is infinitely extended towards K, and infinite in re- 
fytA of the infaib'd Parallelogram LO. And if w be lels than i, then the Spac« 
R A O B C is more than infinite, 

C ON S ECTA RY It 

a". The Equation exprelfing the Nature of the Apollonian Hyperbola is 7 - » = *, 
<a* (fuppofing the Rirameter « = i) *# ;= xy^ whence it appears that m — i fa 
= Of and confequentljr the proportion between the inicriVd Redangle LAOB and 
the iaid infinite Space is infinitely great. But to meafure all other forts of CurviU- 
ucal Spaces K C M C included between the Aljmptotes and any Hyperbolifbroi 

Curve) 
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Curve ; fey, » — i : i : : ParaUclogram 'APMG : the Area of the Curvilineal 
tkure KGMC: For «»:w— r :: b:d, and by Inverfionand Divifion m — i : 
i.-.d'.b-i. 

CONSECTARY III. 

3°. Hence it is alC> maniftft, that any parabola, or the Complement of any Para- 
boL-i to the circumfcrib'd Parallelogram^ or an Hyperbola being given, and fuppofuig 
the Ordinate PM=;', the intercepted Diameter AP=a-, PR = 0D=:*, the 
Axis AO =ffi thatalithePRbri'saretoallthePMor jt's, asi»:pi is to ». 

And if it be requir'd to find What proportion all the k'% advanc'd to any Power n^ 
has to all the y\ aoTanc'd to the lame Power », it may be inveflagated in this manner. 

Snppofe the new Gunrc NG to be defcrib'd, iothat PN be always e^Ktl or pro- 
portional toPMi'orj'", then it is maufeftthattheSumof aItthej>"ise(pialtothe 
Sum of all the PN ortothe Corvilineal Space AOGN, andbecaofe^* Isaiwiys 



/ I 


\ 


1 


\ 


IS I 


"\ 




^ual or pitrportional to Pt9anciPt4t)eooaies eqoaitoOG, atthe&me time that 
J* becomes equal to i" = ODJ" 'tis likewife manifeft, that the Snm of all the i" il 
equal of proportional to the Sum of all the OG or t&c ParaUelognun AOGK, 
Whence it appears that to inveltigate the Proportion of all the i* to all the A" is the 
feme thing as to inTcftigatc the proportion of the Curvilineal Space AOGN to the 
Parallelogram AOGK. Which may be done thui; in Paraboloides and Hyperbo^ 
loides^ the general Equation expreffing the Natme of fuch Curves is /" = *■, and 
confequently I" = **. Now fuppofe ;" = », then « = **, and a* = *■, which 
is an Equation exprefling the Nature of a Paraboliform, or Hyperboliform Curve. 
Let the laid Curve be ANG, and AP = », AO =5=^, f N =5>t» and OGsc^ 

then (S.3".wfrf.96.) — i i : — i: (w+iii: «) aD th» i/i toaHthea. And 

becanft awas put equal to _y", therefore when s& or PN beeomesOG*^ then 
7* becomes i'i aodcoofequcatly </is = i", (berf^ m :;|; v : w := %\h*i%\3''' 
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Htnce Ti/e may mjiif deduee the 64. Prep. Aritb. Infinit. firfi difcovirU by the Learned 
Dr. Wallis. 

CONSECTARY IV. 

4". Forwefouadbeforea; = jc", and it isalfow: m-\-n :: 1: i-\~~ : : y" i 

b". Tn the direS Seriti, and I : i : : all the _/" : all the b*. h the Negative 

Stritt. Whence it is evident that if the txpdnent of the Power of the intercepted 
Diameter *, be taken for the Index of the Seriti^ it will be as i is to the Power of 

the intercepted Diameter or Index of the Series (becaufc i&=_;"=x", and confe- 

quently, ** reprefents 7 ■ in the Dimenlion requir'd) burtafed by Unity, lb are all the 
/» to all the i". 

CONSECTARY V. 

5*. Hitherto we have found the proportion of all the y" or (Multiplying botb by 
the Fluxion x) y" x to all the b" x, their abfolute Value may be found thus : It was 
by the preceding Cwefftfiy, w : w^* : ; all the aijr:all the J*; that is, fo is 
the Space AOGN, to the Reaangle AOGK =^<, Therefore -^^ 

= all the z;f = 8:7" i-, (becaufc z^ j"). But *" = d', therefore S: ;■* 
_^ m dc meb" i cb" 
~ wJpB ~ m=F» " Tqrl ' 

CONSECTARY VI. 

6' . And if we Tuppofe the Index :^ — = =p f., then the Value of all the^ • i is = 

- — -; and again, If in placeof i« wefublUtutec*^'' (becanfe_;" = V^», thatis, 

when^ becomes = >, and * = «, «*"- = *■ = t^f) we Ihall have all the y* i 

CONSECTARY VII. 

7*. Hence Maretttrt Lam. Trof, 16. Legarithmtteehn. may be deduced, upon which 
the Learned Dr.Gf^n^'s Gtmetried Extreife chiefly depends. Fn- becaule aH the 
/•■ jcare=:allthe jrfTii;^, Jt is evident that (reje£ting the invariable Qpantitiesif 
there beany) all the x^i'x = t-^= (by putting the greateft * = «) --^. 

Whence we have the Demonftration of the fundamental Rule in Summatory Arithme- 
titk, te jiadtbt Fttmug i^maatUjr tf s gPotm FUtxion. 

C O N S E C TA RY VIII. 

S*. For ioftance, if the Right Uae A O :^ c be divided into an inBnite Number 
<tf*, tbeSumof all the Reftangles contain'd under any Power of the Abfciffii *, and, 
all the * relpeffively, that is the Sum of allthe^+^c i, or the Flowing Quantig^ 
whereof x''^^'x is the Fluxion, is equal to -z^r- = i=r— j— = to the Power of x 

increafed 
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Increafed by Unity, and divided by the new Exponent ; and feeing the thread of my 
Difcourfe has led me on lo this Head, I Ihall infift more at large on the fame in the 
next. 

PROP. III. 

To Jlmi the Flowing Q^smitj of »ny fluxion, 

pi , The Summing up of Infinites, or finding the Sum of all the Fluxions of an un- 
known Quantity, or the finding the Flowing Quantity from its Fluxion given, is not 
lefs difficult in many Cafes, than the Reverie is eafie. I Ihall begin with the eafieft 
Examples, and proceed gradually to tiiofe that are mwe intricate and difficult. 

EXAMPLE I. 

Ltt it be requir'd to find the Flowing Quantity of this Fluxion tfa», or«««** 'x\ 
to the Index of the Flowmg Quantity add i , and then we have ««*«+' x\ 
divide this by the Fluxionary Letter x, and by the new Index o -|- i or i, the 
Quotient « « x is the Flowing Quantity of the given Fluxion. 

E X A M P. L E IL 

Let it be requir'd to find the Fldwing Quantity of#)'*4"**n ^ Flowing 
Quantity of the firft Member njx is =r axj^ and thatof the ftcond Member «;«?/ 
is = tf jTjr ; whence it is plain, that the Flowing Qjiantity of #7 i -^ « *_/ is ( At. 1 1. 
13.) =4*7. 

EXAMPLE HI. 

Let it be requir'd to find the Flowing Quantity of ^xx^x-^ incrCafe the Index of 
the Flowing Quantity x by r, and then we have 3 * * *> which divide by the new 

Index 3, and by the Fluxionary Letter *, then the Qpoticnt = VLJt = « » b th* 

3 X* 

Flowing Qpantity of the given Fluxion. 

And. Viaverfa&y : 

If it be requir'd to find the Flowing Quantity of war*-* i, iacreafe ttclndex of 
the Flowing Qpantity x by i , and then we have mx" x^ which divide by the new 
Index OT, and by the Fluxionary I^ter x^ and there will arile x* for the Flowing 
Quantity requif d. 

EXAMPLE IV. 

Let it be requir'd to find the Flowing Qpantity of — : The Fluxion {4rt.\6^ ei- 
prefi'd by the other way of Notation, is «* -a i, and the Flowing Quantity there- 
of is — «*-"= — -. Thus the Flowing Qpantity of —7- =—=«**"* 
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EXAMPLE V. 

Let it be requir'd to find the Honing Qmntity of — ,- =— 3 * -4 ». To the 
Index of the Power of the Flowing Qpantity add i, and divide by the new Expo- 
nent and by x, the Qjiotient is =*-!=-,= the Flowing Quantity requir'd. 

E X A M P L E VI. 

Let it be requir'd to find the Flowing Quantity of — ^ ; this Fluxion may be Ex- 
prefs'dthusr-'x »* i, and then the Flowing CJpantity thereof is ^ r~'' x'- = 

EXAMPLE Vn. 

The Flowing Quantity of 'x^irx^or xxir'^ x **is? x zr^ x ^ =\\Jxtx xx, 
and the Flowing Qjiantity ol xt/irx — xx is found by reducing 2 r* — rjrj" to 
an infinite Series, and Multiplying the lame by i, and then finding the Flowing 
Quantity of every Term. 

EXAMPLE VIII. 

To find the Fluent of n* ■Jtx — aa. In fuch Cafes where the Fluxion isaf- 
fefted with a Vmnkm; we muft confider whither the Flnxional Quantity Ihmding 
before the Radical Sign, be the Fluxion of the Cmple or compound Quantity under 
the rntdlum, for in fuch Cafes the Fluent may be found by the general Rule. 

Thus in this Example I oWerve, that # Je is the Fluxion of * * — « «, and therc- 

. , . . X. i Zax — 2tf« 

fore theFluentof «* Vd* — asoi nxxax — aa\' is , xax—aa{ = 



Vdar — j»*. 



rx — ** 



InlikemannertheFlaent of -^===^7— orr* — xx x 2r* — x 



ITx — ix'x X { Vjri — »»l"»willbefoiiiltl (if to the Exponent — j we add r , 
and divide by the New Exponent t and by the Flwdonary Qiiimtity 2 r « — 2 **) 
to be -firx — xx. 



92. Tfc/e 
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92. Tliefi Rults msy he Dtmotif rated by htJuclicn a!fo -, and kecaufe that Method by p^ir- 
ticular Ii^awua may fir-ot to give the Reader u cl'-arer J^otton of SummarorV Arith- 
metick, / ^all Exflain the Jame in the folkwing Examples. 

1". In Che Redangular Triauoje ABC Suppofe AB = tf, BC = i, AP = a-, 

P^— X, PM=r;i then the Equation of the Triangle is y — 

— , and the infinitely little Parallelogram M^ = to the Fluxion 

of the Triangle, is =; j* *■ = (by fubflitution) . And tlie 

_ . . ix X / ix\ xy 

Flowing Quanuty IS =( putting ;f —- J i. It re- 
mains to be prov'd that the Sum of all the j* a- is = to " - . 

Conpleat Dhc Parallelogram A BCD, then it is evident that the Triangle ABC is 
equal to t^e Sara of all the y x, and tlie Triangle AD C is equal to the Sum of all 
the xy. But both thefe Triangles are equal to the Parallelogram, and each is equal 
to i the Parallelogram, and the Parallelogram is equal to xj, liiercfore all the y x 
= ■^ =: Triangle A8C. 

2". Let A M B be a Parabola, AP = jt, PM =y, the Parameter = i, then the 
Equation of the Curve is at" =/, and the Fluxion of the Parabolic Space, fia;. Mf 
= y'x •=^ x'x. Now it is evident that the Sam of all thofe Parallelograms is 
equal to the Parabolic Space A M B D. And the Flovring Quantity o^ x" x 
is -^T-*""*^' = (putting jiocx") — ^;— «7, which we muft prove to be equal 

to the Sum of all the j x. 

Compleat the Parallelogram ADBC, then it is manifeft that the Space AMBD 
is equal to all the^i, and the Space AMBC is equal to all the x'y. But by the 
Method of Tangents it is, 7 : * : : 7 : t^ and *^ 1= ^ a-, and in the Parabola ( = »*, 
trgtyx = mxj. 



Whence 



adding i to each flde ; 
of the Equation S* 



that is 




Wheace 
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Whence w:w-^i:: y x '. xji •]- jx 
And confcquendy m:m-\-i v.S:) x :% i xy -^-S-.yx 
But S:xy-\-S:yx-=xy 

Therefore w : w + 1 :%:yx:xy 

And coofequently -J^ ■^ xj -rzS-.yx. Q. E D. 

Bjrt btjtdts the Exampltt I bavt ftoiuii^ then mt ethers which «r«r, to which thtfe 
Rtdts catttut he immtiiattly applied', amJ that the Reader rnvf ntt he at tta great a kfs 
in fucb Cafei, 1 Jhall endeavour to a0 him i» that farticuiar. But fif, U mil 
ht necejjary to frtmife this 

t E M M A. 

93. If a Binomial be to be rais'd to any Power, r. v, w», (which reprefcnts any 
Number, Whole or Broken, Pofitive or Negative) then the Uneia or Numbers pre- 

. - ,_ m — « f» — m — I m — m — l 

fixt to the feveral Terms are, i x . i x « • i x x 

- I 12 12 

X ^^^^ X , &e. Rcfpeftively. 

And if P 4- P Q, reprefent the Quantity to be rais'd to the Given Power j P the 

firft Terra, and Q.the reft divided by that firft Term, and — the Exponent of that 

Root or DimenHom, then . 

ABC D 



2» ' 3» ^ 

For inftance, if it be requir'd to Extraft the Square Root of r r — * * ; that is, to 
raife (the Word ras^e being us'd indifferently for mvolving or evolving any Binomial) 
the Binomial rr—'xx to the Power or Dimenfion, whofe Exponent is i, then 

P = rr, 0.= , i»= I, and « = 2; and conlequently, rr — xx^ ■:=r— 

XX _ X* X* 5^ ^ 

Let it be requir'd to raife the Binomial * + jr to the Power whofe Exponent is m 
or let m be the Index of the Root of the Binomial, which is to be Extraded. Then' 

p=tf,Q.= — , and— = (« in this Cafe being =i)iw, therefore HP*)" is = *■ 

a *< 

+ »«"- * +WX — -— X •"-«*' -^ MX ^ X -— ^'•-J*' +»X 

W*~I W— 2 W^i — _. „4 ^L, 
X X itf"'-4x*,<?'#. 

By the lame Method any Tri-9omial, Quairi-momidt &e. or Mmito^omial may be 
rais'd to any Given Power, v.e- To raife the hfnito-mrmal a-^- hz,-\-sx.* -\' 
i s * -^ , &e» to the Power, wnofe Exponent is m : in the preceding Bt-nomuU 
Theorem, 
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_lnftead of x -put ^ z -\~ e z* -\- d x.^ ^ &e.\ , and inllead of * ' fubftimte 






-^ w X ^ "^ K X X *■»-♦ X ifZ,-\-cz* -\~dz\&e.\* + l^e, 

EXAMPLE I. 

Let it be requir'd to find the Flowing Quantity of this Fluxion x ^rr— xx. 
Reduce V'rr—'* AT to an (ArL^i) Infinite Scries, and then rr—T^- is = r — 

^^ X* X* < x' . 

=— , -z — -, 'o—-, C^c- and confcqucntly , j: V r r — xx is — 

• X^ X X^ X X^ X K X^ X 

rx g— j jz — f- — VW^T ^'^- '''nd finding the Flowing Quantity 

of every Term of this Series, then the Sum of all the x /r r — xx is = r *• — 

EXAMPLE II. 



-■ + '■ 
itf.) Kotattoaof Powers, that — y — is =rr x p+j:| . But>4-*j is = 

X XX x^ rr -' 

(Art. 9J-) »•"* 1 i ^-^^t. andconfequently— ^---orrrxr+;cl 

, XX *' I . . rrx . • • , X* X x^ x 
IS = f — * i i'VO'c. and - J —- is = rx — xx'] \- 

&c. and the Flowing Quantity of -j^- is = r * j- ^ -]- , &c. 

Q.E.L 

SCHOLIUM. 

And if we divide the Series (£*«». i.) by rr — xx^* rcduc'd to an infinite Se- 
fies, and mnltiply the Divilbr by the Quotient, we Ihall have pat - 



6r 40r' 

a' $x^ . ii*'t3l*'j^ A 

Ill r^ Ii52r' ' 6r ' izor* ' 

And in General, If the given Fluxion conlifls of Univerfil Exponents and Coeffi- 
cients, reduce the part under the Vinculum to an infinite Series, vvhit-h multiply by 
the part before the Vmculum, and find the Flowing Quantity of every Term ^ laftly, 
divide this laft Series or the Fluent by the part under the Radical Sign Alleftcd, witii 
any the moft convenient Exponent, and mult'ply the iaid part under the faid Expo- 

S nent 
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ncnt by ilie faid Quotient, ib (hall you have a Series exprefllngthe Fluent of the 
Given Fluxion, and readily (hewing v/hen and whither the Series confifts of a finite 
Number of Terms or not. 

94. The Fluent of a Fluxiatt invohing furd ^lumtitiei, may he invt^igattj after another 
manner^ which ts famttimts frtferabie bj much to the farmer : The FrmtijiUs tf tbit 
Adeibvd arcj 

I ". Reduce the given Fluxion to its fimpleft Terms. 

2". A(rume a new Equation Adfefted with indetennin'd Coefficients, fothatredu- 
cingthe fame to Fluxions, the Terms of this may be compar'd withthofe of the 
Given Fluxion, in order to determine the unknown Coefficients. 

3'. Having determin'd theaiTum'd Coefficients, fubltitute their refpedive Values 
in the alTum'd Equation, and you have the Fluent of the Given Fluxiom 

Since this Rltthod dejtrvei the Reajeri Confideratien^ J fiiaU endeavour fmlly to explain the 
Jams J and that I may not he rmf-miderfoedy I ^all vegin ivith feme eafie Examfki, 

EXAMPLE I. 



Let it be rcquir'd to find the Fluent of « * ^ sx — * *, the Fluxion reduc'd to its 
fimpleft Terms, h ax n. ax — «<»|'. Kow fuppofe the Fluent <rf this Fluxion to be 
A xax — «<i/, then it is evident that the Fluxion of this Fluent mult be equal to 
the Given Fluxion, that is f A xax xax — #«|* is = ax x mx — sa\*. There- 
fore (dividing by a* — aa{^) i A x uj: = ««, and A = f. Having thus found 
the true Value of the indeterminate Coeificient A (wai. f) in the aflum'd Equatioui 

fubftiiute the lame in place of A, and then we have f xax — aa^* or 

■^ax — aa equal to the Fluent of the Given Fluxion. 

EXAMPLE n. 

To find the Fluent of . — . - -lj ^, this Fluxion is expreIsM thus ix—xxx 
y XT X ~^ X x 



irx—xx\~*'. Suppofethe Fluent thereof tobe Ax xrx — xx\*, then the Fluxi- 
on of this Quantity isiAxir:^ — ZKx X ^rx — xx\~* = rx — xxx2rx — *;t|"^ 
Therefore jAxzr* — ixx = rx — xx^ and A = i ; and coafequently, the 
Fluent of the Given Fluxion is equal to irx—Ax\'. 

E X A M P L E HL 

To find the Fluent of dx^ xxe +/* " )" ■ Affiimc an Equation with indetermi- 
nate Coefficients, fo that reducing the fame to Fluxions, the Terms thereof may be 
compar'd with thole of the Given Fluxion. Let the laid Equation be Adx^-'-*^ 

+ Brf*'-"-^> ~\-C 4x^-3'^*', &c, X «+/;?- r"*" ' = S : dx'i x 7^7^]"' 



Then, 
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Then, 



&c. X r+Tr'"]' *' + i» + 1 X i + fx'f xi,f«— i X A i *'-»*> rh 

B^*'-'" + " +C,i;c'-J"-n, &c. = Jx'illT+fx"\'i 

Whence, fuppoiing — = w-j" »i ^nd puttijig x — u 
T 



r — s+ I X Kiix^~'''^r—zn-^i xBJx'-2" + r — 3»+i xCi/*'— J", &c. 
X «+/*"!'+-- XI.X Ai/x*' + -■xiixBii/'A:'-"+— xiixCal/*'-^", 



And Multiplying each Side of the Equation by ^ x «+/■*"["?" we have 



-»+ 1 X A J*,'- «+pxr — ao-|-i X BiAr'-2" + f xr — 3114-1 x 



CJ*'-!',&c. X H-/*" +»>< A^/'x *' + » X BJfx'-' -)- » xCdfx'-", 

&C. =</*'X« + /*^| ' X f Xt+ZAT'I'T'. 

Which being Order'd, we have 



/xr— B-f-ixArf/P -t-^xr — »^-ixA((«p 

»XAJ/^*'+fXr— 2il4-ixB<y^; 
J -t" »xBi/), 



-V-pXr— 2i>4-iXBiiel 
'*'"' -1-fX>— 3»+IXCW*'-»", &C. 
+ HXCJ/i 

= i«'x«+/«"fr X fxe+f^'iV =yx./*'. 

From which Equation the unlmown Coefficient A,B,C,tft. may bedetermin'd 
in this manner. 



fxr—n+i xAJf+nxAJf=fl 
and Dividing by f i^ 



r — n-^i X A/4 x»x A/= i, 

Subltitnting m~\-\ for — : 
P 



T— 1+ 1 X A/" 4- 10+ 1 X » X A/ = I. 
Whence A = ; 



r— «+i x/'+Mn + Kx/' ii>»-f-r+i «/■ 
Secondly, 



fxr— »+lxAie4-f xr — J»+ixB^/'+»xBi//=o. 
AndbyTranfpofition, DiviCoaandRelUtution. 



' — »"+ixB/-)-i»»rh» xB/=ii — r— ixA«. 



Whence 
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« — r — ixAe « — r — 



Whence B = 



r — 2w-[-i «/■+ ww-j-ux/" m»-)-f — if+ I x/ 
In like manner. 



-,&c. 



mn 



-|-r — a «+ I x/" 



Whence it is evident that kix'—->-'-\-idx'-"*' +C J*'- !"*>, &c. 

_____; X »'-»+■ -)- —-—____ „ 

wn-f-r + ix/ i»»+r+ix/' 

i n — r—i X ,;« 



x,+/-^' 


..— is: 


= 


^tr-- 


- I X Je 




»„ + ,- 


■ « -)- I X 


/ 


2» — r 


^Tf „i 




w w -l" r — 


.2«-l-. 


X 


a EI. 







•+- 



i» + r+ix/' w»-f r— »-]-, x/" 



-— — y.x^~i'>-*-\Ss^c.xe-\-fx''{''*''-S:dx^xxe-Yfx' 



In which it may be obferv'd that, the Exponents of the Terms of the Indetermi- 
nate Series before the Radical Sign, may be taken different from thofc above, provi- 
ded that the Exponent of the firft Term be not lefs than r — » + i, and that the fol- 
lowing Exponents proceed regularly : That the Exponents of the Terms before the 
Radical Sign may be continuaUy Increaled or Decreafcd by », for in either Cafe, the 
Terms of the Fluxion of this atlumed Equayon will become Honiologoas to thofc of 
the given Fluxion : That when the Exponents Increafe regularly by », the Fluent will 

Confift of a Finite Number of Tetms when ■■' _ ■■ —— is equal to a pofitlvc 

whole number : And chat when the Exponents Decreafe Regularly by w, the Fluent 

will confift of a finite Number of Terms, when— ^^— is equal to a pofitive whole 

Number. 

This General Thecrem may eafily be applied to find the Fluent of any ^ven Fluxion 
included in the General one Jx^x n e-\-fx''\". v.g. To find the Fluent of 
ax X ax — ^ a,'. 1 put Che lame equal to the general Fluxion, ws. 



dx^ xKt-^fx'l := ** X #A?— «tf|'. 

Then ^ = «, r^ *,/=*, a = i, » = t, « = — ««; and if we fobftitute the 
laid particular Values of, i, r, /*, «, m, e in thd general Fluent, we fliall have. 





i 




X * 
■/"' 

»X 




d 


»— r 


— ixJ. 


• 


r— s 


I*'! 








mn-\-T-\-i 
n-~r — 1 K ie 


x/ «.»+. 
2» — r- 


— ,+ 1 


'f 




«.+ 


H- 


i 


■♦- 


mn 


, X i 


r+,, 

= S: 


mn-\-r — n 


.+ 1 xf 
K *"■ 

: X « 

aE.1- 


mn-\-r — 


2»-j-I X 


■■f 
= t 




■^&.. 


-I*' ««*- 


--»!> ' ' 





1 have 
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iitvt iiittru iXflMJ tbt gnrrtl Mubidi <f fnini lit Ftatnl if tn} pluxitn i/ hip 

if Striti'i, ni ibtTifiri^M r,t firlbn m0 a, ittfe <r aliir Mabtji imjaaU fn 

tit /im fmrfefi, in nfir lit Rader (lui, AyS-u « A™, « f,a„ Aatml of litm") 

g- H r> Ull UmntJ Jralifr, Ifril ij tial Rxaltlit Jbiiljf G. OtCyne M. D. laii 

oaitHUi Fluxioiium Mechoaus loveria. 

Sij. Sina lit Bufincft 'f a/'itlSiriiit i femlimi n£tm md In ferfkxl, ftitiral abir 
fMlieula' Metboii bjn* bttn inv(*tti lo ^d the Flnimg i^iiij cf a Fluxion. & 
full fiigicl m lH fUit I» im tie Header <> Idf if ibem, wbieb miH iecme mire 
fUki atdfamiiiar ij_ [emrd uler Exanfltt le ie fieii in lliir pfer flimi. 

E X A M P L E 1. 

Letitber^IUr'dtoiiad tfacHortiagQuaatityof x y'lrT^xx' 
On the Center C, witH the Radios CB = r, deicribe the Semi- 
circle A MB, and fuppolc AP=*i thenisPB = 3r * and 

MP = ♦'i'* -^Ti, and ?f = i; therefore the Huiion of 
the Area, mu. the Parallelognim Mfk — x V~irx — xx and 
confeqnentl; the Snm of all the x f/'irx — xx, tiiat is, the Flow. 
tagOsantity of the given Fluxion is equal to the Semi-figment 

EXAMPLE n< 

Let it Ik reqdrd to find the Flowing Qiantit; of - 




. Draw the 

'■Vlrx—xx 

VS" ^j^ic 0"='"'°' j'" y"' "* "*"■• *""'"' Pnpendicular to the Diameter 
AB, and MR Perpendrailar to A-, then by the proii«ty of tie Circle AM^ 

V77^, andR-the Huiionthereof is -i^; Now becaufe the Triangles A PM. 

MR™ are (the Angles AMPandM^R lUdiug on equal Arehes of the Ciide) 

Smllar, It is, PM iVirx-xx) : AP (») :: R« f '' \ . un 

r i and confequently, the infinitely little SeSor M AR = 

■ iVar*— 7i = to the giyen Flmion, whence it is evident 
flattie ScgnMst AOM A i$ the Flowing Qpantity of the given Flniion. 



^irxii f/zrx — xx' 
rxM 



i ARiililRis = - 



eXAMPCE. 
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./^ 




:ir: 


y p^ Y 


/V^ 


J 



EXAMPLE III. 

Let it be requir'd to find the Flow- 
ing Qpanttty of this Fluxioa xxxx 
•^iTx^xx. On the Center C with 
the Rndios CA=r, delcribe the Circle 
A F E M , aitd fuppofe A P = x , p ^ 

= 4r, P E = a r — *, the circiunference 
AF£M=:e} then I iky, that the Sum 

of aH the ** K 2 V 1 f jr — jT* is = 
err 



DEMONSTRATION. 

Let the Circle AFEM be the Bafe of an up-ri^t Cylinder, and the Parallelo- 
gram ABDEthc Seftionof the Cylinder through it's Axis, AB the height of the 
Cylinder is equal to A E the Diameter of the Bafe. Draw the Diagonal AD, then 
a Plain paOIng through AD, and perpendicular to the Plain B Ej win diride the 
Cylinder in two equal parts, and cut off the Semi-qiiadrantal UngmU ADE. Now 
die FlDxion of this Vi^uU is equal to the Parallelogram Q;m Multiplied into its height 
PRor AP (becaufe the Angle RAP is equal to 45*.) =*xx 2 v'lr* — xxj 
and confequently the Sum of all the ;r X X I'^zrx—xx is (when A P becomes =: 



to AEor d:= »r) equal to the Semi-quadiantal Unguis kUL ■==■ - 



aE.L 



Ani tbm mnwmtrtAk htfitmeet nwht h tffigntJ^ to a^ft m h fmdmg the FUmwj^ 
Sijumitytf giy fttueiMt ivitbaiaeaviHgimwitiiste nctiirft t$ m mfmiu Stmi. 

PROP. IV. 

To pU the An* tf the TristigU ABC. 

96. Draw A D perpendicular to the Bale BC, and fiippoft AD = «, BC = J; 
draw any Line as MM (7) Parallel to the Bafe, and another Line mm infinitely 

near the lam^ and fuppofe A P = *, P ^ = *, theft 
the Fluxion of the Area of the Triangle is equal to 

MMMM=jrx, and becaole the Triangles MAM 
B A C are limilar, it is, x :/::«: A ; and conle- 

qoently the Eqnttioa of the Triangle is j- = — 
and the Fluxion of the Area ^x is == , and the 

h x X 

Flowii^Qpantityis = ix)> = MAM, ud when dte Foiot P Ms on D, 

then xand^ becomes equal to «and^ rcTpediTely, and ix;is = i«^cqi>altothe 
AreaofUte Triangle ABC Q. E.I. 




PROP. 
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PROP. V. 
To fni the Are* <f a Circle. 

97. IathcCircleABC,drawtheRaysAB,AC,iiifiBitelynearfeichother. Suppofc 
A B = r, and BC = x, then the Fliudoa <£ the Circle is the in- 
finitely little Seftor or ReaUiaeal Triangle A B C = -*, and the X ^^ 

Flowing Qpantity is — = (fbppofing the circamference x-=:e) \ J 

-' , when the Arch BC becomes equal to the whole Periphery. 

f^fi has s mmi » emfiitr tHr mart nieefy, nuj iavi rteowfe t» tht RtS^ttim if 
Curves^ md rtiuet the Tttifbtrj tf tht Cireb » «» hifnitt Series y S:c. 

CONSECTARYL 

1*. The Area of a Circle is equal to a Rcdangular Triangle, whoft Baft it 
equal n> the Circumference, and Alutude equal to the Semi-diameter of the Circle. 

CONSECTARYII. 

1*. Thelquarcof the Diameter of a Qrclc, is to the Area of the lame Grclc, as 
the Diamtter is to t the Perii*cry j for ^rr : — : 2 r : - - . 

PROP. VI. 

Ta fad the Are* of a Right Com, 

98. Let the Triangle B AC be the Seftion of the Cone through the Axis AD, 
and imagme the Axis A D to be divided into an infinite Number of equal Parts, and 
on every Point erc^ the Perpendiculars P M, ^ m. Then it is evident, that as the 
Redangular Triangle ABD turns round about the Axis AD, all the Points M, w, 
ddcribe the Circumferences, which compofe the Surface 

of the Cant., and to find the Sum of all thefe Circumfe- 

rences, fuppofe D C the Radius of the Bale = r, and the /\\ 

Circumference of the Bafe =<■, AD — «,AP = *, /i\ 

p^ = i, PM = ;; then mK = y, and Mm = / t \ 

/• =~ er ^-'i i? \ 

V*'+r'' Then r :*:: jf ;-■'-= to the Circomfe- "J ;?; r* \ 

■ ■ " ■ c, /- f" '-\ 

Tcnce delcriVd by the Point M, and conftquently - - B- n ■ C 

yx* +j* = to the Fluxion of the Area of the Surface 

of the Cone. And becaufe the Triangles A P M, A DB are limilar, it is, jc : 7 ; : 

a : r, whence * = -' , and i = * '^ , and i » = t .- L - , Thereft)re the Fluxion of 



the 



Area t^ V^-PT' is = (hy fubftit,) '-2 Vllil^ll!^' = 1^ V-^^^ 
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= ~^- ^ aa -Y^^i and the Flowing Qpantity, or the Area of the Surface of the 
Cone is V-^ V77^- Trr= (becanfc when ^ is iu D, then / = r) ~ V#« -|-Vr 

if: (becauie V « « -|- r r is = A B the fide of the Gone) \ the Periphery of the Bale 
multipiied into the fide of tite Cone. Q.. £. I. 

CONSECTARY 1. 

9p. I". The Radius of a Circle equal to the Area of a given Cone, is a mean Pro- 
portional between the fide of the Cone and the Semi-diameter of the Bafe. 

CONSECtARYlI. 

i*. The Sur&ce 6f a Cone is ta the Area of the Baft^ ad the lide of the Cone is 
to the Semi-diameter of the Baft, for the Surfece of the Conef is — (« being eqnal 

to the Side, and e equal to the Periphery of the Bafe) and the Area of the Bale is - - 



CONSECTARY III. 

3* . The Surfaces of any twd right (iofl^ ate in a fidm Cmpomdti of the tatw 
of their Sides* and the Ratio of the Semi-diameten of their Bafes. Let a and b be 
the Sides of two Cones, and eand i the refpeftive Peripheries of their Safes, then 

theSur&ceof oneistotheSnrfeceof theother, as — is to — :; *c: AJ: that is, 

as the Sides and the Peripheries of their Bafes, or in a: RatU Cmfmndti of the Ai- 
tisnei of their Sides, and the Semi-diameters of thdr Bale& 

CONSECTARY IV. 

4". And if we fappc^c one Cone within another^ and their Sides for Sor^ices) 
I^fallel, the Sides of the Cones wiU be as Uie Semt-diameters of their Bafes^ and 
coofequently tbetr,Sur&cc» will be in a Dnidicate Ratio of the SCmi-diamecers of 
their Bafes. 

p R o P. vn. 

To Meafitre the Sitrfaee cf d Sphere. 

100. If the Semi-drcle ABD be iiippoa^d to rcrolve about the Diameter AD, 
it will Generate a Sphere, and every Pout in this Semi-circle will dcicribc an intire 
Circle, and the Sum of all dio& Circles is equal to the Sur&ce of the Sphere. 
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Draw any Ordinate M P = 7, and another Ordinate m^ infinitely near M P, and 

draw M R parallel to A D, then is w R = ;. Let the Radius B C or A C be equal to 

r A P ^ «, aad then P y = * ; then &y, r : « 

. . - . 1^ = to theOrcamference defcrib'd by the 

Point M; and becanfe the Triangles C P M, 
wRMarefimiUr, it is PM (/) : MC (r) :: 

MR(i):Mi« = — i and Multiplying this 

Value by — (the Circumference defcrib'd by the 

r 

point M) the ProdoS ex \% the Fluxion of the 

Area of the Surfece of the Sphere, and the Area 

it felf is c :v equal to the Portion of the Sorface Generated by the Revolution of the 

Arch A M about the Diameter A D ; and becaufe x becomes equal to 2 r, when P 

comes to D, therefore e * is then equal to 2 r « = to the whole Sar^u% of the Sphere. 

C R O L. I. 

loi. The Surfece of any Sphere, fni. zrc, is equal to four times the Area ('—) 

of any of its great Grcles. 

C O R O L. 11. 

a". The Area of any Segment of a Sphere, cut off by a Plain or by two Parallel 
Plains, is to the whole Surface of the Sphere, as the intercepted Portion of the Dia- 
meter is to the whole Diameter, and the Portion of the Surfece of a Sphere Com- 
prehended between any two great Circles, is to the whole Surfece, as liie Angle of 
Inclination between thofe great Orcles, is to four Right-angles. 

C O R O L. III. 

a». If a Circle be defcrib'd, wbofc Semi-diameter is equal to the IMametcr of 
the Sphere, the Area of the faid Qrcle is equal to the Surfece of the Sphere, and 
if the Diameter of a Sphere be equal to the Semi-diameter of a Circle, their Su- 
periBcial Contents will be equal. 

C O R O L. IV. 

4'». If a Sphere be infcrib'd in a Cylinder, whoft Altitude is equal to the Dia- 
meter of the Sphere, the Area of the Cylinder (irc) is Quadruple the Area of 

the Baft ( — ) and the Area of an Hcmijpbere is double the Area of the Baft of the 

Qrcumlcrib'd Cylinder, and the Surface of the Grcumfcrib'd Cylinder (without its 
Bales) is equal to the Surface of the Sphere. 

C O R O L. V. 

5». If the Parallelogram AKLD be defcribM about the Semi-circle ABD, and 
if PM be producdto N, then the Surface defaib'd by KN will be equal to that 
defcrib d by the Arch AM, for the Line K L and the Semi-circle ABD defcribe 
(§.4. '^rf. 101.) equal Surfaces, and the Surface defcribdby AM is to that defcrib'd 
by ABD or KL, as AP is to AD, and the Surface defcribdby KN istothatde- 
fcrib'dby KL or ABD, as KN or AP is to KL or AD, therefore the Surfaces 
defcrib'd by the Arch AM, and the Right-line KN are equal 

U C O R O I- 
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c o R o L. VI. 

6". And to find the Diameter of a Spherfe, whoft Surface (hall be equal to the Sur- 
face of a given Cone. Let the Surfec* bf th* Ceii« be — , (* being th« Periphtry of 
the Bafc and a the Side) and Tuppofe tht Seffli-dlaitKter df the Sphere reqnir" d bt 
= A-, then r : c : : * : — = to the arcumfcrencc of a great Drcle of the Sphere, 

and confeqaently the Suffice of the Sphere is '* — = — : Whence * = V — and 

the Semi-diamctcr of the Sphere is a mean Proportional betwech the Side oF the 
Cone and a fourth part of the Serai-diameter of its Bafe^ 

C O R O L L» VIL 

7*. If the Semi-dkmetct' of a Sphere be equal to tiie Semi-diameter of the Safe of 

a Cone, the Surfece of the Cone is to the Surface of the Sphere, as the Side of the 

Cone is to four times the Semi diameter of thfe Sphere. For— ure :; «:4r. 

C R O L. VIII. 

8". If A B D G be the Bafe of a Cylinder, and if a Plain pafllng through the Dia- 
ftieter A C D Obliquely to the Circle of the Bafe , cut off a Cylindric Vngula, the 
Sinface thereof, or the Portion of the Cylindrick Surface comprehended between the 
Circle 6f the Baft A bD» and the faid Plain, tniy be found thus. Let the Ratio of 
P M to its CorrelixnidlBg Perpendicular be as n is to n, and fuppofe AC = r, G P 

±= jf, Pf=Xj PM = y, R.W =:>; then hM ft t= — , and the Altitudt of the 

infinitely little Parallelogram ftaiiding on M m is — 7, and confequently the laid 

tarallelbgram or tht Fluxion of thfe thtguffr Surface is — j- x — = -^ r i> and the 
Flowing Qpafititf or the Portion xtf the lft^«Atr Siaface landing oo the Arcli M B 
is = — r jf, and when * becomes = r, then the Un^ular Surfece ftanding on the 

Qjiadrant AMBis= — rf= — CK, and if the Vngula be a Semi-quadrantal one, 

^en miss::*, and tire Cj-AhAw or Cr*««/<(C Surface Ending on AMB Isequato 
the Square A C B K, and the Sur&ce of uie whole Ungula is=2KC=AL. 

C O R O L. IX. 

9*. The Sur&ces of unequal Spheres are in a Duplicate Ratio of their Semi-diame- 
ters, for the Sur&ces are proportionil to the Area's of any of their great Circles, 
and the Area's of thofe Qrcles are (becaufe the Area's of unequal Circles are in a 
Ratio GoBipouaded of the Ratioaes x>f their Semi-diameters and Peripheries, and 
the Peripheries are as<he Radij) as cfae Squares of their Srau-idiai&eters. 
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PROP. VIII. 
To Imit^igm tht ArUs of dfms <f PtrtMA's. 

i02. Let AMP be a Semi-paraboU, A F the Axis, aad F M aa Onlinatt ; Dnit 
f m infinitelT "^^r PM, and fuppofe AP = *, PM = r, aad 
the Parameter equal to i, P/ =■ « ) then the Fluxioa of the 
Area is y k Now the geaecal Equatioa expreffing the Natnre of 
•Ufuch Curves is )-"=:*■) wlMQce/=2«'| ud confequently, 
the Fluxion of the Ar«a jfiiis equal to x' x, and the Flowing 
Qjantiry or the Area rtquir'd is —-r- *""*'* = (becaufe 




COROLLARY. 

to3. If w be = 2, then the Corve AwM is the Conic Paralraia, and its Area ii 
= tAPxPM = |the Circumfcrib'd Parallelogram, and A » M T the Complement 
bf the Parabola to the Parallelogram is =f trie Parallelogram =* the I^rallelo- 
gram, and the Triangle A M T is — | the Parallelogram 5 therefore the Space Com- 
preherded between the Curve A w M, and the Chord A M is = « the Circumfcrib'd 
Parallelogram P T, and the Space A»»MTis=iitbe Area AMP, and the Area of 
the Parabola is to the Circumfcrib'd Parallelogram as 3 is to 3, and to the Infciib'd 
Triangle as 4 is to 3. . 

PROP. IX. 
To lavefiigdte the Jre/t of mS Jorts of Ujferholie Sfdees. 

lotf. Let i 

drawn the Ordinates £ 

Bodtf^x; thin the Fluxiott of the 

Area isyx. Now the general Equa- 
tion exprelling the ReUtion betweca 
all forts of Hyperbolifonn Curvet and 
their Afymptotes is (fnppofingthc Pi- 
nmeter =:: 1 1 and the Exponent m 
Negative) y<" = x; therefore the 
Flnzioa of the Area /x b = x*«« and the Flowing Qpantlty or the Area it felf is 



t A M F be a Semi-hyperbola between its Afymptotes C B, C E, and having 
Ordinates P M, ^ n iofioitely near each other ; fuppofe C P = *, P M =7, 



p 




i.---' F 






B 







-+> 



X). 



CONSECTARY I. 



los. Becaufe the Exponent «• is Negative, therefore the Area b = — ^ — -j— «> 

or — ^ *r- Whence it appean thatif m he |reiter than i, theSpaie ECPMF 

b Finite, if mbe = i, then it is Infinite, aiulif wbeleistluuix, 'tis more than In- 
finite. 

C O N S E C T. 
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Fluxions : Or an IntroduSion 



C O N S E C T. II. 



1*. If the Curve AMF be the Apollonbn (Equilateral when C A is a Square) 
Hyperbola, the Equation expreffling the Nature thereof is>-' = * or i = xy, or 

««=:j:7, thereft)re the Area of the Hyperbolic Space CPMFE=: ** xy is 

I 
= ~ xjt, that is, it is infinite in rcfpcft of the Parallelogram C P M R, and the Space 

C B A M F E is infinite in refpeft of the Parallelogram C B A D. 

If w be = -2^ then the Equation of the Curve>" = *is7-' = jf, or i =*^» 

or «* — xy*^ and the Area of the Hyperbolic Space CPMFE = — — ■ - *;is = 

ixy = 2 the Parallelogram C M 
If mbe = — f, then;" = jt is^ i = *, or i ■=xy^, or 4* t= *■* /. And 

~'xjfh = — ^xy^ which dews that the Area of the Hyperbolic Space 

C P M F E is more than Infinite in relped of C P M R. 

C ON S E C T. III. 

3«. M » 1 : m : : Parallelogram C P M R : Space CPMFE, and by Divifion 
w— 1 : 1 : : Parallelogram C P M R : Space RM F E 

C O N S E C T. IV. 

4*. I Ihall here infert the Proportion between the Area of any given Hyper- 
bola, and the Area of an Equilateral Hyperlwla, defcrib'd to the fame Prinapal 
Axis. Let AM be any Hyperbola, O A the Tranfverfe Axis, and CD theCon- 
jagate Axis ; and let A N be an Equilateral Hyperbola defcrib'd to the lame 
Principal Axis A O ; then the Conjugate Axis " 
is alio equal to A O. Now by the property 
of the Hyperbola, the Square of any Ordi- 
' nate PM is to the ReSanglc OP x AP :: 
tbeSquareofCDis to theSquarectfAO; that 
is, (luppofing O A = «, C D = *, A P = A-, 
PM=/,PN=») sa-.tt:: ax-^-xx: 
yjfj and sa :ss :: sx -\- xx : x,x^ There- 
fore 77 : £« : : ^ A : « «, and confeqoently, 
PM O) : PN (z) :: *:* That is, the 
Ordinates PM, FN are always in the iame 
Proportion as i is to « ; therefore the Space 
A P M is to the Space A P N as * is to *, or as 
PM is to FN. That is the Spaces APM, 
A FN are Proportional to their Altitudes PM, FN, or to the Conju^te Axis ((>) 
and the Tranfverfe Axis ( «. ) 

C O N S E C T. V. 

5". In like manner. The Areas of unequal Ellipfis are in a Ratio Compounded of 
the Subduplicate Ratio of their Parameters, and the Sefquiplicate Ratio of their 
principal Axes. For EUipfes are propwtional to Parallelograms Circumfcrib'd aboat 
them, and the Conjugate Diameters are mean Proportionals between the Tranfverfe 
Axes and the Parameters. Therefore if the Parameters be equal, the Circumfcrib'd 
Parallelograms will be in a Ratio Compounded of the limple Ratio of the Tranfverfe 
Axes and the Subduplicate Ratio of the Tranfverfe Axes, and if the Tranfverfe Axes 
be equal, theCircurafcrib'd Parallelognuns will be in a Sub-duplicate Ratio of the 

par- 
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ftrameters ; and conle^uently, if neither the Tranfverfc Axes nor the 
be equal, the Grcumfcrib'd Parallelograms o>, the Area's of the Ellipfes 



3\ 



r the Parameters 

_, ^ , w . - - - _ -Jpfes will be in a 

Ratio Compounded of the Sub-duplicate Ratio of the Parameters, and the Sef-qui- 
pUcate Ratio of the Tranfvcrie Axis. 

P R O P. X. 
Ijt it be rei^uir'd to InveftigtUe the Are* of the LogM'xthmetkk Space AMBCE. 

1 06. Let A M B be the Logarithmetick Line, and C E its Afymptote, and draw the 
Ordinatcs PM, pm infinitely near each other, and draw the Line M T touching die 
Carve in M, and Interfefting the Afymptrte in T : *Tis requir'd to find the Area ol the 
Space AMPE Comprehended by the 
Curve, the Ordinate, and the Afymp- 
tote. 

Suppofe PM = f , and P;t = *, 
then the fluxion of the Area, or the 
Parallelogram Mp h=yx. But by 
the Property of the Curve, the Sub- 
tangent P T is equal to an invariable 
Qpantity, v. g. -= a. Theretore it is 

y-.'x :•. ]•.»■, and i = - , and con- 

fcqnently the Fluxion of the Area ji* is =v, and tbcAreaitfelf is equal to<*/. 

CONSECTARY I. 

107. TheSpacc AMPE (the* 'infinitely producM) is to the Triangle (Compre- 
hended by the Ordinate, Tangent and Sub-tangent) M P T as 2 is to i. 

CONSECTARY II. 

2°. The Space Comprehendedbetween any two Ordinates, v.g. the Space RMPQ, 
is eqoal to the Redangle Comprehended under tbe Sub' tangent and the difierence be- 
tween the laid Ordinates, vix^ = P T x M Di 

CONSECTARY ni. 

3». The Spaces Comprehended between any two Ordioatcs arc Proportioiul to the 
difierence between them re(pedively. 
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p R o P. XI. 

To Invefiig^e the Aress of Cycloidd SpMes, 

108. jimctig thi infinite variity of Curvejj none has mert txtrciid the Thoughts ef Gee- 
mtttrtj than the Cyckid. Cartefius, Torricellius anil Robervallius firf govt the 
Dimttifimt if Mcrftnnus'j Cjeleid ', fine* whom Dr. Wallis and Mr, Pafchal, and 
Lolovera have IVritten Urgeij en this SuhjiBy and but lately^ and in out 6W» Daj3, 
Mr. Newton, Afr. Hugens and Afr. Rotner have Difcevtr'J fmfrifing Troferties of 
• tStw fvt of » Cycloid^ having a Cirtn\»r Bafe. 

Let A M C be a Vulgar Serai-cydoid, lod dw Generating Circle A P B from any 
Point in the Ordinate, v.g. Q, draw Q.M parallel to the Bafe B C, cutting the Peri- 
phery of the Circle in P, make the Parallelogram A F M Q,. and draw fm infinite- 
ly near F M, cutting Q.M produc'd in (*, and the Curve in m. Put A B = 2 r, 

AC>.= FM = x,fi«»— ;r, Q.P = yithen(by 
the property of the CircleJ zr*— *« = 

yy. Whence rx — xx z:=-yj^ and / =: 

-, and becanfe the Triangles DPQ., 

pPO arc funilari therefore PQ,(/) ; DP 

(r) : : P O (i) P p = ^ . Now it is the 

Nature of the Vulgar Cycloid that the Arch 
AP-1-- the right Sine of that Arch PQ.are 
equal to Q.M. Therefore it is manifeft that 
the Fluxion of the Ordinate of the Cycloid 
dMt vtK^ MS is eqtul ta the Aggregate of the Fltixions of the Arch AP, and the 
r X — » 




right Sijic PQ; that is, wS = Pf -l-^n = • 



A = -; , and 

' r ^ZTx — XX' 



zr X — XX 



CVOfiqiKntly, the Kcdangle F(i is equal K)FMxM(i = »x - := 

Virx — xx ' 

I' xx—xxx _ -^ y'j,,_^j|. = to the Floiion of the Area AMF. But the 

Vlr* — XX 

Fluxion of the Portbn of the Circle ATQ.= 'x'^irx—xx; therefore the Area 
AMFandtheOKTefpondiagPortioBofdwCirck APCiarealmjs equal. 

CONSECTARY I. 

109. The Parallelogram A C is equal to the Semi-periphery APBxAB=four 
times the Semi circle A P B A, and the Complement of the Cydoidal Space AMCB 
to the Parallelogram, iiiji. AMCX is equal to the Semi-circle APBA; therefore 
the Area of the Scmi-cycloidal Space AMCB is = to three times the Area of the 
Semi-circle APBA. 

CONSECTARY II. 

1°. The Cydoidal Space AMCB is to the arcinnfctib'd Paiallelogram A C as 
Sist0 4i 
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C O N S E C TA RY UI. • 

3». The Space Comprehended between the Chord AC and the Curve AMC is 
tqual to the Area of the Serai-circle A P B. For A M C B is equal to J Parallelogram 
AC, and the Triangle ACB b equal to J Parallelogram AC^ therefore the Space 
AMC A i< equal to % Parallelogram A G which is equal to the Area of the Semi-cir- 
cle A P B, and the Space A M C A k equal to the Space A M C X = i the infcrib'd 
Triangle ACB. 

CONSECTARY IV. 

4*. Though the Quadtatnre of the whole Cycloidal Space, or any indefinile Por- 
tion thereof depends on the Quadrature of the Circle, yet an infinite Nombci of 
Segments of the Vulgar Cycloid may be Squar'd without fuppoling the lame. 

Let E AG be a Vulgar Cycloid, the Bafe EG, and ABthe Axi?, and the gene- 
rating Circle APB. 1 fay, if the Point Q. be talten at pleafure in the Axis AB, 
and if C D be taken equal to A Q. and the Ordinates D M, Q.N, aud the Line M N 
connefting their Extremities be drawn, the Segment of the Cycloid M h N M = 
Reelangle Triangle P B D ■+; Reaangle Triangle R B Q, 

Draw OAK parallel to theBife, and NO, MK parallel to the Axis AB, and 
draw the Radi) CP, CR. 

Firft, If the Ordinates DM, Q.N be on the contrary Sides of the Axis AB. 
Then the Segment M < N M is etjual to 
the Trapezium MKON — Trilmeal 
Figures ARM and AON. Now the y 

Trape7.MKONis = iMK+5N6 I 

xKO = (becaufe NO is t= AQ.= t^A ,,^ . ,. 

CD, and KM = AD) iCAxKO / \\ 'I / / \ 

= iCAxAK-hiCAx AO. And / \\, \ J \ 

by the property of the Cycloide, iAC / ^- '..■ / 

« AKis = iCAK Arch aF+TD >: " " 

= SeaorACP + Triangle BCP = 

Seaor A B p. la like manner it may be Demonllrated that i C A x A O is = SeSor 
ABR. Therefore the Trapezium MKON is equal totwoSeSors PBA-4-RBA. 
Bat by (.rfrt, ic8.) the property of tlic Cycloid, theTrilineal Figure AKM is equal 
«o the Segment of the arcle A DP, and the Trilineal Figure A O N is etjual to the 
Segment A Q.R. Theiifoie if from the Trapezium MK O N the Trilineal Figures A K 
*l, AONbeSnbtrafted, and if fromtheScaorsPBA, RBA, the Segments A D P, 
AQ.R be Sabtra^ed there will remain the Segment of the Cycloid M« N M equal 
Triangles PBD 4- RBQ. > 

Secxmdly, But if the Ordinates Q,N, D M be on the fime Side of the Axis AB, 
then the Segment of the Cycloide 
M«NM = Trapezium MKON-j- K 

Trilineal Figure AON — Trilineal i^ ^<:^^jC|n ' 

Figure AKM. Now the Trapezium ?I>^ X w,-Jo N 

MKON = iMK'"-flON X OK . / 'l \V i"^' 1 

= iCAxAK— iCAxAO=/ \^'' 

SeftorPBA — Sector RBA. There- / \ 

fore if we Subllitute 3he Circular Seg- g ' ji ' a 

ments A DP, AQ.R in the place of 
' tlie Trilineal Spaces A K M. A O N, we Ihal] have the Cydoidal Segment M/N M = 
Scftor PBA— Seaor R B A -|- Segment AQ.R— Segment ADP = Redangle 
Triangle P 6 D — Reftangle Triangk R B Q, 





j-.If 
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. If the Points D and Q, Coincide, then it is manifeft that BDor BQ,=: I BC, 
and the Chord MN is Perpendicular 

A '^ to the Axis AB, and t!:c Segment 

MeANM will be equal to an Equi- 
lateral Triangle iafcribd in the Ge- 
■■•p[v I-'/ j X nerating Circle, and Space M P B A M 

' will be equal to three times the Area 

of the Triangle C P B. Which was 
firft Difcover'd by the Excellent Mr. 
Hugtns. 

6' . But if the point D fall in the Center, then Q, will be in A, and the Segment 
M e N M will Degenerate into that which the Celebrated Mr. Lxihnitz, firft Squar'd 
without having recourfe to the Area of the Circle. And the faid Segment M e N M 
will be equal to Uie Reflangular Triangle P B D = i the Square of the Radius. 

7". And to Square an infinite Number of Scdors of the Cycloid. Afliime any 

point Q. ui the Axis AB, and draw the Ordinate MQ.N, and take CD = AQ,, 

. and diaw the Lines DM, DN ; 

If A '*'*" ^ '^y> '■^^ Seftor of the Cy- 

"- -^^^ :« cloidDMAND isequaltothe 

Ifofceles Triangle P B R. For the 
Sector of the Cycloid D M A D is 
equal to the Trapezium DMKA 
D — Trilineal Figure A K M. But 
the Trapezium DMKA is = 

iDaH-AQ.x AK=iACx 





AK = i AC X Arch AP^PQ. 

= totheSeflorPBA, andtheTrilineal Figure AKM is equal to the Segment APQ, 
therefore the SeSor of the Cycloid DMAD is equal to the Triangle PBQ,; and 
confequently, the Scdor of the Cycloid DMAND is equal to the Ifofceles Tri-. 
angle BPR. 

8*. And as we have thus Iquar'd an infinite Number of Cycloidal Segments and 
Se&ffs, lb an infinite Number of Cycloidal Zones (wit. Spaces Comprehended be- 
tween the Portion of the Curve M N, 
Y_ a A ^^ Portion of the Axis Q,D, and the 

Ordiflates Q^,DM) may bcfi^uar'd 

from the iame Principles. For if wc 
confider that the external Space A K M 
is equal to the Segment of the Circle 
^PD, and that AP = M P, we may 
find the Value of any Cycloidal Space 
in Redilineal Figures and Circular 
Segments, and therefore if it be re- 
quir'd that the laid Cycloidal Space fliould be IquaraWe, it is plain that thofe Terms 
which conGIb of Circular Segments muft dellroy one another, apd confequently be 
put = o, from which Suppofition the Qjiantities which were aflum'd at firft may 
eafily be determin'd. Ex. Gr. Let it be requir d to determine the Right-lines CQ, 
C D in the Axis A C, fo that the Cycloidal Zone D M N Q. be (quarabic. Suppotc 
AC=«, Ca=*, CD=*, <iR=^DP=y, ARorNR=«, APorMp 
:=e-, then the Sedor ACR = i«», and theSeftor ACP a= t »c, and conftquen ly 
the Segment A (iR or the Figure AON is=:ACR— CQJl=i«« — ^^atj 
And the Segment ADP or the Figure AKM is = ACP — CPD = i«c — ii?&. 
But the Cycloidal Segment A Q.N is = Q.0 — A ON = 0,0 — A (iR — A Q, x 
q^Trn— AaR = Aax aR + AR — AQ.R = » — jc h ^f^ — i « « 

And in like manner the other Segment ADM is =^09 — tjt-H-i^f — z.e. 
And confequently, the Zone DMNQ,= ADM — A<iN is = M~i 9»— a » 
+ »P*'t"i'" — ** — »«« + *»• 
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Where it appears that the four firll Members conlill of Rcdiliiieal Figures only, 
and that the other Terms Afieilted with u and c hinder the Zone from being Squara- 
ble. Whence it is evident thac if wc fuppofc tlie Terms Aficded with u and c mu- 
tually to deftroy one another, then the Cycloidal Zone D M N Q. will be —a^ — 
Itjx, — af-^i}>x. And the remaining Terms muft be — o, that is, sat — ze 
— ^ aH-\- xu =0, and if we fuppoft ilie Ratio of c to « be given (that is, as one 
Number is to another, that fo one Arch being given, the other may be conftruded 
Geometrically) we may dclVroy the Quantities c and », and find the Relation be- 
tween sandjc. «.^. If it be «:e ; : I : 2, then the Equation i«c— &c — iau 

-J- * w = Oj becomes * — i a; — i a -\~ x ■=-- o ^ and confequently, z ~ — ' 

zaA-ix .c ■ , ' , 

and if « : c : : i : 3) then si = '- , or if it be « ; c ; : i : 4^ then z =- 

HlhiJ!, f^e. In the iame Progreflion. 

And to find the Value of z. in other Terms -, if we fuppofe CQ, the Sine Comple- 
ment of. the Arch AR to be given, then CD the Sine Complement of Doable, 
Triple, Quadruple, &c. that Arch may be found by common Algebra. Therefore 

lxx~-4a .r . 4v' — iaax ., 

if c be = 2 w, then z = -, if c — 3 k, then x, = ^— — ; or u 

« = 4«, then % = , - — t &f' and comparing thefe Values of c 

with thofe formerly found., we may ^"^ ^he Value of * in any fuppoCtion. v. g. if 
ebe = i«, then*= = j and confequently, 8** — »<*=: 



5««. Whence* is = l^-]- '^ ^aa-\- 4«a =i«-f Vy*#« = |«4-| *V4i' 

Hence it is manifefl: that if C Q,be taken = J ^ -h ^ 4 ^41. And if the Ordinate 
Q_N be applied to the Axis in the point Qj and if the Arch RP be taken = AR, 
and the Ordinate MPDbedrawn, then the Cycloidal Zone DMNQ.willbe —a^ 
— iqz — af-{-ipx=, the Reailincal Triangles CAP -J- DAP — CAR — 
AQ.R. 

And thm an infinite Nttmytr «f Cyeloidd Zttnt$ maj he Determin% vbieb admit tf s 
^aJraturtj wbtn the Fropcrtien bttwem the Archtt A R, R F w Exfrefs*d in givm 
Uumbtri, 
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PROP. XII. 
Ttf lavefiigste the j4re/s of CiffoUd Spaces. 

tio. Let ANE be a Ciffind, BF its Afymptote, and A MB the Generating 
drcle. 

The Property of the Ofibid is fuch, that BP;PM ;: APiPN^ and confc- 
quenily (beeaufe the Triaagle ABM is in the Semi-circle) PM:AP :: AP:PN. 
Draw another Ordinate mp infinitely 
near P M, and fuppofe A P = «, A B 
= 2r, PB = 2r — a:, ^f — 'x, PM 
= y. ThenPM(7):AP(Ar) :: AP 

(t):PN= — . Now the Quadri- 
lateral Figure PN«^ or theFloxionof 
the Gfibidai Space^ is = P N x P; = 

XXX 

7 




(bccaufe** 



* Zrx — XX 



= 2r*'— 1 




Zr X — XX 



— i V 2 r X — XX. Whence 'tis evi- 
vident that the Flowing Qpantity of the 
kit Member is eqnal to the Semi-fcg- 
inent A O M P, and the Flowing Quan- 
tity of the firil Membet is Quadruple 
the segment AOMA^ whicfi wilUp- 
pear thus, 

From the point A in the Semi circle 
draw the Chord AM, and another A m 
infinitely near the fame, and on the 



Center A defcribe the little Arch m R. Then (by tie property of the Circle) AM 

:= v'2 r *j and the Fluxion thereof RM is ■^ —, • Now beeaufe the Triangles 

* ' ^irx ° 

MP A, MRm (for the Angles MP A, MRm are right Angles, and the Angles 
mMA, PMA ftand on equal Arches of the Circle) are Similar^ it is, PM 

C^irx^jtx)'.A?(x).:Ku(^^):Km = -^ —- ,and 

Wlrx^ VirxVlrx^xx 



theinfinIteIylittleTrianglemAR=±mRxiAM = 



^irx 



vzrx Virx -^xx 

= — ; — — = to the Fluxion of the Segment A O M A, and conftquendy, 

I v'xrx—xx 
when P Mis on B, and the Segment AO M A becomes =±AMPAorAMBA, then 
flfe Floftlng Qpantity of the Fluxion of the Area, that is the Area of the Cijibidat 
Space bcqual t04AMBA~AMBA = to three times the Area of the Gene- 
rating Semi-circle. 
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Another tpr/. 

in. Reafibming the Sjmbols (/frr.tf^.) it is evident that the Sub-tangent D F 
= f is z^Xu-Y 'if. Or 3 tf 4"/ = i ' and 3 « = 11 — y, and multiplying all the 
Terms by*, we have 30* = 2 (*■—;'*■, andbecaufeit isFtJ (/):DN (i*— a-) 

: ; IN (i): !» (■«■) therefore t'x = y x la — Jt; if we put PC =DF =f, and 
dcfcribe the Curve A G C S, then the Trapezium C?fQ vriU be = D N » K, and all the 

Redangles / i will be = to the Space Comprehended between the Curve A G C S, 
and the right Lines AB and KB produc'd = to the Qflbidal Space, or all the > x 
2« — *• Now if all « JT or the Semi-circle be put = c, and all the ^ * or the Ciffoi- 
dal Space be pat =/, then becaufe it was %u.x~zt'x — j x, it will alfo be 3 e ^ 
xf^f^ft and confequently, the Gflbid is triple the Semi-circle. 



Aoother 



way. 



I ra. Retaining the Symbols (^rt. 110.) Suppofe P N = », then —= a, and 

** 

— :=x.x,. Andfubftitutingirx — *;r for;y, and dividing by x^ *' =2riiJi— 

xi^s, and confequently, ixxx =^rz,K.^-x.x.x—-zxx,'x.'f and dividing by «, 
aodfiibftitiitiag/for — , we hare 3/* = 4r2.— 2jf« — *i= (putting i = 

%r-^x') zbx. — t.x. 
Now if we fuppofe the whole Qflbidal Space = /", and the Area of the Semi-circle 

== IT, becaufe all the b'x. are equal to the «.'x (both denoting the infinite Cidbidal 
Spue) thea will 3 « be = » /—*/ = A ^^^ ^ the Oflbid is triple the Semi-circle, 

And to lavefitgdtt the And <f mf Porthn of the Cijfotd. 

tf ill the ii; or all then x^, be referred not to the iniinite Qflbidal Space, but to 

any determinate part thereof, then let APN =allthe*ibe=/i and ANDB = 

all the 4 ai i:: (fuppofing the Reftangle P N D B = y ) / -4- ? ■, and let allthe 7 i = 

AOMPbe=i, theiibecaufeallthe57i=aBthe2ii — «i, it is alfo, jd^ 
2^4"^f ~^» o'"3''~/"=2p, and 3</— »;» — /"j that is, if from thrice the 
At«a (AOMP) of the Portion of the Circle twice tite Parallelogram PNDB be 
Sabtrafted, the remainder will be equal to the Portion of the Qflbidal Space APN. 
And becaufe, when P comes tc B, the Reflangle PNDB becomes = o, then 
jrf*-a^ is = 3<J— o =/; that is the Ciflbid is to the Serai-circle as 3 is to i. 

113, If the Radius AHbe=r, AP=a-, PM=7, AN a Portion of a Ciflbidi 
whofe Ordinate PN = — = z, and AGO a portion of a Ciirve, whofc Ordinate 

P C is := — = A, the proportion of the Curvilineal Space APC to the refponding 
Segment of the Qrcle AOIMP is requir'd; that is, the ptoportion of all the 
Axcoallthejrjt isTcqoir'd. The Equation exprelllng the Nature of the Qrcle is 
ar*-*-**=//, and confequently r *—=■** == //, and nu^tiplying by jc, and 

dividing by 7, we have — = ^Ji that is, bx — z.x =;if/, and (pur- 

tingallthei* =APC = <^ allthe^* = APN =/, andallthe*/ = (fuppo- 

ling 
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ling P to fail between A and H) = A i? / the Complement of the Set^ment of the 
Circle =: A) f = d — ^ = 3 c — 2 p (putting e = to the Segment A P i3, and putting 
the Rct^angle xy = f) whence ^ =: 3 c + i — 2 p, and bccaufe i -j - c is — p) There- 
fore d-rzic^p. , ^ ,,. .;., 
And if A- be =: 1 »-, then ;> is = o^ and confequently J is = 1 e ; that is, the Area 

of the Cnrviliniael Fi-ure J, ( whofe Ordinates is = — j is double the Area of the 

whole Semi-circle or = i c 

114. The fame thing being fuppos'd, the proportion between the Curvilineal Space 
A P C whofe Ordinate P C is = ^% and the Circle is requifd. 

The Fluxionary equation of the Circle is r a- — * a- = 77, which multiplied by r, 
and divided by ;-, wc (hall have -—— ^ = r;, fi'PPofe afl the Reaangles 

rif = the Area A F C == 7, and all the Rcaanglcs — ■= 2 f — p, and all the Reft- 

angles rj = », then will ? — «bc = ic — f, and confequently ^ = 2 c H- » — ^. 

And extending the Equation to the whole Curvilineal Spaces, then a; = 2 r, and f 
andowillbe =0, whence5 = 2f. 

CONSECTARY t 

115. If B L « be a Semi-cycloid Generated by the Semi-circle A jB B> and if the 
Line B L ff touch the Curve in L, and if 
H be the Center of the Circle. Sup- 
pofe P9=t, h9 = i, PL = », Vfi 
= 7, PA = *, the Arch B^ = )t, 

then (,4rt. 70.) *=:Pflis=:— ^ and 

becaufe the Triangles fl P L, L x r arc 

Similar, therefiare P8 Z^^) -PLCi.) 

: : L x (^) t X # = — = f, and be* 

canfcffx (i):xL (j:) :: // (**) Ly 

(*) therefore i* is always = * «, and 
placing X r from P to N, and defcribii^ 
the Curve ANE, all the Reftangles 

xm (or the Redangles Lxfi/) that is, 
tbewtiole Cycloidal Space is equal to all 

the Reftangles t x or — ■ (or the Reft- 

angles P n) that is to the whole Space 
FB AN E, and becaufe PN is always = 

X r = — , it is manifeft that the Conre 

r 

ANE is the Cillbid, and confeqaently, 
the aflbidal Space F B A N E is equal to the Semi-cycloidal Space B L • A = 3 times 
the Semi-tircle AMR 

2Mf 
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CONSECTARY II. 

1". If a (imple Semi-cycloid and a Ctfibid be delcrib'd to the Cune Circle^ tfadf 
Area's will be equal. 

C O N S E C TA RY III. 

3°. If from any point L in the Semi-cyldoid there be drawn Lx, LN patallel td 
AB, A#rdpedively, they will ciit off the equal Spaces Lx#, APN. 

CONSECTARY IV. 

4°. To find the Area's of Contraaed or ProtrafteACycloidal SpateC Reaflimuag 
the Symbols (Art. 70.} Let the Ratio of the Arch A P to the Ordinate P M be t» 
h is to *, and foppofe A P = z^ Q,P = /, then 



P M = -7- «■> and Q.M =^ + -7- s. Then 



the Fluxion of the Ordinate Q,M, viz. Wft = 
the Fluxion of Q.P 4- the Fluxion of P M is 



MfL, and the Redangle Fp or the Fluxion of 
tlie Area of the Complement of the Cycloidal 

Space to a Parallelogram is = '^** "*" 



But the Flowing Qjantity of ^ .^3 (^Art. 






-A 



ito.) 1 the Area of the Semi-circle APB = 2ei and conieqoently theFlowiog 



Quanticy of 



•+* 



_ »« + aA 



f He. In like manner the Flawing Qpait* 



tity of — — is = J the Area of the Semi-drcle AFB = 3 ^ ■, therefoit the Howiog 



Quantity of 
teaAMCX. 



~^TXX'~-XXX , 



1 = i K<— 3*= — r — Ke = 



tlK&^ 



CONSECTARY V. 



J*. TheSemi-circlejAFB istotheCofflplementof theSemi-cydcnd AMGX as 
iistoio-^^. 

C O N S E C T A ft. Y Vt 

e". And becauTe the Parallelogram ABCXi5=^xA Therefore the Cydi^dal 

Space AMC6 is i=^-^~:iiK* = ^^^Xfc And th« SftDi<ircIe b to 
the Semi<7cloidai Space A M C B as ^ is to 2 tf -f- ^* 

2 iDlgU 
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I might jhew in the next P/*ce, hoiv to Invefiigate the Area's of Cyclotdal 
Spaces, when their 9*fes are Jrches tf Circles, and tvhen the Point which 
defcrihes the Curve it taken at any Difiance from the Center of the movea- 
hU Cirslf, But I Jbilt refer fuch Speculations to 4 more eoavenient place 
in the Sector concerning the Re£tifcation af Curves. 

PROP. XIII. 

To Inmefiiga*^ the Areis of oH forts of Spiral Spaces, 

1 16. Let it be rcquir'd to fiqd the Area of the Spiral Space, Comprehended be- 
tween the Semi-diameter of th« Orcle A 6, and the Spiral line A M B. 

Dmw AH U pJeaflrc, laterftftiBg the Spiral Une in M, and draw A» infinitely 
W^r A Hi Hf)^ W the Center A defcribe the little Arch M R. Then fuppofe the 

Circumference of the Circle BD N B = «, the Portion thereof BDN = j:, N»=jv, 
A N = r, and the Portion thereof A M = /. Then becaufe the Se^rs A N », 

AMR are Similar, it is, AN (r ) : N- (*) : : AM (7) : MR-^ . Which 

multiplied by i /, the Produft ^^ = Triangle or Sector AMR is = to the Fluxion 
of the Spiral Space. Now fuppofe m the Exponent of the Power of the Circumft- 




rtnce (e), andwthatof thcRadioi (t), W(4foppD|eaifQ that*":*" r: r":^"; 
then; = — ^, mij/yis = ^ ; which being Sqbftituted for /» in (thcFIqri- 

onof tbe Awa) ^^, itwiflbc '-^^ x ^, and confiqwotly theFltwiag Qiim- 



tity, orthe Arc» ARMA is : 



m-^intize" l«»-^-4»x4 



-. Therefore the 
whole 
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■whole Spiral Space AKMBA is = ^- — xrc, becaufc thpn * becomes = ey 

and y = r. 

CONSECTARY I. 

1 1 7. The Spiral Space is to the Circumfcrib'd Grcic as w is to w + 2 « j that is, 
the firft Spiral Space is to its Correfponding Grcle as the Exponent of the Radius is 
to the Exponent of the Radius -]- twice the Exponent of the Circumference. 

CONSECTARY 11. 
I*. If w=: I, and n— i; then it is, «: * : : r : j-, and the Curve AKMB is 
JrcbmeJu^s Spiral^ and the Area thereof, viz. AKMB A = 
Jer = jtheAreaof thearcle-BFNB. 

CONS E CTA RY III. 

j". Hence to find a Spiral Space, which fhafl be to a given Orcle in a ^ven Fro- 
portion, «. g. as p is to j , we have q:f:: m-^-zn-.m; and confequently, f — f. 

f : : 2 » : »s and :f : : b : w; whence it is evident that if ^ be the Eipo- 

acnt of the Radios, then - — -^ muft be the Exponent of the Circumference. 

CONSECTARY IV. 

4". Imagine the Spiral Line AKMB to be continu'd from BbyG,C, untoD, 
then is BD = AB ^ and to find the Area of the Space Comprehended between the 
fecond Spiral line BGCD and BD, draw the Lines AG, A^ infinitely near 
each other, and Interfe£ting the Qrcle BZNB in 2,2, and on the Center A with 
the Radius A G, defcribe the infinitely little Arch G H, then if A Z be = r, the 

CircnmfereaceBZNB =f, ZG=jp, BZ=:*i then is HG =— -X^, and 
confeqoeotly,theFluxioiioftheArea = HGx iAGis =— — x ^^"* ^ — -znz. 

rrx^iri^j^yjrx _ ^^^^^ ,.. ,,^^. . . ,« . ,«_j,^»^ and confequently 

. ■ t i.' . i 1 • i? . 
y = — 7-| = T7 ' ) and finding the Flowing Qjianti- 

t'/ a«* 



tics, the Area of the Spiral Space BAGBis=:- 



c' x'\~ m^i-are' x* 



li + i 
* And the w hole Space Comprehended between the iecond Spiral Une BGCD 

and BD is = (becaufe then * becomes = c) ■ 

t!!L?-"t — 'VLpl — H X — ; which is a Gtntral Thvrm for finding the Areas of an 

infinite variety of Second Spiral Spaces. 

S". And 
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CONSECTARY V. 

5". And in particular, if « = i, and « = i (as in Arcbimidiii Spiral') then tlie 

Area of the Spiral Space BG CDB is ~ f x — =: i the Area of the Circle B Z N B 

(becanfe the Areas of Circles are in a Duplicate Ratio of their Diameters) ^J the 
Area of the Grcle D P LD. 

CONSECTARY VI. 

6". The Spiral Space AKMBA is = (§. 2°.) ? the arcleBZNB, and this 
Circle is = s the Circle D PLD, and confequently the firft Spiral Space AKMBA 
is = iJthearcleDPLD. 

CONSECTARY VII. 

7'. The Area of the fecond Spiral Space B G C D B = (§. s°.) ^i the Circle 
D P L D and the lirft Spiral Space A K M B A is = (§. «•.) ,4 D P L D. Therefore 
if fitim the fecond Spiral Space, die firft be SubtraSed, the remainder AKBGCDB 
= ,i of the Circle D P L D, and the fecond Spiral Space Icfs than the firft, is to the 
firft Spiral Space as 6 is to i. 

C O N S E C TA RY VIII. 

8'. And to find the Area of the third Spiral Space, vjs^ the Area of DSOXD 
pixxloce AG, A^ to S, S, and on the Center A defcribe the Infinitely little Arch 

SY, aadfuppofeF5=/, then, r:'* :: zr-)-ji ^"^ = SY. And the 

Fluxion of the Area, or the infinitely little SeSor A S Y is = 4''i'»-r 4 V* TTJ';*' 
= (becanfe , = iSJ^] 't"'^} + 4"~-J-'' + "^ '" . And the Flomng 

amntity or the Space D A S D = *" '-T--^'" •' ^^ -t-.->a.rAr ^ 

at" 

And confequently , the whole Spiial Space D S O X D will be equal to 

* ^^''^m^n^^'^m*^^' 9 mm -\- X I m n-^-in n rt _« , . . 

. ^i^! =— 2i — = -r-* K — . That is, in our 

1 mm-^i mn-\- i nn 2 

HypotheSs, the Spiral Space DSOXDB='fx — = (becanfe Circles areas 

the Squares of their Diameten) i? theAreaof theConefpondingCJKleXTVX. 



PROP. 
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PROP. XIV. 

to lavefiigMte the Are^s of Spiral Sfgees ly helf of Td»ge»ts. 

118. LetAKMBbca Spiral Line defcrib'd to the Circle B X N, and draw A M K, 
and Amnj iofinitely near the fame ^ on the Center A defcribe the little Arch M R, 
and continue the &me to I^ and derciibe alio the Arch mly draw AT Perpendicular 
to A N> and M T touching the Spiral Line in M and Intn^ifting A T in T. Then 





n 




R- 
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-^■^^l^^- 
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1 /P '^: 
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//C^ 
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ftppofe AB = r = AN, AM =/, the Circumference of the Circle BX KB = ^ 
the Portion thereof BXN = a:, N« = i, wR=}, and MR =-- =i; Thea 

becaufe the Triangles wRM, MAT are fimilar, therefore wR (7) : RM (t) : : 

AM (;) : AT (r) and confequently ty =jk. Now it is evident that all the 

j>« are equal to twice the Area of the Spiral Space AKMBA; therefore all the 

;)arc = 2AKMBA. 

Now to find the Sum of all the '/> to the point L apply the line L S = « = A T, 

then becaufe Li is = m R =y, the Trapezium L( is = ty, and if this be done al- 
ways, and the Curve A S i P defcrib'd j then the Trilineal Space A B P S will be = 2 
AKMB. 
Let the general Analogy exprefling the Nature of Spiral Lines be, r": e" :: y": 

x". Then AT (*) is = (Jrt.'ji.) ~^— , and ntr ■= my x. And advancing 

every part of the Equation to the Power w, »" (" f" — w»jp"x", and fobftitutiag 

^— ^ for *», there will arifen" (■r" = ^^~^^^ —^ and^^ x »" = »*+«. 

Whence it is evident, that A L being = y, and L S = f, the Curve A S P is a (brt 
of aParabola, and AL will be the Intercepted Diameter, and LS the Ordinate^ and 

to Inveftigate the Area of the Paraboliforra Figure ASPBjBPis=iAO = "-^ 
= (becaufe* becomes = c, and/ -^t)— xe-t and the Grcuinfcrib'd Paralletogram 
APis = — X re, and (^f*,88) m-\- %n:n'.\ Parallelogram AP \^^')'- 
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Tlic Area of tl,c Figure A S F B = — "* — xre. But the Area of the Parabolifotni 
Figure APB is = 2 the Area of the Spiral Space AKMBA, therefore the laid 
Spiral Space is — — _. — xtc. 

CONSECTARYI. 

1 1 9 If the Curve A K M B be the common Spiral Line, then w = i , and » = 1 ^ 
and the Area Comprehended under the lame and the Radius A B is — ^ r c = J- the 
Areaof thearcleBXNB. 

CONSECTARY II. 

2'. But if the Nature of the Smral Line be fiich, that it cut the Radijof thtf 
Qrcle always in the fame Angle, then the Triangles w R M will be always licailar to 
one another ^ the Angle R Iwing a Right-angle, and m (by fiippofluon) being con- 
ftantly the fame. 

Whence it appears that the Ratio of nrR to RM is perpetually the lame, v.£. 

as"*} is to fy then fj = qx, and fyy = 5 7 ;&, and (finding the Flowing Quanti- 
ties) all the > !& are = ^^ , and the infinite Spiral Space M K A is = ^ ^ 

= tll— (becaufc f.q :: «A = r:AB := r, fuppoling tB to touch the Spiral 
4? 

Line in B, andAfl Perpendicular to A B) -^z= (becaule> = r) ~. Whence the 

4*" 4 

wholeSpiralSpace ABMKAis=:i thcTriangle ABB. 

CONSECTARY III. 

3°. If we imagine an infinite Number of Ordioates A9, AM, Am, A«,&c. to 
be drawn, which jiComprehend equal and Infinitely little Angles at the Center A, 
its eridcot that the Tnaogks fAM, MAm, wA* are funllar (becaafe the Aagks 
at A are fuppos'd equal, and by the property of the Curve, the Angles at 1, M, m, 0, 
flcc^ are equal) and confequently, A^:AM :: AM; Aw :: Af»: Ao,&c. whence 
it Is maoifelt that the Ordinatct are in a G€9mtmt*l Jr^r^m^ when the Angles 
at the Center arc infinitely little and in an Aritbmtikal Vrtgn^^ and the Cuyc 
A KM is (for that Reaftw) calTd the Logmtbmtkal ^tl. 

CO N S E C TA RY IV. 

4*. The Ltfmthmitiedl Sfttst Urn BMK A, makes an infinite Mumber of Rero- 
lutioos be^xc It can Termioau in the Center A. 



PROP. 
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PROP. XV. 

To Ittvefii^dte fire Jrea of the Spdee Comprehendei ketmeen the Conchoid 
*n(t its Jfjmftote. 

lao. Let the Semi-coDchoid AM6 bcdcfoib'd on Ute Pole C to the Alymptote 
DE, and let the Nature of the Curve be fuch, that drawing the Line CM from the 
Pole C to any point of the Cnrre M, interieding the Aff mptote in N, the Ret^ngle 
C N x N M be always = C D x DA. 'Tis requir'd to detennine the Value of the 
Conchoidal Space B M A D E. 

Si^^ofe CD =<», DA = *, CN =*, NM =n and draw another Line Cm 
infinitely near C M, and on the Center C defcribe the little Arches N Q., M R^ then 

is Q.i» = jr, and by the property of 
the Curre xy^=»k^ and coniequent- 

ly. MN=^ = — , and CM 



»h-\-xx 



Now becanfethe Tri- 



angles C D N^ N Q.» are Cmilar^ ic 
isND(V*;c— **):CD(«) :: 



— - , and 



ifxx—'Mm 
(bccaofetbeSeaors CNQ, CMR 



a«firailar)CN(*)CM f 



«H-xx\ 

\V)CX — Mt/ 




mxxx-\-s»hx 

■ ■■.. Which bemg multiplied by ■ 

x« vjrjr— *4« 

*x*x-\'iM*bx'* x-\-»i h* x ax) 



«^ + 



\-_ab /CMN 



2JC* Vxx — 



+ 



the Produa 
i'x 



\- 



.'*• 



iVxx^a* xyxx — 

= t» the inSokely little SeSor C M R or the fliixioa of the Space 



CAM. Now it is cridenc that the bit Member, i>». 



: CNa = 



I Vxx—, 
Co the FlnzioD of the Triangle C D N. 
It remains only to find the Flowing Q]iaatities of the other two Membeh, fw, 

— -ri^mr H ■ ^ to the infinitely little TiapeTiiimM&Q.N, 

xVxx — 04 2x^Vxx — aa 

the Fluxion of the Conchoidal Space AMND, and confeqnently the 6id Space 

it ftlf. 



With 
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With the Radius C B — *, defcribe the Quadrant CAB, and take C P = -"* ; 
Draw the Ordinate P M, and another f m infinitely near the Cime. Tlien M P is ^ 
-.A (becaufe it is = ^UoT—C?~<d N aa — *-- == -*- 

' XX X 

\ ^Tx'—^a: And P; = wR = (the Fluxion of CP = 
— ) — —^ y and (becaufe the Triangles M P C, »s R M 

«* X 

arefimilar) MR or Q,f is = , and Mm 

X X yx X — an 

is = , and the Flowing Qjiantity is equal to the Arch B M : For 

x^xx — a* 

the Negative Sign ( — ) (hews that as * Decreafes — Increafes ; and confequently, 

the Arch BM and not AMmuft be the Flowmg Quantity, becaufe we are to find 

the Sum of all the zznzii: '■> fuppoCng the beginning at C N, and that wc 

X Vj- X — aa 
reckon to CO. Whence it is evident, that if the Arch B M be multiplied by the 

Invariable Qjiantity i, the Produd is the Flowing Quantity of -■ ■ ■ ■ . 

*■ t/x X — «« 



laftly. To find the Flowing Quantity of the third Member, "vix,. 



2** ^xx — aa 

The infinitely little Space MQjjBi = MQ.xQf = « and the Flowing 

*' Vxx'—aM 
Quantity of this Fluxbn is equal to the Portion of the Circle C Q.M B Now if this 
Segment be multiplied by h A, and the Produfl divided laa^ the Quotient will be equal 

to the Flowing Qpantity of the Fluxion , which anfwers to all the 

1 x^ Vxx « « 

feveral Values of * from C N to C D. 

And from bence I conclude, ^at the Conchoidal Space ADNM is equal to the 
Arch of the Circle B M x by the Invariable Quantity D A ( *) + the Portion of 

arcleCQ.MB x — . Q, E. I. 

And if M N be always equal A D, then the Curve A M B will be NkhomtJe^s 
CmhoiJ-f and to Meafure the lame, fuppofe AD = DC = *, CN =*, CM = 

« + «, Q.» = ii then (becaufe the Trian^ C D N^ NQ^ arefimilar) it is, ND 



(V** — <*^ : CD (*) :: »Q.(i) : Q.N = , and (becaufe the 

vx x — 0e 

Sedon CNQ, CMRarefimilar) CN (*) : CM (m-^-x) :: aN ( _*!_. ) 

\^XX 00/ 

J, which multiplied by £ C M = ^-^^ , the Produft 

X^X X — 00 
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,+ 



+ ■ 



ix^x x-~ am V*-* — *tf iVa:*— « 

SedorMCR. 

*X X 



is =* to the infijiitety little 



Kow ic is evident, tbat the laft Member - 



1 ^/xx 



is = CQ.N = to the 



Floziooof the Triangle CDN> It remains to find the Honing Qpantitiesof the 
other two Members, viz^ 



tlie Flowing Qyantity of - 



miy be found thus^ with the Radius 



ix'^xx — a 

C B = «, defcribe the Qpadrant of a Circle C B A, and take C P =: — ; Draw the 
Ordinate M F, and another m f infinitely near the &me, and 

draw the RadijCM, Cwj then is MP = -^ V** — «*. ^. f^ 



And ff or *R = * And becauTe the Triangles 

CPM, MRjwarefimilar, it is, PM f— V** — « j ^ : 
MC (*) ;: mK (- ^) : M« = _ "-' 

whidi being multiplied by i «, the Produft — 




xVxx — a a 
a^'x 



___^__ is = to the infinitely 
ixi/x x — da 

little Sedor C M f», and confequently the Flowing Quantity is equal to the Sedor 
CMB. 



And to find the Flowing Qjiantity of the other Tctm ■ 



z. LetAMBbe 



V* * — ad 

an Equilateral Hyperbola, C the Center, and C A the Semi-axis = *, C P = *, and 
P M =jr i draw the Ordinates PM, p m infinitely near each other, and from the 
Center C draw the Right-lines C M, c i«. I l^y, the infinitely little Triangle M C m 

and the Flowing Quantity is equal to the Space 



is = to the Fluxion ' 

ACM J and conleqoently, double that Space is equal 

to the Flowing Quantity of — . 

1 Vjf * — 4 « 
The Hyperbola is Equilateral, tberefiDre^/ =.r;p— j j^ 

XX 



and ^confequently j = - 



-. And Mm* 



, . . 1XXX* -^ ddX'* „__,, r~— 

+ y' K = —-Zr^d — • BatCM = Vi**— «*, 

and the Fluxion thereof r m is ^ - 



:V there- 



fore Mm'— »f»=: Mr' is = 



XX XX* — ddx* 
XX — »d 
Bb 




4X* X* 



= (by redu- 
cing 
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cing both to one common Dcnommator) - - — — ; And confe- 

XX — a» X Z X X — a a 

quently, M r is = — - — - , which being multiplied by i C M 

^xx — a a X -^ix X — a a 



= i V^ * * — • "» the Prodoft , — is = to the infinitely little Triangle 

2 v'jf A- — a* 
M C « , and the Flowing Quantity is equal to the Hypcrbolick Space ACM. 
Therefore, Sec. 

Heme ii*s msnifeft^ that the Conchoidal Space (tW in^nitelj extendi) may 
be Meafur'd. And the like may be [aid of the CiJfoiiUl SfMC. 

PROP. XVI. 

If the Relation between the Curve Line D C E, and the Right Line A E inf- 
nitely produced, be fkch^ that the Perpendicular C 'B bein^ let foB from 
any Point of the Carve as C, be reciprocalhi «j the Squarr^ C««, 8fC. ^ A B 
intercepted between B and any determinate Point A in the Right Line A E -■ It 
is required to find the Area of the infinite Space B C E E CompreheodeA be- 
tween the Right Lines BC, BE and the Curve CE. 

121. Suppofe AB = jf, Bi = jf, EC -^y, then the Fluxion of the Area Be 15 = 
y x. But by the property of the Curve / is as — (n being the Index of the Power 
of the Intercepted Diameter AB) therefore ji is 
= — X into an Invariable Quantity, which fop- ' 
pofe =«■■*- ', that lb the Terms may be Homo- 
geneous, then/ = — ~ = a*-*-^ x~'^ therefore 

the Fluxion of the Area ^^ jxh =«"■*' jc-»jr, 
and confequently, the Area it felf ot the Flowing 



Quantity is = * 



— » + i — »-t- I x'~* 

= the Area lying on the other fide of B C or the infinite Space B C E £, and becanle 



-. — is an invariable Quantity, the Area B C E £ is as ■ . Thus if B C be 

— n-\- I . ' A-"-' 

reciprocally as the Cube of AB, then »is= }, and »— i is =2, and the Inter- 
minable Space BCEEis reciprocally as the SqoareofAB. 

CONSECTARYI. 

122. Becanfe the infinite Space BC££ u as . p.., , andF/EEas=-7^~— , 

A D" ' r ^"— ' 

therefore the Space BCF/ is as x-^—; — c r. ■ * 



CON- 
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C O N S E C T A R r II. 

if fl D be drawn Perpendicular to A E, and from every poiat of the Line BD, as 
asF, D, ^<. be drawn Right Lines FA. DA, c^c. 
to a given point A in tije Line A B, and if in tlie 
Line AE wetalie A* =AD, A* = AF, and B 

ereift tlie Perpendiculars B C, kl, bc^ &c. reci- 
procally as AB", A*"» A*",&c. and if the 
Ctmre Line C/cE be drawn, the Spaces B C E E, 

J t E E will be as "r^^z^^ i vy.^lT refpeSively , 

and the Space BCt* wiU be as ^ _^ — 

—7 i For though the Curve Terminate in e. 

Ar»~* 

yet it may be fapposd to be oontku'd, and then the prefent CmUM) is the iione 

withSf. 

PROP. XVII. 

tj the Right lint BCk dtviJtJ (tt fktjim) in D, ltd </ tht Segmia DC 
he MvideJ into M injimte Numher of equal Parts, Dg, g h, hii le; I fa;, 
aS the ReSangks BD x D^, Bg >t gh,Bh x hi,ii n i C,&l. are ejual 

to iBCj — ;dbj. 

123. On the point Bereft B A Perpendiadar to BC, and cooipleat the Square AC, 
draw the Diagonal AC, and D F Parallel to A B, 
and E F parallel to B C, then the Figures about 
the Diameter A C, viz. A F and F C are the 
Squares of B D and DC, therefiwe the ReAangles 
BDxDf = E»>iEFi hg K gh = t<iKai, 
Bix&i = ^pKAr, &c. And confequently, all 
the Redangles (the Portions Dg, gb, &c. being 
inlinitely little) BD x D/, B^ x £*, &c. are 
equal to the Quadrilateral Figure B E F C = Tri- 
angle ABC — Triangle AEF = jBCj — 
JBD,. 




COROLLARY. 

The Sum of all the foreftid Redangles BDx D/, Bf Xf *,&c. is ::=BDx 
DC + JDCj. 

Thtji tm) iafi fneeeMitg Pr{fofitioJtt are nmeh m'Jly the I/icomfaraUe Mr. Newton, 
frop 79. lib. I. Cor. 1, 1. Prop. 90. lib. 1. Prop, ji, ;>. lib. 3. Princi^ 
MathCBUt. 



PROP. 
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PROP. XVIII. 



Let A M H he My given CurvCf AD the Axis, sad H D «« Ordiaate t^flied 
to thejamey and let the Curve ipz-^ hefikhf that if from diiy point in the Curve 
A M H, as M he irmn the Ordinttte M P M the Axis A D, and M Q, Per- 
fendicttlar to the Curve in the Point M, and Interfeifiag the Axis in Q.j and 
(^ P Z (froducif^ M Y) the Ordinate of the Second Curve be continuaSy ecfual 
to the Suh-normtl ?Qjf ^^^ ^""^ Curve j / faj^ the Curvilined S/*v A D 



134, Let the Angle HDa be ^\ 




a Right-angle, and divide the Axis AD into 
an infinite Number of cquar Parts , 
fnch as P >, and draw mfz. infinitely 
ncarMPZ. Draw the Liaes MRLY, 
mlgy H« parallel to the Axis AD, 
intoTeding Do in Y, / , o, and dw 
Right Line D H in L, Jl Then the 
Triangles mRM, MQ,P, are limi- 
kr, therefore «■ R : RM ;: Q.P 
: MP, aod «R x MP is - RM x 
QP. Now wR is = ; L; MP = 
LD := LY, and.R M = Pp, and Q.P 
= P2, therefore l;xLY=P^x 
P 2 ; and confoquently, all the Rcft- 
angles P c, which compofe the Corri- 
lineal Space AD-)-* are equal to all 
the Redangles L Y which conipole the 
Triangle HDs, and that Curvilincal Figure is equal to tliis Triangle. Bnt the 
Trian^e HD«is = iH<»xHD = iHD?. Therefore the Space AD4f ts = 
iHDy. Q,E.D. 

COROLLARY. 

115. Hence to Square any Curvilincal Space, as AD4 ti is the firac thing as to 
find another Curve AMH whofe Sub-normal PQ,ihall always beeqnalioPZ the re- 
fpeftivc Ordinate of the Figure to be Squar'd. For the Area APZfis=tPM?, 
andthe Area AD4Zf is = iDHf 

LEMMA. 

The ReldtioH cf the Curve <px.-^tothe Axis A D, dnd confequently the Atuiftick 
Vslue cf the Ordinate D ^ or the Suh-normai (D K) of the new Curve being 
giveny to fnd the Relation cf the new Curve A M H to the Axit A D, Mnd 
the Antlytitk Vdue of the Ordinate D H. 

125. Let the Relation of the Conre fs^ 4 to the Axis AO beezprcfs'd by thk 
Equation (fuppofi^ AD = *, D4 =jt and DH = ») j* = x* -]^aaxx-y then 

the Value of the Ordinate D4» reduced to its limpleft Form, is, jr =* Vxir^-**, 

and therefore, by ConftruSion DK is = x ^xx-^ 0m. Now it is requir'd to find 
the Relation of die Curve A M H to the Axis A D ; that is, to find the Value of H D 

in the Terms of the intercepted Diameter^ the Snb-normal DK=^x i/xx-^ as 
being given. 

I. Multiply X '^xx-]-aay the Value of D 4 or D K by * (or any Power of x 
at plcafore) the Produft is xx a/J^T+T*, and becaufe the greaieft Power without 



Djgiljzed by 



Google 



to <SS4ithtmitHcd 'PHlefapfy. ^y 

the Radical Siga Ux', therefore write the fimc and all the mferiof Terms thar, 
«" + *' +'% and to each prefix an unknown OoelKcieDt, and then we have i«" 
4- «»»+<»' (» King an Invariable Qoantity) which prefix before the Radical 
Sign in place of r, and fnppore the Pradna *»• + •«■• -f^* « ^'x'A-md =az. 
This is cnU'd the Emmmiiai Efrntim^ bccanft it ctmtaiju the £qu9tiOB '^ * 
emincntl/. ^ 



n with the Eminniiai E^tutien ix^-\-*»x-\-ia* Vx^-j^a^^ - j^ Invcftigate 
the Analytick Value of the Sub-normal O K tlms : For brevities iaJte ^ailx'-\-emx 

+"'=/.»'"'''** + «''=?> and rixn f fi% = t,x,, and finding the Floiions of 
both Sides of the Equation^ we have ^j-f-j^=:j^i,. 0gtf^ ^' . — - 

tsA'f=:lhxx-^fx, thenfoiv rettoring the Values of f, j, j, j, the Equation 
t1'\' 9f = >s«wilUpp«ariBthisFortn, 

i*' '\- tax* -^ tt* X XX . * . 

vxx-\-dt 

And reducing all the Ternn to the lame Denomioatioa, 

i}x]_^2t0x*'^td^x^ zit'xA~ee* 

, , XX =,»». 

Vxx + at 

Which being ivdnc'd to an Analogy, we have. 



:: f.Dit 



^xx-\-at. 
Therefore the Sflbnormal DK is = 3 *»' -j- ,..^- ■j- .,.«+ zt...,_-)- »» 

And clearing the Equatioa of FraQioos aad Sank, 

»*''+"':;^;'/"'+"'} =.-■+..•«. 

3<*. Compare the refpet^ve Terms of thele Equatiow, and Sad thu VaUm of tjie 
tmknowQ Cocfflcicots ; thus, 3 t is = i ; and confequeocly, * = f. 2°. a « = o, 
and e is = o, dierdbre all the Terms Af^ed with e vaniAi, or are equal to nothing, 
and enter not into the Equation rtqoir'd. a*. < -i- 2 ^ — 2, and e=:i — ah = x 
— *=J. Laftly, e = o. 

Wiance tht Emauntitd E^MOt'um hx^-\- csx '^ ea* ^'xx-^'m'» = sia^ |?cCMBf^ 

*** + ««' Vxj: + *«, and CihftJiutiofi the Values of the UoJuuiwa Coeficieot!) 



•B». t£or*aadifor», ve have this tqwaaoa i. .. T , ■ * ., i/xx'^ss^giz v- 

prefliog the Relation between the Oidioate (DH) of the new Curve, aad the Axis 
A D, w btch was rcqoir'd. 



Cc G O N S E C T* 
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CONSECTARYI. 

127. And if we rightly confider the new Equation exprefflngthe Nature of the 
Curve AMH, it will appear, that the Vertex of the Quadratrix (or the Curve) 
AHD does not always co-incide with the Vertex of the Curvilineal Figure AD42f 
which is to be Squared \ But fometimes it falls above aiul fometimes below the fame, 
and often it is purely Imaginary. 

CASE I. 

If the Curvilineal Space V D 4 be to be Squar'd, and if V D be = a-, D 4 — v. and 

the Ordioate of the Qsiadratrix = &> and if the Relation of the Ordinate D 4 to the 

Axis V D be exprefs'd by this Equation y == 

x^xx'\'aa: Then 'tis evident that when 

. . the IntcrceiJted Diameter * is = o, the 

/ I \ Ordinate y is alfo =e o , and conlequently, 

the Vertex of the given Curve is in the 

y i \ beginning of the Axis V D or *. 

1°. The Equation exprelling the Relation 
of the Axis of the Quadratrix V D to its 




H 



]} 



Ordinate D His- 



= siE. Whence to find whither the Ver- 
tex of the Quadratrix H F be in V the Ver- 
tex of V 4 i we mull obferve, that if, 
when * is =0, as alio be =0, they coincide, otherwife not. Therefore fup- 
pofing :c = o, the Equation exprcfling the Nature of the Quadratrix in the Point V 

is ^— X -« = t s, that is « = ^ . Whence it appears that when * is = o, 

then the Ordinate of the Quadratrix V F is = ^ . 



3°. To find where the Quadratrix H F will Interfea the Axis, and whether above 
or below V we mull obferve, that when the Quadratrix Interfefts the Axis, then 
t is = o, whence the Equation cxprelTing the Nature of the Quadratrix becomes 

■ ' X VJC 

3 

impoflible Equation, Jhewing that the Quadratrix HF being continued infinitely to- 
wards R will never meet with the Axis. 



Vjc * -^ d d = o, and confequently, *■ is = V - 



, which is an 



CASE 11. 

Let the Equation expreffmg the Nature of the Curve si 4 to the Axis V D be 7 = 

x-\-a Va -|- d, then it is plain that when jr is = o, then r = # V« = VZi lb that 
the Curve to be Squared, Interieds not the Axis in the beginning of x (or in the Point 

v.) 2". The Equation of the Qjiadratrix H F # is i/irt. iztf.) 4* -]- ax-\-4» 
X Vx-^a = t s,, whence to find the Point f where it InterfeSs the Axis, z is then 



= 0, therefore 



5 



^X-\-0 



that is ^x* ~\- $aax-\' 



4 « • =0, and by equal Extradion 2 * + 2 « = o ; that is, x = — « = V », and 
becaafe ttK Value of the AblciOa is Negative, therefore the Point f falls above V, and 
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V # is = « i*. To find the Analytick Value of the Ordinate of the Qpadratrix 
VF, when the Intercepted Diameter VD vanilhes^ that is, when *is=i:o,'th^ 
Equation of the Qjiadratrix in that Point is f < * ^» =%%.•=■ V^f}. 

CASE III. 

Let the Equation exprefling the Nature of theCarve V«;4lw7— x ■>/x-\-'a-,i\itA 
ic is plain, that When x or the Ablcifla V D is = d, the Ordinate y is alfo = o ; and 
conrequentlv, the given Carve interfcds the Axis in V. a", the Equation cxprefliag 
the Natnre of the Qjiadratrix Hf is (^Art. lafi.) 
I ix^ -\- 



~i5 



- '/x-\^a =: zZy and if z 



be fuppos'd =c 



then 




V«-\-«= o, and by Reduftion x = ^ < = V ^ , 
and bccaufe the Value of *■ is pofitive, therefore 
the Quadrauix H t Intcrfeds the Axis in the Point 
• b^low V, the Vertex of the given Curve. 3*. 
Yo find the Analytick Value of the Ordinate of 
die Quadracrix, when * is = o, the Equation of the Qjiadratrix in that Point, vitii 

8** 

m V, is ^tf = a;* = V F f, where it may be obfervM, that as the Abfcilla 

X increafes, the Ordinate k. dccreafcs until the Qnadratrix meet thr Axis in f, and 
ever afterwards, the Abfcilla x and the Ordinaies of the Qiiadratrix both increafe at 
the Sum time. 

CASE IV. 



Let the the Equation exprcDing the Nature of the Curve V 4 be r = V** *, then 
if * be = o, y will alfo be r= o, and the given 
Curve Intcrfeds the Axis in V. S". The Equa- 
tion of the Qjiadratrix V H is (Jrt. j:6) f x 
V'« * = « I, and if ft be — o, then fxy/ax^o. 
Whence* =0 Therefore, the Qjiadratrix VH 
and the given Curve V 4 Inter fed the Axis V D in 
the lame Point V. 




CONSECtARY 11. 

If in the Analytick Value of the Ordinate H D, any of the Members be a deter- 
minate and invariable Qjiantity, then the Qjiadratrix cannot Interfeft or meet the 
Axis in the beginning of the Abfcifla jt, and if in the Analytick Value of the Ordi- 
nate D 4: 3uy of the Members be an invariable Quantity, then the given Curve V 4 
cannot meet the Axis in the beginning of the AbfcilTa x. But if the indeterminate 
Qpantity reprefenting the AbfciQa, affeft all the Terms expreiTing the Value of D 4 
or D H, then the refpeftive Curves meet both in the lame Point of the Axis, 
where x begins. 

C O N S E C TA RY III. 

In the firft Cafe the Qjiadratrix HFR never meets theAxisVD. Whence it is 
evident thdt the Area V D 4 is not == i D £^ ? ^ becaufe D H anfwers to the whole 
Qjiadratrix R F H D •. It remains then that i D H ^ exceeds the Area of the Figure 

VD4 
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VD4 by iFVji and cooftquentlr, {DHj — iFV, =:lliilv'«' -|^' 
— — is = to the Area of the Corrilineal Figure V D 4- 

C O N S E C TA RY IV. 

IntheftomdCaft, the Area of the figortVDZ + lstels than} DHj; fbrif th« 
Qnadntrix HF and the Cnnre 4 Z be both produc'd mtU they Inteifeft the Aiia 
iii«, thenthe AreafD4Zf is = iDHf, andthe Atta»VZ is =iFV}, there- 
fore the AieaofVD+Z is =JDHf — iFV, = '*'+*'* + ^'' x 






CONSECTARY V. 



In the third Cafe, theAiea of theFignre VD4»cMdsiDH}; becrafe the Qga' 
dratiix laterfeSs the Axb below theVertex V ; fo that J DHf is — the Area f D4c> 
and {FVf =Area V,?.; therefore the Area VD4»Vis = iDH}4-{FV} = 

CONSECTARY VI. 

In the fourth Cafe, the Qpadratrix InterfeSs the Axis in V, and conftqoeiitly, tfa« 
AreaVD4U=iDH5 = f *V<*. 

Jndthus t have U'iefy exftutt'd tht PrinehUscf Mother Method for ffutrh^ 
Curvilimtdl Fkttrei. Md lliujtrsted the jiame tj f*rticiiltr In&diues. IJb3i 
in the next put jbesp how it m*ji he gffliU t* Iiivifiifite the Jres's of 4» 
i/tfaite Numbw of CurvilimtU FigwreSf their Nanre heing exfrefid hj ttg 
one gemrd Ef0Mtio>i. 

EXAMPLE 1. 

laS. Lee it be reqoii'd to InTcItigate the Area's of aU Ibrts of Parabolifbnn 
Figures, whofe Nature is czprefi'd by this general Equatiou *"-• *■ =7'", the 

Equation rcduc'd to its Cropleft Fonn« is / = V*""'' * " > "hich being multiplied by 

AT, Kht PredoEk i* x {/•■-*«■ ^ tberdbre tbt Smimatul Efmim khx -{- e 

1**. WhhthisEquKfonlavefii^ttie tbeViloe of theOrdiutteoftheQuadntmtbw, 
pot A* 4"t==f» and tZ-a'-'x' =f. Then is ^; = i.^., and the Fluxion of 
this Equation is y j-^"?? — »t.i But ^ is = * i, and ^ is = — x*'"""^:"!* — * 



-V.' 



And therefore reftoimg the Values of 



KS' ;, j in the DiltercBtialE^tim ;}'•{•}; = mi, there trill ar^ 
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nt x* x -^cnx"*^ X ■/ . .. 

r ' -„_, ■ H- » v»""" *" X « = 1 «! t 

And reducing all the Terms to the Cum Denomination^ 



• ix'x+c»x'—x + imVi-—x'\"~' K'^t—'x'xx 

^^^.,. •>*'•' + '•'•-' ' + t mj^'^=^=^\'nx_^ 

nhx* * + *»*■"* X -\- xxhm X *"-■ x' 
■ v— — -' ■ "'***• 



z%t,t,* 



.And reducing the Equation to an Analogy, 

n 



X : X. : ; 2a: .^-==^^:=^— . : : \; Sub>iionilal 

mya'-'x'i 



■ = i7«*""*"* 



And by Redudioa aad cleanag the Eqution of Sards, 



Iw^/**"" *■!" =iw >* rf"-^"*". Thatis, 

And comparing the Coefficients, « is = o, and hm-\-hm-=2mj and i =: 
— /^ -. Whence the £»»(««/ £f«^» iT^^ X V^*"-"**! = set, be- 



comes r— K v«" "*"•*"• Tlietefore the (^dratrix nd the Cbnre to be 

^nar'd meet both in the beginning of the Abfcifia, and the Area of all forts of Para- 
bolifiaon Figures is = -^ — * V«" '" *" = — r — * J'* Q: E- !■ 

EXAMPLE II. 

us- Letltbereqdr'dtolindthe Area's of all Ibrts of COrrilineal Figure!, whofe 

Nature is exprefs'd by this general Equation, j = jr v'» + », where m denotes the 
Exponent of any Power, whether fontive or Negative, &c. The Emimmnl £}»«- 

timis, hx'-{-tax-]-Jai X \/-« + « = K it eiprelling the Nature of the Qpa- 
dtatrix, and to determine the Values of the onknovrn OwHicients ; fuppofc. for 

brevities fike, ix' + c»x + Jta = f, and ■7<--|-« = j. Thcnfjis= i;^, 
D d and 
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andp^-l-^^ = ixkr But; is = ibxx-\-eax^ and 9 is = -^ ■»: -I- c 



m yx -[- a\ 
Therefore Subftituting tlie Values of />, 5, ;, j, in the Equation fj-^ 'jp=' iKX, 
There will arife. 

And Reducing all the Terms to the fame Denomination, 

'hx'- \-cax-\-'daa x'x-\-my/x-\-/"'\ ^x-\-a x lb x -\-ea x x _ ^_^^^ 

m yx -\- a 

That is, 

y X* -\- i m b x^ '-\- e 4 X --\- 1. m b a X ~\- 1 m a X -\- c m a a -^ d a a . 

. X * — 2 «L^ 

OT V ->^ -I- «i 

And Reducing the Equation to an Analogy, 

. . hx'^ - \- ^f*^^* ~\~ ^'^^ ~\~ ^^^*'^'\~'^""^'''\~*^**~\' i^^ f 

X.K.: •■ ^K' ,7-3— -^ =• 

hx*-^ imhx* -\-eaX'-]r imiax-]- e max~]-ema'^'^ Jaa 
:t ; Sub-Bormal = ■ -, — -— «~ ; 

= * V^e-F*, which being clear'd of Surds, by multiplying both fides of the Equa* 

tion by z w v'* + 'I"" 1 *he Equation will ftand in this Form, 

h x X ~\- Zmbax -\\ cmaa^ 
itnbxx emax iaa> ^^ imx x -^ xm*x. 

cax J 

And comparing the rcfpeSive Coefficients of both Eqoations, 
Firft, h-\-imh\%=-im, therefore h = ^ ^ _ , ^ . 

Secondly, .-l-c» + ^>«*is = 2»>.whenceMS = i!^^-^ = ^^_^^^^^_^^ 

Thirdly, em-\-d\^=o, whence J = —e» = — ^^^ , ^ ^ _^ , . 

Having thus found the Values of the Coefficients b, c, </, (which were Indeterminate 
before ) fubftitute them in place of the laid Indeterminate Coefficients in the Em'mtn- 

tul Equation lx''-\- cax-\- daa v'*+« = ^^» and there will arife. 



imxx , 2 m ax — zmmaa .7 , _,, 
2m-\- I ' 2W-|-ixi»4-i 



whicli 



Djgiljzed by 



Google 



td iSMatbmdtical ^bilofopby, loj 

Which is an Equation! exprcfling the Nature -of the Qpadratrix*fi«ight. Whence 
the Area of any Curvilineal whofe Nature is exprefsd by the given Equation, may 
be found, 

For inftance. Let it be requir'd to Invcftigate the Area of a Figure, whofe Nature 

is exprefi'd by this Equation jr = x ^/x -{-a that is/ = * . In this Cafe the 

Exponent » is = — 2, and confequently — "— ~ — ^ = f » and r^~ — -, — 

— 4 J imm . —8 , . 

= —•""' 2»-l-.«»+7 " — ' ^"""^ 



3' 2m~]-ixm-\-i 3' aw-j-i 



3 Vx + * 
be^nning of *, and when x is = o, then the Square of the Ordinate of the Qpa- 

— 8 rf* 
dratrixis -; — = KK, therefore the Area of the given Carrillneal Figure is = 

zxx^^ax — 40a . 4** Q ^ j 

And in comparing the Coefficients, if there be more Equations <» Comparifbns, 
than is needful to determine the Coefficients, and if the Values of the lame Coeffi- 
cient eome out difierent ^ that is a Sign that it is impolEble to Square fuch a Cnr- 
vilineal Figure. 

This Method may be reader'd ittorc UniverfiU, if rpe fa^fe the Expogeat of 
the UuMotitj frefixt to the Rddiesl Signy to he Judeterminste dIjOj for by 
thgt meMM due fiagle Theorem mty firve to Square m Infaitelj-Jafnite 
•vtriety of CurviUneJ Figures^ whofi Natures are exfrefid ty fuch «» 
Equation. 

EXAMPLE III. 

I }o^ Let it be r«quir'd to find the Areas of all fints of Carrillneal ngores 
exprcfi'd by this Equation/ = j:"V*-j-«. Multiply the Value <rf" the Ordinate 

by*, theprodad is *■*■' s/xA^s. Where the Indefinite Number •+ 1 is the 
Exponent of the higheft Power of the Qjiantity prefixt to the Radical Sign. There' 
fore the Inferior Powers being indefiute, the Emiutiitial E^matim is. 
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By h«lp of this Equation find the Value of the Sub-normal of the Qjiadratrix, 
and put the fame equal to the given Value thereof, and then the Equation clejr'd of 
Surds, will ftand thus. 




And comparing the Rerpefttve Terms of this Eqaation, the odcoown Coefficients 
will be determin'd as follows. 



Firll, b = : 



f ^- I « w + 1 



Second, c = — ~ — 



Third, i - 



Foarth, e = 



» -J- I X w -J- I X » X w -|- I 
— «X im* 






« -l" I X W r|- I X » X « "i- I X «— I XW + I XII — 2X»4-I 
-r^»X|l-*2X|i— I Kim* 



fm>f-^^-- -^ - 

»-|-ixw-l-i x»x«-j-i x" — ixw-J-x 1 » — 2XM-1-X in—ixm-\-i 

Now from the Compofition of thefe fivtCodficieots it appears how all the reft may 
be form 'd in Infinitum ; And becauft the Progreffion »x» — ixh — ixa— jxs— 4, 
&c. in the Numerator of the Coefficients, if » be a whole and poritive Number, or 
equal to Nothing, then the Qyadratric will be an Algebraiclc Curve, and always 
there will be as many Coefficients as there are Unites in » -]- i, and as to the Signs 
{>ref)K'd to the eioeffidems, after the firft two vhKh always %ff Affkitwwe, tbey 
ijrp Np^tivF and Affirmative Altwflawiy, w=^ 4"^H'"'~'^+'~/H"i— *»&«< 

Apfl to lolI^qcP in pprttculars, if \t)x retjuir'd tp gad the Area of that Curviljneal 



Figure, whoft Nat}{r« is expreTs'd by this Equation ^ 3= * * 1/*-^*^ Theii»i«=:i, 

and w is = — 2. Whence i = f , « = — ^ , and 4 = , and the Eminential 

Equation hx''+'-{-'tx''-{- dx'-' -|-<*"-3 -1-/"*"- 3, &c. Vx-\-a =: ^^ be- 
comes '^ — ^ -— — — — = ^^^, which exprefles the Nature of the Quadratrix, and 
the Area of the Curvilineal Figure may be determm'd as above. 

/ ]pas more mSi/ig to treat <f this Method it Urge, heaufe th^ the Equstion 
exfrefflng the Nature of the Curve eoafifis of Terms Compos' ti of Invariable 
Qaantittes only ; Neverthelefs the Are* of the Figure my he frecifdy De~ 
termi^d. The admirt^le Afjifiames which rve have in other CafeSy proving 
Defe£iive ia this: For inflame ^ 

131. Let 
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1 3 1 . Let it be ^ropos'd to Inireftigate the Area of the Curvilineal Fignre V D ^^. Z 
Whofe Nature is exprefsd by this Equation y = x^\^0 Vx -{- a, the Flaxioa of the 
Area U y x or x x -\- a x ^/x ~\- a. Which 
may be cleared of the Radical Sign thus, 
Suppofe V';t -J- # = Si, then x -j^ 4 — z.z.y 
andi=2£.«* whence it is evident (by 
fubftituuon) that xx-^<tx ^x-{-a rm: 
2 ** i- Now the Fluxions on each fide of 
the Equation being equal, the Flowing 
Quantities mult be lb too. Therefore S 

x'x-\-/x'/x'-\-a =S2 z*z. = fx.* 
2xx±^4X±Jja^^^^ ^ ^^ 
5 
the Area of the Curvilineal Figure V D ■* s, which Value (% 4°. An* 127.) exceeds 

the truth by the determinate Qjiantity — ^ ^a. 




But though we Cdft/rotfad the Jress of fuch Cutvilined Figurn hy Summaiorj 
Arithmetick ; ytt it m^ he d^ervA that it gives m half the VtUue of the 
Square of the Or^nste of the QatdrstriXj without hdvia^ recourfe to Tdn- 
gents or /» Eminent ial Equation, Which is an exeiSent help^ dad exceed- 
ingij ^iviates the tV«rk. 

EXAMPLE I. 

132. Let the Relation of the Carve #24 to the Axis AD beexprefs'd by this 
Equation >y =«♦ +«'«•**. Then y ~x Vxx + « «, and the Fluxion of the 
Area is f*- or** ^* *■+<«, whidi 
k clea/d of the Radical Sign thus ■, 
put Vii -\- at =z^ then xx-\~ 
sM=zz,z,i and ooofeqoeiitly, the 
Fluxions of both lide» of Ute Equa- 
tion mtft be cqaal, vtx. xx^K.ti. 
How tbc FlnxioB of the Area was 

xx'^xx-^-aOf and if we put ^:^=: 

* *, aad ai = V* if -^ i 4, the Flur- 
OB <rf ctte Area n Other Terms Twill 

be = s* &, tberefin'e the Flowing 
Qjiantity is = | « ', and reafluming 

MX-^aMiOT XiXj aad ^ xx-\~ at 

for 1 1», aad VTi^^^T^ for ^, we (hall have i x.» = '"''^** Vxx-^aa ^ 

i the Square of the Ordiotte of the Qpadratrix D H ■, and confequently, the Squar* 



,-./^r 


\ 




\ 



of DH is = 



iXM •f-ZSS 



** + <<i whidiwasrequir'd. 



EXAMPLE 
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EXAMPLE II. 

Let the Relation of any Curve to its Axis be exprcfs'd by this Equation ; 



\/'-l- 



a -=^yji then j = 



^x-\-» 



and the Fluxion of the Area will be 



— . Suppofe v'a- -|- « = z, then is x-^a-^^x.^^ and x-=^z,z, — a\ and 



confequently, :<■ ^laz, therefore the Fluxion of the Area 



2z* X, — zax.x 



= 2 &^ s — 2 tf s, and the Flowing Qtiantity is = f a ' — % g x. 

= ~ V* -|-tf ■, and confequently, the Square of the Ordinate of the Qua- 

. . . ^x—%» /— r- s,xx~ a,»x — %aa _ 

dratrw IS = sx-\-a-=. ;- — ~, which is equal to the 

3 3 Vat -|~« 

Value of the laid Ordinate {An. 1 39 ) found before. 



PROP. XIX. 

If there be three Carves A MB, DNF, (W AC the Axis common to both) 
and G R L ('»Ao/f Axis is C B,J and if the ReUtion between them be fuchy 
that from Any point M ia the Curve A M. B, drawing the Tangent M T In- 
terfeciing the Axis AC (frodacd) in T, and the Right Lines MPN and 
lAQK parallel to the Axes CB, C A ; It be always P T : PM : : QR : 
P N. I fay, the Mixti/ineal Figure ACF D mS be equal to the Mixtilineal 
Figure CGLB. 

133. Let M m be an inBnitely little Portion of the Curve A M B, and draw man 

parallel to MPN, and w^r pa- 
' rallel to M Q.R, Interfeding the 

Axis in the Points 9 and p, and 
the Ordinate P M in K. 

Now becaufe the Triangles 
MK», MP T are fimilar, there- 
fore Pt : PM :: tnK : MR. 
That is, PT : PM : : P; : (i«. 
But by fuppofition P T : P M : : 
Q.R:PN. Therefore OR ; P N 
: : P/» : Q,^ ; and confcqucncly, 
PNxP^is=<iRxa?. That 
IS, the Trapezium P N « p is al- 
ways equal to the refpeftivc Tra- 
pezium ClRrj. Now the Space 
A C F D conlifts of all the Trape- 
ziaPNuf, and the Space CGLB 
conlifts of all the Trapezia Q,R r q. 
Therefore the Mixtilineal Space 
A C F D is equal to the Mixtilineal 
Space CG L B. 




C O N- 
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CONSECTARY I. 

1 34 If the points C and C co-incide, and if G R L be a ih-cight Line comprehen- 
ding; an Angle of 45°- with CB, then this Fropofition differs not from the 1 8th. pre- 
ceediog ^ (that being but a particular Cafe of this ) For if the Perpendicular M S 
hedraWn, then it is PT:PM :: PM:PS :: Km:KM :: Pf :Q.? :; aR:PN. 
Now PM —CO,— Q,R, therefore PM (Q.R) : PS :: Q.R:PNi and confe- 
queutly, P S is always = PN, which is the Condition on which the fbrecited Propo- 
lition is grounded. 

CONSECTARY 11. 

If any two of thefe Curves be given, -p. ^ D N F and A M B» the third Curve 
G R L may be found. Suppofe A P = z, FN = «, P M = CQ.= x, P T = r, 
and Ra=y- Then it is (by fiippofition) PM (a:) : PN («) :: PT (() : Q.R 

= --=/. Now if by help of the Equations cxprefling the Nature of the relpeftive 

Oirres, we find the Values of * and « in x, and fubftitute them in — = /. We 

fliall have an Equation exprefling the Relation of the Curve G R L to its Axis CB. 
For iflftancej If the Curves A D N F, and A M B be common Parabola% then a^ = 

X A-, and a = - ; and conrtquciKly, rr=PT=2z. = , in like maimet 

m»=- sK— xxj therefore x = «. Whence this Equation — —ft becomes 

—^ =jF- and confequently ^*^ = **, from whence it appears that the Curve 

G R L is aWb a common Parabola Convex towards the Axis CB. 

And if the Curve A D N F be a Common Parabola, and A M B a Cubical Parabola, 

then #<5t = ;«:', and z = — > and PT= 31.= = t. Likcwiie, »«i» = »aiand 

iinii = «j%=a:'; and confequendy «= y — • Whence the Equation— =jr, 

^ JNT * /Jt' O X^ X 

becomes^ — V— =>> and confequeotly — ^- t — = yjt and by Multipli- 
cation and Divifion fa'yj=x^t which is an Equation expreflug the Mature <tf 
the Curve G R L. 

C O N 3 E C TA RY UI. 

And becaufe the Curve A M B may be varied infinitely, it b plain that an iafioite 
Number of Curves G R L may be deCrib'd, each comprehending the Mtxtilineal 
Space Q,R G C = to a given Space A PN D. 



C N S E C T- 
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CONSECTARYIV. 

If PMbessPN, then PT isaUb=-Q.R, and the Trapezium MP/)w = Tra^ 
peziim TH»p -^ Trapeziwn Q.R r 9 ; and becaufe this Univerfilly obtains, it fol- 
lowt that, if Q.R be tiwayB tal^en eqrial to the Subungent PT, then the Mixtilineal 
Space Q.R G C will be equal to the Mixtilineal Space AMP, and the Area of the 
whole Figire ABC will be equal to the Area <rf the Figure B L G C, the points G 
andC Co-inctdiQg. 



PROP. XX. 

To lavtjiigate the Jrea of the Hypocrates'j Lunule. On the Diameter A B def- 
trihth Stmietrcle A DB, and irtae sfsothtr Diameter D E ^f Right An- 
gles to A B. Draw the Chords A E and B E, and on the Center E mth the 
Radius E A defirite the Areh A F B. Then the Figure comprehended between 
the Semiptrifhsrj A D B and the Jrth A F B » ciiSed HypocratcsV Lunule. 

I ;5. Suppofe the Diameter A B = 2 r, then the Chord A E will be = r V 2 i 

and confcquently, the Grclc defcrib*d with the Radios A E is double chat defcrib'd 

with the Radius C D (becaufe Circles arc as 

i the Squares of their Semidiametcrs) and if we 

put c for the circumference of the Circle whofe 

Radius is C D, the Area therefore will be = 

— , and confequently, c r is = Area of that 

whofc Radius is A. E. Now the Seftor A F B 
E A being a Quadrant of a Qrcle, is equal to 
the Semicirtle A D B A, and if from both the 
Segment A F B C A be taken away, there will 
remain the Lmole A B B F A = Triangle 
AEB. 

And thus not only the whole bat alfo any 
part of the Lunnk may be Squared, v.g. If the 
Ordinate M P, and the right lines E P, E M 
be drawn, I fiy the Triangle E A P is = the 
Portion of the Lunule A M R A. For the Angle AEM = iACM, therefore the 
Seftor A E R is = to the Sedor A CM, and the Triangles P Q.M, C aE are fimilar, 
therefete, M Q; Q P : : Q.E ■ Q.C; and confcqoently the Triangles C M a P Q.E 
arc (Pr»f I J. EL tf.) equal Whence the Space A aM A is = Space A E P aR A, 
and Subtiafting from both the Space A Q.R A which is canmon, there will remam 
ARMA = Triangle AEP. 
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PROP. XXI* 

Of the Properties of the Involute Mnd Evoluce (Ftgaretfo cdtPd), 

ijtf. Let the Space ABHG be divided into an infinite Number of Trapeiia, and 
imagine the Poraons of the Curve C D, and their Sines C L to be Flexible, like fo 
many Threads, and the Ordinatcs AB, EC, FD, GH tobe Rigid and Inflexible- 
then the Trapezia CEFD may be 
changed into the Trilineal Figores 
xy/yviK if the points Eand F be 
fappds'd to Coincide, and if this be 
done in all the other Trapezia's, and 
if all the points of the Divilloas in 
the Axis be fappos'd to (be contraS- 
ed or) meet la G, there will be pro- 
daced a new Figure x | ■ , and the 
Point X will reprefent the point of 
Concon^ wherein all the points c^ 
the Axis A, E, F, O, &t. meet j and 
the Figure x ^ ■ is call'd the InwUaM 
of the Figure ABHG, and this is 
call'd the EvUt* of that. Now the 
Properties oi thefe Figores are, 

i'. Becaufe the Redangle C L F E 
is fiippos'd to be chang'd into the in- 
finitely little SeOor of a Circle yxKT 
this SedoT is equal to half that Pa- 
rallelogram the Angles at y and a be- 
ing Right Angles^ and a > being = 
CL, and if this be obferv'd in aU the 
left, all the Reftan^es C E F L, or 
the Figure A BHG is equal to twice 
the Sum of all the Triangles A:y a or 
the Involms xfiw. 

1*. Becaufe by fuppoCtion CL = 
y K, and C D = y /, and the Angles 
L and a Right Angles j therefore the 
Triangles CLD and yA/ arc fimi- 
lar and equal Whence if we fiippofe 
the Angle Txy= yht'^ then the 
Triangles Txy and TEC will be 
(becauie yx = EC) limilar and 
equal 

3" . The Arch f p dcfcrib'd with the Radius x»h lefs than the Axis A G, and the 
Arch w ft defcrib'd with the Radius x i is greater than the laid Axis A G, as is evi- 
dent from the Genefis of cheie Figures. 

Now there ire tm Prttiems, which wiJl Jerve £t sfoamUtiott for OKrli^mrks 
tiiout the Properties *mi Vfestf thoje Flares, 




Ff 
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PROBLEM I- 

Tie Involuu xfit Ung [mm ; to f nil the Evolua A B H G. 

8«a»fcfi«!ntli«N»toreof tl«fawiii(»*iii = GH, */ = FD, aiid»» = EC 

they are given. Now 'tis re- 
quired to find the length of the 
Axis E G correfponding to the 
Ordinate EC = *>. The la- 
veltigation may be thus : 

Soppofe T*=TE=r, *» 
= EC=7, 5.»=CL =i, x/ 

= LD = ^, »;> = CD = i, 
T>=TC = <. ThenitisT* 

(0 :»> C/) '■'■ >» (*) '■ >■' 

(7 ; ) and coniequently « = -^ , 



M 


T 


\ 
A. 


\ 




w/ 






kc 


?/ 


I- l\j, 


; 


A 




and Si=S ^=antheEF = 

J 
Axil AG. 
And bccauTe^ is Indeterminate, 

fuppofe -^ = ^ = «. Then 

/ = — , which being always laid 

from I to 0, the Trape^um \otZ 

will be = /}, and the Space 

I ff f a win be = Sf/, which Fi- 
gure being Divided by r, there 

willariftS— = Si = thePor- 

r 

tion of the Axb EG, to which 
io the polat E apply the Ordinate 
EC = x> = * I, and then the 
point C will be in the Evoluta. 
And in like manner all the reft 
may be foond, v.j. dividing the 
oftb 



whole Figore ?4#« by r, the Quotient will be = AG the Axis ofthe EvelMts, to 

which if wc apply the Onlinate A B in the point A, and mak~ * * " — "•-" 

have detennin d another point B in the Ernkfa, ^fiedt attrh. 



Henccifwereaflumef^-^£.89andthcSymbol»,^.n8.becaufc»jr=^i, and con- 
A—jmjj-^-; V^ putthcfefflc =— » then in this caft making L S =/, the Equa- 
tion of the Curve, ASP isr(=/>, andSubffituung (-*rt.72.) -^^-forf.wehave 
mx=.nf, and advancing all the Terms to the Power », there will arife » » * " = 
fn'. And Subltitnting -^— for J? », there will arife - ^ *^J = »' /"". 

And *• «• »■" = r" *"/", which is aa Equation Exprefljng the Nature of a Pa- 
' • raboliform 



Djgiljzed by 



Google 



to <SMathematical 'Philofofby. 1 1 1 

labotifonn Curre. Whence the Space A L S is (An. 88.) found by fiying i» -|- » i 



»::/>(= Reaangle AL x LS) ; 



m~\- a 




iff, and conftquently S^^ = —^{- — = S 

' r mr-\- nr 

iortheLengthof theAxisAE, whereEC= ^ 
AM = ^ AndEF=i. Now SuppofeAE F 
^ i = S c, then the Equation- Exprelliag the 
Natnre of the CoTTC A D H will be -^^ 

— i, or»/; = i» + »Ki'i. And advancing all the Terms to the Power », we 
have »"/";= w +»" r" i», and Subftitming ^ ^ \ - for /" , we Ihall have 

m' •• )• +• = »<-l- »" i" r" +", which is an Equation Eipreffing the Na- 
ture of a Paraboliform Curve AC H, and therefore the greateft/ = G H being = r, 

and thegreateft i being = A G = (—^V- — = (putting — far f) ~- = 
\i»»r-t-«r J m-^H 

, rnyx g . mx . . mt \ me 

(puttmg — for . ) ^^r. = ("t™ '« = i^-J = Hi^p;; • The Reft- 

angle AdGHis = "TT;- ^'^ confequently the Mixtiliieal Space ADHO 

Is = (.An. 88.) ^jT^ • B"' '•''' Space is the Evoluu of the Spiral Space B M K 

A B, therefore (An. i j*.) the Spiral Space is = -i^-'— — " ._ , , , ^ 

to -f- z n a m -\- ^ 
which exaSly 'agrees with that found (An. 1 18.) above. I have the father chofen to 
keep to the Cime Example, that the Reader may fee how ftom fo dilKarent Princi- 
ples, the lame Conclufion-may be drawn. 

P R O B L E M 11. - 

Mother ret) to difcrih tn Evoluta to ay Involuta. 
Ty.yt :: Tx'.yK, (Fig. 2 m ibe forim^ fggi') that is, j: ^ : ; t ;j», whence 
i = -j'-. Now fuppofe -^ = -^, then will > r = i<. Therefore extending the 
Involuta into a flraight Line llytt;6> that » Ji in both 
be = 11, apply yk=l, in the pointy, then Ay/B = fp 
ik., and«DB/is = Si^, which Space being divided 



J^. 



T 



by r, there will arife S ^ = S * = the length of the Axis '^' ' 

(fif. I. m tbe fortfoin^ f0gi) AF, and making EC = *>, 

the Space ABHG will be the Ew/«»«»» of the Space *fi«. ^ _ 

And from hence arifes another Method of delcribing the 
Evoluta from the Involuta given. 

With any Radius a:P = r, defcribe the Arch PO, and let the infinitely liwle Arch 
<1R Intercepted .between xy and * / be produc'd = «, then bccaufe the Radij are 
proportional to their Arches, itii ;f>:>A::*R:RQ.:Uiat i»,f:i n r .'m. 

Whence 
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Whence x = — , place the Arch O R Q.P in a ftreight Line, and apply the Line 

Rl = xy = the point y, then is Kl tr =: /m^ 
and O riH is = Sjiw, which Space divided by r, will 



give S - 



:: S;r = (Fijff. I. ftgi 1 10.') the Axis of the 



\ 



Evoluta AE, and EC = ary=RI=^, and the Curve 
B D is =r * A 

The Evelutum being given to find the Invthttum. 
Suppofe the Evolutum A B H G to be given, to defcribe 
the (_Fv. I «W 2. page I to) h'ueluttim x0n. Tis evi- 
dent, mat to decermine the point > in this, anfwering 
to the point C in the Ewltaumy the Line xy = xi is 
= E C. Bat to detennine the point > we mulb alio de- 
termine the Angle > j: j or the Arch > * or P R j to do 

which, by the preceeding ArtieU ju^rx^ and — = ». Now fuppofe — = -^ , 
then — = i. Which Ixing applied from E to H , the Trapeziam N E F S = <( J: 



will be = — twicethe Seftorof theCircle *RQ = - 

y 



and therefore all 



the A * or the Space N E G K will be double the Sedo" jc R R j and conftqncntly, if 

h'x 
this Space be divided by r, there will arife S ^ = S » = Arch R P, which being 

feund, the Angle R x P is alio known. Whence if in the Radius x R we take xy=. 
£ C, we ihall have the pomt > in the hnelntum Correfpondiog to the point G in the 
Evtkitmm. Bfe Jt Cettrii. 



SECT. 
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SECT. V. 

The Ufe of Fluxions 

Jn the ^efolution vf the Quejiions dc maximis & minimis. 

TH E Dodrine de maximii & minimi /has been applied only to thofc Problems, in 
which among an;Infimte Number of Parts or Fluxions of a given Curve, the 
fttatt^ or M IS rcqujr'd j but by the Indnftry of later Geometers it is now extended 
to tbofe Problems, wherein among an Infinite Number of unknown Curves, mt it 
re^nir'J, cui maximum mlxjuoJ mimmumve tempttat. Which more Sublime lovention is 
no lefs ufeful than the Former 

And bccaufc in this and the following Seftions we fluU have frequent ufe for Second 
and ibirdFlmxieni, it will be necelTdry before we proceed fiirther, to give the Reader 
a Notion of them. 

The Nature of Second^ Ibird^ Fourth &c. Fluxions, 

137. 1 h.ivc already (^Art. i.) proved that Quantity is divifible in Jn/w/nw, and 
that every fncb Infinitely little Particle is again Infinitely divifiblei and finally, that 
there may be an Infinite Series of fuch Infinite diviljonSj every Term whereof will be 
Infinitely greater (or lefs) than the preceding. 

I (hall now apply that Doftrine more particularly to the Generation of Curves. 

The Fluxions of Variable Quantities (v.^. the Flu.\ionsof feveral Ordinates in 
the fame Curve) arc themfelves Variable, becaufe as the Terms Incrcafc not uni- 
formly, their Increments muft needs be, Unequal ; and the Increments or Decrements 
whereby firft Fluxions Increafc or Decreafe, are conlidefd as their Fluxions; AikI 
this FUixim of a Fluxion is what Analijis Call a Stcond Flnxim. 

Thus if ^ » be drawn Infinitely near P M, and M R parallel to A B, then R » is 
the {Art, 3.) Fluxion of the Ordinate P M, and if p ^ be = P ^, and ^n\fm^ and 
Si»||AB, andMHll RS, then HS = Riw, and R»» exceeds Sitby Hw, whence 
'tis manifeft that the Ordinates Increaft une- 
qually, and that H « is the Dtcrtmtta or Hux- 
ion of the Fluxion R m, that is H n is the Se~ 
cmd Fluxion of the Ordinate P M. 

In like manner if a fourth Ordinate /a be 
drawn Infinitely near y », » T parallel to A B, 
and n L parallel to S T, then the diflerencc 
between the Infinitely little lines H», L o is 

the Fluxion of the Second Fluxion H w, or the j ^-—. 

Third Fluxtm of the Ordinate P M. -^ Wfr 

138. And as I obferv'd (^Art 6.) before in Firft Fluxions ; lb here. Second, Third. 
&c. Fluxions, may always be exprefs d by Finite ftreight Lines proportional u> them 
or their Velocities. 

Thus, if the AbfciQa be fuppos'd to Incrcafc uniformly, and if ^ r, ^ r, ff be taken 
proportional to R w, S w, T « &e. And if the Curve G ft y r • K be defcribed, then 
the Ordinates of this new Curve will be proportional to the refpeftive Fluxions of 
the Ordinates, ofthe given Curve AM w. And if ft*, y A'* be drawn parallel to 
A B, and a third Curve defcribed, having its Ordinates proportional to y%, r J>, f • 
the Firft Fluxions of the Second Curve, then the laid Ordinates of the Third Curve, 
will be proportional to the Firft Fluxions ofthe Ordinates ofthe Second Curve, or to 
the Second Fluxions of the Ordinates of the given Curve And in like manner a Fourth 
Curve may be defcrib'd having its Ordinates Proportional to the Firft Fluxions df 
the Ordinates of the Third Cuivc, or to the Thircl Fluxions of the Ordinates of the 
Firft given Curve, &€. 

G g Hue 
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But if it happen that the Ordinate? Incrcafe uniformly, then the Curve A M ot will 
be a ftraight Line, and then there will be no Seund Fluxiom ^ and if the Ordinates be 
as the Squares of the Intercepted Diameters (as in the oommon Parabola Convex to- 
wards the Axis) then the Second Curve will be a ftraight Line and the Firft Curve or 
Parabola will have no Thirfl Ftmxiom ; and if the Ordinates be as the Cubes of their 
Intercepted Diametors (ae inih* Cubical Paj-aboda') then the Third Curve will be a 
ftraight Line and the TirftCHrve will have no Fourth Fluxions, &c. 

That ux the Cooick Parabola there are no Third Flvixio,as, and in Ihe faid Cubick 
Parabola no foorth Fluxions, &c. may be prov'd, if< 



In the Coukk Parabola, 






The IiitercepKd DiamWCB be i 


, 2, 3, 4> 


5. 


6, 7, 8, &c. 


Ordioates i 


:, 4, 9. i«. 


^5, 


3«, 49, «4, 6cc. 


Firft Fluxions 


3. S, 7, 


9, 


11, 13, i5j &c. 


Second Fluxions 


I, 2, 


2. 


2, 2, 1, &C. 


Third Fluxions 


o. 


0, 


0, 0, 0, &t 


In the Cubict Parabola, 






The Intercepted Diameters be i 


, i. J> 4. 


5. 


«, 7. &c. 


Onlinates 


., 8, 17, (S4, 


>iS: 


, 2I«, J4),&C. 


Firft Fluxions 


7, 'S, 37, 


">, 


91, 127, &c. 


Second Fluxions 


11, 18, 


24. 


30, Jtf, &c. 


Third Fluxions 


«, 


«, 


«, 6, &c. 


Fourth Fluxions 




0. 


0, 0, &c. 



139. As Firft Fluxions have been noted with oqe Prick over the Variable or Flow- 
ing Quantity, fo SeeimJy Jbird^ Fourth^ &c. ^uxwni are noted with two, three, four, 

&c. Pricks over the Flow ing Quantity Thus if P M be = _)<, then R w = } -, H » 
= 7, and Lo— HforHff — ho ='/ 
The Powen of Second, Third, &e. Fluxions are noted in the fame Manner as ia 

common Notation, thus the Squareof j-is^'itheCubeof^ls;' ; the Square of}' 

is 7 ' i the Cubes of 7 or ;> is y ', 7 ', refpeftively, &c. 

And if the Intercepted Diameters AP» A;, Af, A/" be put equal to Xy and the 
tefpeaive Ordinates P M, ?»,?», /f, be put =7, and the Portions of the Curve 
AM, An, A Iff, A «, = z. Then 'tis evident that x will denote the Fluxions of the 
Abfcifla, P^, f f, j/i and 7 will reprefent the Fluxions of the Ordinates Rsf^Ss 

To-, and ^ thofe of the Curre^ «i^, M «r, m n, mo\ as has been Intimated {Art. 9.) 
above. 

140.. But to find, for Inftance, H • the Second Ftaxion of P M, we mufi: Iniagine 
in the Axis two Infinitely little Parts P ;>, f fj and in the Curve other two, v-g. Ma, 
M i«, in order to find the Fluxions R w, S • ^ and if we fuppofe the Infinitely little 

Parts P ^ ^ }, ^Z" to be cqujl, then its plain that x the Fluxion of the Intercepted 
Diunetcr ift as Invariable Qjuadty in refpaSi^ 7 and 3(,^ becaufe, wbea P^ comes 
tobe^ f, itisftill the fame, while Rm which comes then tobeSn, and Mm which 
becomes m *, vary, 

And if we fuppofe the Infinitely little Parts of the Curve^ Hkm^mn^ no, to be 

equal, thence will be (Pff.M ?>>£«■ 112.) an Invariable Quantity in refped of x and 
j, or if wo fi^pofc Rfn,S«^T«tobe equal, thta 7 is an Invariable Qiuatjty ia 
refped of '%, and x. In 
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in like manner to find the Third Finxion of P M or tfie FiuxioD of the Second 
tluxion H 1, Imaj-me Three little Portions of the Ablciffa, P ;>, f •, 1 /" J and in the 
Currc AMD other Three M »,«»,«• ; and Three others in the Ordinates, -vtz- 

R M, S s, • T, then x,yorz. will be Invariable according as you put V fyfit f /i 
Rw,S «,T«>i or M »«, M «, » *, equal between tliemlekes. The Method is the fame 
for Fourth, Fifth, &e. Fluxions- 

141. The like is to be underftood of the Qirvc A M D, where all the Ordinates 
P M, P «, Pas meet in the Firft Point P ^ for to find the Second Fluxion of P M, 
Imagine two Ordinates P wr, P » to be drawn, ma- 
king the Angles M P jw, «• P » Infinitely little. On 
the Center P with the Radius P M, P w, defcribe tie 
Arches MR, m S, then R m is the Fii ft Fluxion of 
P M, and the difference between R m and S » is the Se- 
cond Fluxion of P M i and we may fuppofe the little 
Arches M R, «» S, or the Arches M w, m w, or laftly 
R «»"and S » to be equal to each other Refpeftively. 

in the Firft Cafe x will be Invariable in refpeft of y 

and z, ; in the Second x. will be Invariable in relpect of 

} and X, and the third y will be Invaaiable in refped of x and %. And in this man- 
ner we may find the Third, and Fourth, &e» Fluxions of F M. 

141. Andhereitraaybe obferv'd that there are Degrees of Infinitely little Parts; 
Thus R m, for Initance, is Infinitely little, in refped of P M, and Infinitely great, in 
rcfpeel of H i« ; and the Space P M ^ jw, is Infinitely little, in refped of the Space 
A P M, and Infinitely great, in refped of the Triangle M R im. 

And it is alfo remarkable, that the whole Fluxion P f (that is feveral Fluxions 
added into one) is Infinitely little, in refpettof A P. For every Quantity which 
is made up of a Finite Number of Infinitely little Parts, fuch asPp, f ^, ^f (in ref- 
peft of another Qjiantity as P A) is Infinitely little, in refpeft of the the fame Quan- 
tity A P. Becaufe, before 3 Qiiantity Compofed of Infinitely little Parts, can be of 
the feme order with given Qnantides, the Number of their Infinitely little Parts muft 
be Infinite. 

143. InCnrves, wherein theOrdiftateswRffSartS 
Parallel between themfelves, produce the right Une 
M m until it Interfed S » in H. And on the Center M 
withthe Radius TO « defcribe the little Arch » i,and 
draw the little right Lines » /; li,k eg^ parallels to 

m S and S n \ this being done, if we fuppofe x Inva^ 
riahle, that is MR=fftSiitis evident that the 
Triangles M K m and m S H are eqoal and llmilar \ 
and confequently, that Hi»=w»R — wSorwS — 

mR= 7, and Hi ■s^tc. But if we fuppofe itobe 
Invariable, that is to iky, that M m = im « or m i(, 
then 'tis evident that the Triangles M Rw, m^ A 
are equal and Omilar. And conlequently, that k c 

= y, and Sg = * i and laftly, if we fuppofe y 
to be Invariable, that is, R w = S », then the Tri- 
angles milyMKm will be equal and Similar, and 
*$ = »/ = *, and / i( = ^. 




144. h 
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144. In Curves whoft Ordinates P M, P «, P » concur in the fame point P. On 
the CeuterP with the Diftances P M, P iw, defcribe the little Arches MR, w S, which 
we confider as Infinitely little Iheight Lines Perpendi- 
cular to P OT and P n. On theCencer M with the Radius 
» n defcribe the little Arch if i E, and make the Angle 
E imH ^ »»Pw; and draw the little right lines »/,/ i, 
e ie parallels to i» S and S n •, then becaufe P S m is a 
right Angle, the Angles PwS-l-wPw (orEwH) 
that is the Angle PME — SwH is a right Angle, and 
the Angle P »» E is an External Angle in refpedl of the 
Triangle M R w, therefore P»»E=::MRot+RM»», 
and Subtrafting from both the right Angles M R «« and 
PwS J-Ei»H, we (hallhaveRMw =SwH. Hence 
it will follow. 

i». That if :cbe fuppofed Invariable, that is, if M R 
be = » S, the Triangles S w H, R M m will be equal 

and fimilar- And thenH » = y, and Hi = zi. 

2'. If X. be fuppofed Invariable, the Triangles ^ » it, 
R M m, will be limilar and equal j and confequenuy k c 

^ y, and S^ or c « =^ Jt. 

Laftly, if y be fuppofed Invariable, then the Trian- 
gles in/, R M m wilt be equal and fimilar, and confe- 

quently 1 S = / « = ^, and /4 = si. 

PROP. I. 

To fftd the Fluxion of 4 j^iuantity Composed of Fluxions. 

i4f. Suppofe (Art. 14J.) any one Fluxion in the given Quantity to be Invariable 
and all the rtft Indetenninatc, then find the Fluxions of all the Indeterminate auan- 
tiucs, as if they were finite Variable Qjiantities, by the Rules delivered in the 
Second StSim, 

EXAMPLE I. 
Let it be requir'd to find the Fluxion of ^ . If i be fuppos'd Invariable, then 

X 

the Fluxion thereof is -^IXZi., if ; be Invariable, then the nuxion of ^-2 is 



y^X—yyx 




EXAMPLE n. 

Let It be requir'd to find the Fluxion of ^V^' + 7* ^ jf i be 



fuppos'd Inva- 



riable, then the Fluxion of the given Qpantity is^x \/;c*+7» +^»<i 
x* -^y'Y* X z's i divided by * = i x V^^Mv* ^- — ^^^ — divided by 
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i= (rcducingTheFlnxionto alYaftion of oncDammlmdoii) Sil+iZLtai 
== to the Fluxion of the given Fra£tion. * ' 

Wt Of ERATION. 

The Fluxion of ft is = ji;. 

The Fluxion of 7 ■ . . , i ... . _ ^ ,, • •• 

Therefore the Fluxi-'j • -• 

oa o f the Nweraiorl = ^\/ y^-y^y'-j^ ^x " ' ! ^, 
s.*Jx^'\-f is 5 V^+>« 

And the Fluxion of > 
the Denominator* is •» 

And the Floxion of ^ 

the Numerator Multi-t ^i/i*^ it -^ t v » ^^^ n ^ 

pUed by the Denomi-f *=■ V* T^ T ^« V^JT^ 
natoris / v T^ 

And the Fluxion of ^ 

the Denominator Mul-C --^^ * /; . _i_ : . 
tipliedby thcNumera-C"'^ ^"^ ^^ ' 
tor is ^, 

The Sqoare of the? •,^ 
Denominator is j ' 

Therefore the FluxiO . 



mereiorecneriuxi- J. . .-; — ; — :- . ,-y .. ,._ . 

on of the FraaionC** V**+7' + ** " :;7j7^=fr*^* * * V*"+-/' 



[S !!i<S 



And becaofc x is fuppos'd invariable, therefore xia 
And the Terra —xx ^ V* * + y ' in the Numerator is alio = 0. 
Whence the Fluxion? ^ ^ a/^' -1-»» ^- 1* x ■' -^■^— — 

^f'JEfK is C=^— J. "•■ ■ -^>' 

But if j> (in the liirat FftOlnii) be foppasM the InVlriakle Qpantity, then the 

Fl uxion the reof is ix V«M*/' -V <x i^'-hT'l'"* x^i'i x i — 'i « , 

V*M-7^> tl« "tole being JiTidwl ty »■ the' Square of the Denomliutor } 

equal to i i V*r+/' + -~r^-^ "-K' V''+j'. divided by i"; e^pd 

Hh U 
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i'\/x'-\-if' x'\/x'-\-]' 

to the Fluxion of the given Fraftion. 

rfe OPERATION. 

It is reqoit'd to Bnd the Fluxion of LXi-ii- , fiippofuig ', Invariable. 



The Fluxion of a is = *. 



The nm ion of f ^ j ,;,^;.i-% ii^ = ;. ^.y-p"* X : 



Vi^+j* 



Therefore the Floxi-O ^^ . ., — 

on of_the_NumeratoiV.=^.x —====: + » v*'+7'. 



And the Fluxion of 
thcDenominatorj: 



IS J 

The Fluxion of the "^ . -. , ,.. 

Numeracof Multiplied t _ . 1 „ -^^ 4- i i \/r» + j» . 

by the Dciioinmatorr-***'^^-^^;^** *' ^' 

Tlie Fluxion of theT 

Denomiuator Multi-T _ - " */ '. j_ C*. 
plied by the Nuroera-r"" ^* ^ * ^ ' 
tor is J 

The Square of tbei^^i 
Denomioator is J - " 

There fore t he naxi-*) '"' ■ — -\-'%'x \/*^"-F7* — t* V**4-i* 

onofL; 



^"=r 


i+. 


i« 




»i' 


ixi'+i'-t* 


xi>+i' 


i^ 




v;' + >« 




sx 


-+ 




"x — r.y''i 




_»* 


L±5£J' — v''» 


Q,E.I. 



EXAMPLE 
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EXAMPLE Hi. 

The Fluxion of -j==^=== is = (fuppolingi ioTariaMe) i' + »/« «'+»'l' 
>A'+»' 

•-jrV" •*'+/'! X »}]^ divided by *•+;• ; or j'+y^« «*+/|' — 
-nlL= DiTidrf by i'+V, or ''JJl±il±y±l.. Q, E. I 

Example iv. 



The Fiuzion of "LJXl — V* "'")' or ^— ^—^ is (fuppofing 'x IsTariable ) 



= i*'-)-_;'l* X — li^'j* + x/ X *'+7*l' divided by i»jr» the Squaie 

of the Denonunator or — 2 — Li — i! Li—J—i L4-1. :=^ 

*'/' 

— iVi' V''+j'+JiV'' +?'' 
T— rz ' 

tOROLLARY. 

H6. ilcnce *tis manifeft that any Fluxion in a given Qjiantity, cannot always be ta* 
ken for the Invariable Quantity. Ev,gr. In the fourth txample, f cannot be taken 
for an Invariable Quantity, becauie in that cafe its Fluion^ would beequal to (^rr. 3.) 
nothing. And the Denominator x j would be = o. And ;r could then have no place 
in the given quantity. And for the lame reafon, x,ot x cannot be put for an Inva- 
riable Quantity when their Fluxions %, jr are Ingndlents in the propofed Quantity; 
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"TAP? E PPBT 



DEFINITION I. 

Let the Curve M D M be given, and itsOrdinates P M, E D, P M parallel between 
themfelves. And fuppofe thac as the Ab- 
"_ fcifla A P continually Increafes, fo the Or- 

dinate P M Increafes alfo until it come co 
a certain point E, in which point it is the 
greatcfi: that can be applied within the gi- 
ven Curve, and afterwards that as it paifes 
fmm E towards B it Dccrcafes. Or on the 
contrary, if the Ordinate P M Decreafe 
as the Abfcifla A P Increafes, until it ar- 
rive at a certain point E, ('n vvhich point 
it is the leaft Ordinate that can be applied 
to the given Curve) and afterwards In- 
creafe as it pdfles from E to B. Then the 
line E D is called the greatep or lea^ Ordi- 
nate, 

DEFINITION II. 

If a Quantity fuch as P M componnded 
rf one or more variable Qpantities as AP, 
be propofedj which Increases continually 
as A P Increafes, until it come to a certain 
point E, after which It Decreafes, or the 
contrary. And if it be requir'd to find, in- 
ft«ad of A P, the Value A E, fo that E D 
which is compofed of the fame, be ^ea- 
ttfi or the /«4? of all fuch like Quanucies 
P M compofed of A P, then that is called 
a Queftion At maximh vtl minimis. 




Theft things hiiftg fremis% I (bdH titdenvoar in the next piact, to eon^dir 
the Progrefi oj in Qriimte F M from A to B, mi to explain the VMrioui 
'Jffe^ions of the Fluxions thereof as it movet nlom, and the Relation he~ 
tmen the fluxions of the jfhfci^a and thenty in all the different Cafes that 
commonly happen \ and this I think^ heing jFeS underjlcodj mS he /undent 
to enahle the Reader to refolve any Queftion of this Nature. 

1 47. When A P Increafes, and alfo P M, then 'tis evident that the Fluxions R m 
and P p will be both Pofitive. And contrarily, if P M Decreafe while A P Increafes, 
the Fluxion R m will be Negative. 

And ic is manifefl; that as the Fluxions R m, R m are Policive, the Ordinates being 
between A and E \ and Negative, the Ordinates being between E and B, fb the 
Fluxions of the Ordinate R m Decreafe continually from A to D, and in D the 
Fluxion R tn vaailhes, or is = o, and afterwards from D to B it is Negative 
and Increafes, and thus we can eafily conceive, that a Quantity which Decreafes 
continually connot pais from being Pofitive to be Negative, without pafllng by no- 
thing,- or o. 

And if we Imagine the Ordinate P M to move along the Line AB from A to 
B, then tis manifelb that the Fluxion R m Increafes continually, until the Ordinate 
P M become E D, after which it becomes Negative and continually Decreafes. And 
the Fluxion R m from being Polluve, paifes by la&aity, to become Negative. 



And 
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And .to affift the imagination in this Cafe, (bccaiife it fccms hard to conceive tJiat 
a Quantity which Incrcafes continually fhoiild pafs hy Infinity,) Snppofe Tan,';cnt'; 
drawn to the points {F'g. i. pa^. 120.) M, D, M, Then it is evident that the Tangent 
in D is parallel to the Axis A B, and that the Siibtangent Increafcs continually as'the 
poiats Pand M approach nearer and nearer to the points E and D, and when the 
pomt M falls in D, then the Subtaiigent P T will be Infinite, and when A P exceed? 
A E, that is when the points P and M pafs to the contrary fide of E D in refped of 
A, then the Siibtangent begins to Decrcafe and becomes Negative. Ec e antra. 

And to inftance more particularly in the prefcnt Cafe : The Ratio of the Ordinate 
to the Sub-tangent is always as (Ffg.i and Of. pag. no.) mR is to MR: But when A P 
becomes =: A E, the Ordinate is E D, and the Subtdngent vanifhes, therefore in 
that point, the Ratio of the Ordinate to the Subtangcnt, that is the Ratio of w R to 
MR islnfinite, and as wRpaffes by Infinity (in the point D,) from being Pofitive 
it becomes Negative. Or if w R be Negative, it always Increafes until A P become 
= AE, and then it is Infinite, (in refpcft of the Fluxion of the Axis) afterwards 
it becomes Pofitive, and then continually Decreafes. 

liS. It htirtg plaia then, that a Quofitity which coaitaaally Increajes or De- 
creafes, cAnnot fafs from hupg Pofitive to be Negative ; But it mufi fajs by 
Inanity (^ Nothings Viz. ii muji fafs by o when tt continuity Decrenfesy and 
.it mufi fafs by Infiuty, when it eonttnttoUy IncreafeSy before of a Negative 
it can bec<me Pofitive, or of a Pofitive a Negative Quantity. This I fay, 
being now manifefi, it follows that the Fluxion of that Quantity which ex- 
freffes the greatt^ or leafi Ordinate ought to be equal /^Nothing or Infi- 
nity, Md the Nature (y the Carve M D M being given, ^ we find the 
Value cf Km, tnd put the fame equsl to Nothing of Infinityj it mSferve 
to difeover the Falue of XE in either of thefe Suppofitions. Tbit wiM 
Mppear more *t large in the foSowing Propofitions. 



PROP. II. 

if the Curve AMmB be 4 Semi-tircU, AV — x, the Ordinate P M = 7, 
it is requir'd to find the gtestefi OrMnate C D. 

149. Spppofe AC = <, then the Equation expreffing the Relation of the Ablcifla 
A P to the Ordinate PMis x^x — xx^yy, and reducing the fame to Fluxions, 

we haTC ax — xx =^yyt anddividing by/, we have a 

= y = (^/Irt. 1+8.) (when P M co-inddes with CD, which we 
fuppofc to be the greaielt Ordinate) = 0, and multiplying both 

fides of the Equation by /, there will arife ax^ xx =0, and 

Sby Tranfpofition) ax =: xx; and a = x. Whence it is evi- 
ent that when j: or A P becomes = « or A C, then CD is the 
greateft of all the fimilar Ordinates that can be applied to the fame 
EMameter AB 



^1 
— il> 



And if the Carve A M m be an Ellipfis, the Equation exprefling the Nature thereof 
b (_Art, 32.) ~T^ = 4x — XX (a being = A B) which being rcduc'd to Fluxions, 

we have — / =mx — 1xx = o, becaofc / is = o ; and conlequcnjly , the 

Tenn — y- is = o. Therefore i « = * j that is, the Conjugate Diameter is al* 

ways the greateH Ordiaace that can be applied to the £une Diameter. 

1 i 150. Let 
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1 50. Let the Equation exprcfling the Relation between the AWciila A P = *, 
and the Ordinate PM be ««a:' — ■** + bbcex = 7' ^ 'tis requir'd to find the 
Value of x^ when the Ordinate y is the greateft. If the Equauon be rcduc'd to 
Fluxions, there will arife 3j«***— ^K*X'\'bbetx-=^y*y ■=: (becanfe } = 
{Art. 148.) o; and confequcntly, 5;4jr— ) o, and (dividing by i) i»»xx-^ 
\x'^-\- bbcc = o. Whence it is edic to find the Value of * or A P, when the 
Ordinate P M is the greateft. 

If I. And if the Equation exprefling the Nature of the Curve be *-3 +j' = 

£xy, then 3***+ 37 »/=«*> + **>» and cgafequently, /= -^ *~' - ^*^** 

= iArt. 148") o. Whence 4)r=:: 3 **, a»d j = ^ — , and liibftituting this Va- 

2'? X ' 2*7 X^ 

loc of ; in the Equation of the Curve, we have *3 -\ — =±3*3, and — ^-r — 

= i, and ?- = v'*; thatis, * =: t < V* = AC the Intercepted Diameter, fo 
that C D (drawn Parallel to P M) will be the greateft of all the Ordinatcs P M. 



PROP. m. 

If the Property cf the Cnrve MDM hegtvevf it it rtfiiir'd to fittd Ul> the 
ies/l Ordinate affiled to the gtvem Axis A B. 

152. Suppofe AP=^, PM = 7, «a determinate Qpantlty, and let the Equa- 
tion expreffii^ the Nature of the Curve 

_ MB MDM be/ — 4=»' X a — jf|', thenj = 

(TX Pr^ * -3 '~i • — i*V^ 

1 \d/ : 3 V" — * 

M V I = Now if we confider the Nature of the Curve 

■* *** E P MDM it will appear that 7 Increafes as 

the Ordinate PM Decreafes, and that in 

' V 
the point E, 7 is (^rft 147.) infinite in relpeft of *■, therefore I put — - — - * 

3 V- — X 
=:: hfifiitj. Whence 'tis evident that to make that Fraftion Infinitely great, its De- 
nominator muft be Infinitely, little, or nothing ; therefore 3 y « —x — o, and 
\/« — * = o, and* =*, wJbiicb 19 the Value o£ AE fi>u^t 
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PROP. IV. 



1/ AMV h, nm^ti StmUjiloiJ, „hf, B4fi B F « Uft lia the Simi- 
timmifmmi! of thi Orck A N R «i ^hoC, Ce^iir i, r. r, I, „„.i^A ,„ 



tmun^mm, of tht Orck A N B, «i n,hofe Ce«lir is C. // « rcquir'd to 
I tht mm E m the Diameter A B ; /h thxt E D &4II ie the treuet Or- 

I he dMtieJ In tha J^ir d n t^ J 



find the foint L .» »«c ununeier A J5 ; jot 

iiiutt thu tut he tfflied to the Jxit A B. 

!53- Draw the Ordinate P M at pleaftre, Interfeamg tht Semi-circle in N, and 

AN =t, tlieSemi-diameter AC=», tlieSe- 
mi-circnmiSawice ANB = «, BF = *; tlien 
(by the property of tlie Cycloid) it is A N B 

(.):BF(*):: AN(«.): NM=:-Saad 
confcqiiently, P H = ji + ^, and tlie Ftaxion 

tiiereof R «. = ; -f 3= (^. ,^3.) ^ „,,„ 

tlK P falls on E the poiM rBqair'd. But the 
Triangles NS», NPC are Oniilar j therefore 

CN(.): CP(.-,)::N»(i):S. = ? 




— - — =>; and amTe^nently, 

• 1 *'^ • , ,• 

f-r — —" —'J + 't. — acx.~,xt.Jf-tH When««t + <»=e*, and 



««+;»» _^_^,«*_ 



AE. 



Whence it u nuuifeft that if CE be taken (from C towards B) a fourth propor- 
tional to the Qtoimference A NB (<■,) theBafe BF (i) and the Radius CB(») 
then E will be the pomt in the Aiis A B reqnir'd. 



PROP. V. 

tf the Ndture of the Carve AM™, the Portion of the Axil A P, «wf* 2>f 
tmtti«M Point Kin the fmt be fiven : Til rtpir'i to find the foint N in 
the Curve, fo thtt tht Right Liiu KH he thr fiorteft Line wUth ctn he 
drmn from the fame foint R to the given Carve. 

154, Snppofe AP = jf, PM = ri AR'=.i and ?R=. — »; then it Ueti- 
dent, thatPM7 + PR, = HMV=«— -ie»--f.», 
+ 77: It b likewife imnifeff; that asthe pomt M 'ap- 
proaches the pomt ( N ) requird, fo the Line R M ; and 
confeqnently its ^Fluxion Decreafes, and in the point 
N the Fluxion of RN is = oi thereSm the Flliios of 
the Square of RN mull be =0, that is :cx—,i-l.,y 
= o, and if by help of the E(]uation of the Curve, we 
find the Value of j ^ in * and i, and fublHtute the fame 
lathia Equation, it will fetire to fina the pi*it,int)M 
Axis, in which if the OWiuate ^N beap^cd, than N- 
will be the poi« in the Curve, require), and R N Wif bt; 
the Ihorteft Line that can be drawn from the given point R to the Curve AMR. 




EXAMPLE 



D qilized by 



Google 



1 34 Fluxiortf : Or an IntroduUion 

EXAMPLE I. 

155. If tlieCiiive A Mm be the Common Parabola, tlien let the Parameter be = 
i, and the Equation Exprefling the Nature of the Curve will be b x =yy. And 

reducing the fame to Fluxions, we have -lbx-=yy. Whence wefliallhave xx — 

ex -\-j y:=:o = i X X — icx-\-hx-=o And by Tranfpofition, and divilion -v 

= c . That isAt=AR— i^i whence it is plain, that if R ^ be taken = 

i the Parameter of the Parabola, and the Ordinate t N draWn, then R N will be the 
fliorteft line requir'd. 

COROLLARY. 

If R A be = i i, then a Circle defcrlbed on the Center R with the Radius R A, 
will touch the Parabola in the vertex A, and be altogether within the lame. For in 
that cafe, N and A coincide, and R N or R A will be the fliorteft Line chat can be 
drawn from the given point R to the Curve. 

And in the frefent ExampUy its evident thdt « CircU deferih^d on the Center R 
mth the Radius RN niS toarh the PdrshoU in N and i» snother potnt 
opfojite to the fame. on the other fide of the Axis A P. 

EXAMPLE IL 

1 %6. If the Curve A M i» be an Ellipfis (or Hyperbola) then if the Parameter be 
= b, and the Tranfverfe AxU A B = u ; the Ej^uation ejqircfling the Natureof fuch 
Curves is 2 *jy ■=ZAbx-\-ixx; which being reduced to Fluxions, there wiH 

arife 2 ayy =^ab x :^ b x x, and coniequently/ y = 1 . Therefore 

the general Equation** — •* + /j' =0, is = 2#** — laex ~\~ abx'+ bx 
* = o. And by Tranfpofition and divifion 2 * «-^«i =2* e^bxy (m-2 tf*=p^ 
x = 2at~ab. Whence ar = -^II*-iandconftquently Rf = f— * =^!— ?_ 
Whence arifes this, 

CONSTRUCTION. 

Take R f a Fourth proportional to the Tranfverfe Axis, A 6 its Parameter, and 
Gf (thediftanceof fnomUie Center of tbeSedion) for la^ b:b :; s-j~e: R^ 
And (by CompofitloQ in the Elliptls and Oivilion in the Hyperbola) 2 *ib :: a^t 
ttRf: Rf . That is, as the Tranfverfe Diameter A B, istothe Parameter :: Of 
:Rf. ' 

CORROLARY. 

And if A R ( e ) be (uppos'd = k b. then R • = - — l^V W'H become '* JT , 

= ik Therefore Rf = R A, aod coulequontly, the points H and A Coincide, and 
a Circle de&rib'd oa the Center R, with the Radius R A or R N, wiH roach the 
Hyperbola or Etlipfisin the Vertex A, and be alrogether within them. 
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PROP. VI. 

To dhiie the Right Line A B, « the point E, Jo thtt the ProduEf of the Sqaare 
of one of its Parts A E, multiplied into the other Part E B, i# the greateft of 
aS the produSs made hy the S^aare tf airj/ one part of the Line A Bi multiplyed 
into the other part. 

1 57. Suppofe the onknown Qpaathy A E = a:, and the given Line A B = «, then 
AE'xEB = «x:r— x3, which is rcquird to be the greateft of all the Reftangles. 
made by the Square of any one Part of the given Line, multiplyed into the other 
i^rt. Imagine a Curve Line M D M fuch. that the Relation of theOTdinatcPM(7) 

to the Intercepted Diameter AP(*)maybe exprefs'd by this Eqoation j = - *^~ — 



And let it be requir'd to find the Point E, whofe refpedive Ordinate E D is the grea- 

teft'thatcan be drawn within the Curve, and then y — ^**^'* T ^ _ 5 . f = o i and :r 

a a 
=:t«=AE. 

And VniverfaBy : 

If it be requir'd that *"x»— Jtj'bethe Grt»u^ of all fuch Redanglcs or pro- 
duds (the Indices m and • reprefentuig what Numbers you pleafe) then the Huxioa 

oftheReaanglciseither=oorJl^(7i »*••-■ x x a~^x' ^nx' x *—*!""' 

:r =0, and (dividing firft by*"-' i^, andthen by <—«]"" mx a — x — » 

* = o, that \% a m ■= m X -A^ n x^ and confeqnently * = — ^ — « = A £. 

If f» be = 2 and ■ = — i, then A E will be = 2 tf, and then the Problem is ex- 
jjrels'd thus. 

Produce the Line A B, on thft fide B to E, 

lb that the Qjiantiiy „ _r be the Lea^ that is ( 

BE \^ / 

polCble : For then the Equation of the Curve 
will be — — - =j', wherein, if we fnppofe 
jc = rf, then the Ordinate P M, which becomes 
= B C = — , that is. It is Infinite, and fup- 




A B p E P B 

poling X Infinite, we QiaU have; = *, that is, the Ordinate will be Infinite alfb. 
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PROP. VII. 

If M» infinite Namher ff Cwts be infcritU in n givm Sphere \ Uis retf/tir^d tit 
find fha trkkh htf the greatefi Qenvex Surf tee. 

158. The Qpeftion amoonts to no more but this, to determine the point E, inthe 
Diameter AB of the Qrcle AFBi fo that the Reftangle comprehended under AF 
and the perpendicular FE be the greateft of all the like Redanglet comprehended 
under A N and N P. For if we ima^e the Se- 
mi-circle AFB to Revolve about its Axis AB, it 
is evident that the <Semi-circle defcribes a Sphere 
and the Reaangular Triangles AFE, ANP de- 
scribe Cones Idcrib'd in the lame Sphere, whofe 
S\fffeces are proportional to the refpe^ve Rect- 
angles AFkFE, ANxKp. 

Suppole the unknown Quantity A£~ x^ aad 
A B (the Diameter of the Sphere) ■=■ %»\ then 

by the property of the Circle, AF = \jxx-\- 

»**—** c= VJ**) and EF = yzax — xx 




and AF X FE = ^^.nsxx -^iaxxx^ and becaufe this Rectangle is reqmr'd to 
be the Greate(( « therefore the Fluxion thotof moft be equal to ^ that is | 



xitnxx-^gnx^x = ^ " ■■ be Oj thert- 



4a*x' — z4xi\ 

V4*««- — 2#*» 

fore 4< = 3*, and * =f *. 

PROP. VIII. 

If Mtong M Infinite Nnmher of Pars^iefifeJens, fMb h eqa/U to given Cuhe 
= * * J 'tis requir'd tafind tost which htu the ie^ffi Ssperficieiy one ^ its Sides 
being =^. 

1 59. Soppofe ;r to be one oP the Sides <^ the Parallelepipedoa reqiHrM then the 
third Side = r-- And taking the ReAanglesonder the three Sides (,-^x, Alter- 

Bitely, theirSum, w^, hx-\ l--T-i5=i the leaft St^)erfides of UieParaDele- 

pipedon Ibqght 
And the Fluxion thereof, vi^ kx'—f—^ = o = hxxx — »i*x-, and conie- 

qoently x — y-y. So that the three Sides of the Paralleleiupedon which anfwer 

-J- , and V -r- > ^ the two uokcown Sides 
are now difi^overM to be equal between thcmfelves. 



PROP. 
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PROP. IX. 

Any Cttrvt Lim MAN, £ndd dettrminMte paiia witlnn Ae [mk^ uTy^htiti^ 
given ; Vm requir'i to tlrtm the Liae L D K, ifhUh (^ t& other Urns iraf» 
thrmgh D; ^M&cut off the Uo^ Segment L A K. 

160. Draw the Line M D N (at plealiire) throogh the given point D^ and iiM 
M D » In finitely near the fame ; on the Center D, with the Radius D M, defcribe the 
Arches M R, « fc And 00 the lame Center with 
die Radius D N defcribe the Arch N S ; then 
theSedors DMR andO»ftare equal, aad the 
SeSor D N S or the Decrement of the Area D N 
«, exceeds the Sedor D M R, or the Increment 
of the Area D M m by the Space 9 iiNft. Whence 
It b manifeft that if M D N be fappos'd to move 
on the Center D^ from N towards K, then the 
Decrement of the Area, will exceed the Incre- 
ment, and confeqoently, the Space A mm, will 
be left than AMNi and when DM =DN, that 
b when N comes to K, andMtoL, then the De- 
crement of the Are* D N » will be equal to the 
Increment D N w, that is, the Abfohte Fluxion 
©f the Segment L A K will be = o, and the S«- 
meat L A K wlQ be the leaft that can be cut off b; A line palling through the ^ven 
point D. 

CONSECTARY. 

161. Hence in the Parabola^ Hyperbola, andEIIiplis, if itberequir'd, to draw the 
Line LDR throogh the given point D, to ctittif the leaft Segment LA K; throng 
the given point D, draw the Diameter A D, and O A F, couching the Sedion m 
A, wea draw LDK paraHel toOAP:ForAD,ba Diameter (by fiippotitlon) 
and the Une L D K is an Ordinate to the fame ; and confeqaently, is BiueAed \A 
D, therefore the Segment L A K is the (^An. itfo ) leaft that can be cut off by a 
Line pafiig thnn^ through the giren pcHnt D. 

And if the Carve LAK beanEUipft, then the other (Lower) Segment cat off 
by the lame Line, LDK will be the g^telt Segment that can be cut w by a Line, 
pafiii^ thra^ the given point D. 




p R r- 
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Lit 



PROP. X. 

the im faints V.MidC, mi the Right Line SS in the fame Plain with 
them, he given ; and lit it he riquir'd to fnd the faint F in the Plain S S, 
/o that a Body miming from E to F, xith the given VeUcity r, and from F 
to C mth the given yetacity h, jhall move from ^ b) V to C in the Shor- 
teftTime 






\6i. Let F be the point requir'd, and on the lame as a Center with the Radius F E, 

dcftribethc Circle ESkS, and on SS let fell the Perpendiculars EQ., CD, *J*. 

Thcnfuppofe the given Quantities EQ.= «, Q.D = *, 

CD = (, Q,F = x, and then FD = *— a-;EF=: 

V(i«-f- X Jt, and FC — Vec-1^** — xbx^ x x. 

Now it is manifell, that if a Body move from E to F 
with the Velocity r, and from F to C with the Velocity 
i ^ if thofe Velocities are equal, then the times will be 
as Che Spaces defcrib'd E F and F C, and if the Spaces 
E F, F C be equal and the Velocities unequal, the times 
will be reciprocally as the Velocities, therefore if the 
Spaces and Velocities be both unequal, then the times 
will be in a Ratio Compounded of the dired Ratio of 
the Spaces and the Reciprocal Ratio of the Velocities; 
that is, the time which the Body takes to move from E 

to F will be reprefented by — , and that from F to G 

by — ,- and the fum ofboth 1--t— or ixEF-|-rxFG will reprefent the 

Ihorteft times in which a body can move from E by F to C with the reipedive Velo- 
cities. 

Now if wc fuppole the times which a Body takes to more from. E to C with the 
Velocities r, and £, to be reprefented by the Ordinates R V, perpendicular to the 
right Line G N, then the leaft Ordinate N M will reprefent 
the Time, which the iame Body cakes to move from £ by F 
toC 

And if we ftppofc E F = ^ aa'~\- xx ■=. (for Brevities 
lake) - Vw- And FC = VTTH-**— 2 **-[-** = (for 
the fbrefaid Realtm) = V"i ^ben we Oialt hare this Equation 
b'^m-Yrn/ n =RV =/. And reducing the &rae to Fluxi- 



7" 



onsjwehave 



2 V" 2 v'" 



= ; = a But M =: 1 * *, and 



n =2 WAT— a ^jtr, therefore 



— hn 



2V» 



= 0, is = — 



\ . And by Tranlrwfiuon, and Dirilion - ^ ;r — =; 

Whence it is an cafy matter to find the Value of « or Q. F. 



bx 
F E 



CONSECTARY I. 

itfj. In Ditftruh, if we fuppofe FC = F E (which we may do, becaufe the Re- 

fradion in the point F is the £une, be the Line F C longer or Ihorter) then is r ^ — 

rx =.hx. And confequently r: h ::*;*—•* :: Q.F ; F D. That is, the Sines 

^- of 
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of the Angle of Incidence and the refraSed Angle F Cland F D, ait direftly as the 
Velodties r and A. 

And if S E S be « MeJium ^Air^ and S * S a Medium <f Ulster ; r the Velocity of a 
Particle of Light, moving fiTrai E to F, and b the Velocity trf the iame, moving 
from F to C, then becanfe the Velocity of the faid Particl^ in different Mediums is 
Reciprocally Proportional to the Dcniitics of the {aid Mediums, it follows that the 
Snes of the Angle of Incidence and the Refrafted Angle are Reciprocally Propor- 
tional CO the DenOties of the Mediums. 

CONSECTARYII. 

If a Radiant point E in Air, and another point C in Water be given ; to find 
the p«nt F, in the Snrfecc S QJ) S (dividing the Air and Water) (ay r 4- bib ; : 
*:*—*:: Q.F-1-FD (oraD):FD. 

CO N S E C TA RY III. 

And in Ctttftrkks, we jnxiT^ that the Ai^es of Incidence and ReBe^on are 
equal : For if a Body, moving m>m E to F be Refleded to G, it is ftill in the iame 
Medium andr — A, therefore FEx A — *=i:FGxjr; that is, FE:FQ,:: FG: 
F D. Now the Sides being Proportional, and the Angles Q. and D being Right An- 
gles, it follows that the Triangles E F Q., G F D are fimilar, and con^uently the 
An^es EFQ,, GFD are equals and ijecaufe r = i, therefore b—x-=^x, and 
QJ = D F V that is the Sine of the Angle of Incidence is equal to the Sine of the 
Angle of Refledion. 

CONSECTARY IV. 

If Medioms of different Oenllties be Included betweentbe parallel Plains A A, C ;, 
D <^ Er, and if the Dentities of the Mediums decreaie in any affigned Proportion, 
then the Ray (M R) of Incidence 
will be refiraded from the Perpen- lA 

dicnlar, and the Particlewill move 
from M (or R) to X (or V) in the 
tinesMR, RS, ST, TV, VX 
in the Ihortelt; time poffible, and 
if RS,ST,TVbe fuppofed e- 
qual, then the Sines of the refrad- 
ed Angles SRi, TSr, VTv, 
tivL Si, T /, V w will be propor- 
tional to the facility, or rarity, of 
the refpedive Mediums Included 
between the parallel Plains, A *, "\X" 

G c, D <J| E f- And if we fiip- 

poie an Infinite Number of fuch Plains (between A ^, and £ t) parting different Me- 
diums, whofe Denfity decreafes in any given Proportion, then the Number of equal and 
Infinitely little lines RS, ST, TV will be Infinite alfo, and will compoft a Curve, 
which the Particle (v. g. ^ Ltgh) moving from R to V in the fhorteft Time, will 
defcribe, 

Andtb Inveftigate the Property of the Curve RST V, which a Particle of Light 
defcribes, moving from R to V in the Ihorteft Time, through the Medium AbEt; 
whofe Denfity dccreafes in any given Proportion, itmufbbc obferv'd that as the Den- 
fity of the Medium decreafes, its Rarity locrealcs, and that the Velocity of the Par- 
ticle is Proportional to the Rarity of the Medium it moves in ^ that is, the Velocity of 
the f article of Light as it defcribes the eqnal right Lines R S, ST, TV, is proportio- 
nal to the Sines of the refraQed Anglw, viz. to Si, Tf, V v, &c. rcfpeaively : 
And that from henceitplainlyappean, that the Velocity of the Particle of Light def- 
cribing the Infinitely little, and equal Portions of the Curve, is always Proportional 
to the Eiementum 01 the refpcdive Ordinate of the faid Curve. 

L 1 ^ Thefe 
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PROP, X. 

Let the im foints E And C, s»d the Right Urn S S » the fame PUin with 
themj be given ; Mtd iet it be required to find the foint F in the PUin S S, 
/(J that A Body mwing from E to F, mth the given Velocity r, sndfrom F 
to C rvith the given Velocity hy jhull move from 'E by V to Q in the Shor- 
teft Time. 

\6i. Let F be the point rcquir'd, and on the fame as a Center with the Radius F E, 

dcftribethe Orcle ESkS, and on SS let fell the Perpendiculars EQ,, CD, *A 

Then fuppole the given Quantities EQ.= a, Q.D = *, 

CD = c, Q.F = ;c, and then FD = *— *;EF=i 

^aa-\- xx^ and FC = ^ce-l-** — zlix^ x x. 

Now it b maoifcft, that if a Body move from E to F 
with the Velocity r, and from F to C with the Velocity 
b ; if thofe Velocities are equal, then the times will be 
as the Spaces defcrib'd E F and F C, and if the Spaces 
EF, FC be equal and the Velodtics unequal, the times 
will be reciprocally as the Velocities, therefore if the 
Spaces and Velociues be both unequal, then the times 
will be in a Ratio Compounded of the dired Ratio of 
the Spaces and the Reciprocal Ratio of the Velocities; 
Uiat is, the time which the Body takes to move from £ 

to F will be reprefented by — , and that from F to C 

by — ,- and the fum of both \- —r— or ixEF^-rxFC will reprefent the 

fbortelt times in which a body can move from E by F to C with the lefpedive Velo- 
cities. 

Now if we fuppofe the times which a Body takes to move from. E toC with the 
Velocities r, and A, to be reprefented by the Ordinates R V, perpendicular tothe 
right Line G N, then the lealt Ordinate N M will repreient 
the Time, which the iame Body takes to move from E by F 
toC 




7" 



And if we ftppofe E F = vj7-t- xx = (for Brevities 

lake) = v'w. And FC = ^/77~-\- f' b — ^ h x -\- x x = (for 
the forclaid Reafon) = v' "> then we Ihall have this Equation 
i V'"+»"V» =RV=7. And reducing the Ikme CO Fluxi- 

hm rn . 

ons,wchave — -— 
^ 2 ^m 



- = ; = c But M = I AT AT, and 



= a xx-~2 bx, therefore — — - — - — -- = o, is = — 

2 ^ m 1 V 



i bx X 



XT X x-\-2rb x 



And by TranfpolttioD, and Divifion • 



~- . Whenceitisaaeafymatter tofind theValueof xor Q,F. 
F E 



CONSE CTARY I. 

163. In DuftritJuy if we iuppofe F C =: F E (which we may do, bccauTe the Re- 

fradion in the point F is the iamc, be the Line F C longer or Ihorter) then is r ^ — 

rx = bx. And confequentiy n b ::*:* — « :: Q,F : F D. Tlat is, the Sines 

^- of 
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of the Angle of Inddence and the refraftcd Angle F Q.and F D, ai* direftly as the 
Velocities r and A. 

And if S E S be * Medium tfA'tTf and S * S a MeJium of fFtter ; r the Velocity of a 
ftinicle of Light, moving from E to F, and A the Vclodty of the fame, moving 
from F to C, then becaufe the Velocity of the faid Particl^ in difterent Mediums is 
Reciprocally Proportional to the Dcnfities of the laid Mediums, it follows that the 
Snes of the Angle of Incidence and the Refrafted Angle are Reciprocally Propor- 
tiQiwI CO the Dcofides of the Mediums. 

C O N S E C TA RY II. 

If a Radiant point E in Air, and another point G in Water be given ; to find 
the point F, in the Surface S QJD S (dividing the Air and Water) fay r + A : A ; : 
A;A — * :: Q.F + F D (or aO) : F D. 

CONSECTARY III. 

And b Cttcftrieks, we {^roTCj that the Angles of Incidence and ReBefUon are 
cqnal : For if a Body, moving from £ to F be Refledtd to G, it is ftill in the iam^ 
Medium andr = A, therefore FExA — jc=:FGxa:; that is, FEiFQ,; : FG: 
F D. Now the Sides being Proportional, and the Angles Q. and D being Right An- 
gles, it fbOows that the Triangles E F Q., G F D are fimilar, and conlcqoently the 
An^es E FQ,, GFD areequali and becaufe r = A, therefore b—xT=.x, and 
QJ = O F ^ that b the Sine of the Angle of Incidence is equal to the Sine of the 
Angle of ReBeOioQ. 

CONSECTARY IV. 

If Mediomsof diflerent Denfities be Included between the parallel Plains A A, Cf, 
D ^ £r, and if Uie Denflties of the Mediums decreafe in any afligned Proportion, 
then the Ray (M R) of Incidence 
will be rcfraded from the Perpen- M 

dicular, and the Particle will move \ ^ ,i 

from M (or R) to X (or V) in the 
UnesMR, RS,ST, TV, VX 
In the Ibortefl; time pc^ible, and 
if R S; S T, T V be fuppofed e- 
qoal, then the Sines of the refrad- 
ed Angles SR/, TSr, VTv, 
■oix. Si, T ', V V will be propor- 
tioBal to the facility, or rarity, of 
the refpcdive Mediums Included 
between the parallel Plains, A A, ■ "\ jf 

Cc, Vid, £(• And if we fup. 

£»fe an Infinite Number of fuch Plains (between A A, and £ «) parting diflerent Me- 
omSjWhofe DenCty decrea&s in any given Proportion, then the Nomber of equal and 
Infinitely little Lines R S, ST, TV will be Infinite alfo, and will compofe a Curve, 
which the Particle (■». g. if L^bt) moving from R to V in the fhoneft Tmie, will 
delcribe, 

And to Inveftigate the Property of the Curve R S T V, which a Particle of Light 
defcribes, moving from .R to V in the Ihorteft Time, through the Medium AAE«j 
whofe Dcnfity decreafes in any given Proportion, it mult be obferv'd that as the Den- 
Cty of the Medium decreafes, its Rarity Increafes, and that the Velocity of the Par- 
ticle is Proportional to the Rarity of the Medium it moves in ; that is, the Velocity of 
the Particle of Light as it defcribes the equal right Lines R S, ST, TV, is proportio- 
nal to the Sines of the refraScd Angles, fie to S r , T f, V u, &c. refpeaively : 
And that from hence it plainly appears, that the Velocity of the Particle of Light def- 
cribing the lafinitely little, and equal Portions of the Curve, is always Proportional 
to the EUttientmm of the relpedive Ordinate of the faid Curve. 

L 1 ^ Theft 
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Thefe things Being premis'tl, it remains only to find the Property of the Curve^ 
which the Particle of Light defcrihes^ in Any Hypothefis of Acceleration of 
:Vihcity \ or to Trace the P4th of the Particle of Lighty in any MeMum^ 
whoje Rarity i»creafes in any given Prof^tiw. 

L«A B K bea Medium Tcrmiflatoi by the Horizontal Plaio AB, In whicfe fap- 
pofe A to be the Radiant Point. Draw A K Perpeadicnlar to the PlaiaAB. anddef* 
cribe the Curve A N », fo that the Ordinate P N will always reprefent the Rarity of 
the Medium at the refpeAive Depth A P, or the Velocity of the Particle of Light 
in its path in the Point M, and let AMG, be the Curve which the faid Particle 




defcribo. SoppQftAP = *,PN = as, PM=7, f ^=A1«. = 4 ajw=:/, M* 

= », andany Invariable Qjiantity aflbm'd at pleaftre = « ; then if M » be 'made 
Radius, the Fluxjon of the Ordinate Km will be the Sine of the refrafted Angle, 
which is Proportional to ttie Vrtoc'ity of the patpdc of L^ht in tiic point M, and be- 
caufc P N is Proportional to the Velocity of the Particle of Light in the point M, it 
fotlDvtfs tfaat the jlatio Utwcea P N »nd R. w is ooalhnt ana lav^ria^ \ itac Is, 

^ = ~ (the Element of the Curve » being lovariaWe) vbcnoe..!/ =: a: i^ or a^j ' 

= K ai M* = (bccauftMRinisaReftangHlar Triangle) siiSA:*-^- siai^*, and bf 
Tranlpofition «<;* — ^^t^j ' = ^z.'x\ and by Divifion and equal ExtraSiM, } =r 



Vtf < — ^ )c 

Andhy help ^ this Equation the Nature of the Carw AMG rvay he found 
in all imaginable Hypothefes. 

Forlnftance; if the Rarity of the Medium A B-K, be inaSub-thtiilicate'Rat'O-of 
the Depth; that is, if the Rarity of the Medium wf orM, orfte Velocity of the 
■Partide of Light m M, orithe Bsponent «f the feid Velocity Hw, orPN be asthc 
■SquBPe ftoot of Tto: Abfciffi AP, tlien the Cnrw AN i» -will be ^common l^bola, 
«nd « « = ».», and « = V ■« «:, and fuHtittitihg' thcfc values in the general .Bqaa- 

tion^ = — , we have} = x y/ — — — = x v/— ^ . Whencel con- 

■dadethat fte Cnrve A M G is the vulgar Cycbid i for if B G the BJameter of the ce^ 
neradng Circle be = *, and if flie Scmi-cydoid A M G "be defaibod, the Huxion 

oflheOrdinattR«.(>fi*,,io8.}>^Q.?H-Q.S==^=;:^^£t^H ""^ 

'— '~ ■ . : - " =■* V — — - . Whenee it ifollows that the fkxions of tbotsh 

V a X ^ X X 
Curves being equal, the Curves mull needs be one and the fime. 

Wc 
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We may alfo prove that the Curve A M G is a Cycloid, in this mariner * Vriori : 

NowtheFtowtogQiMHtityof—^™^ (fii^Jofing the &i4 Hukim fofitire 
which was isaUy N<;gativp) ij v^* * —x * pr D <^, aijd die FJowjiflg Qpaatity .of 



:^r-is=:Arcb8Q.. (uid^hicw&netJie Flowing Qp^atity^};;;"*^- 



()rPM»s=*<i— 0<i» thewifore MPJf^ <«niW¥i« P D w A B a to rfie-S^- 
mi-pcriphery BaC) PD— B Q,^-DQ.= BaC— Ba^-DQ,andc(»&l^««• 
Cnrrc A M G, is die vulgar Cycloid. 

SCHOLIUM^ 

The Exaffleot Geometer M. Jo. BtmtuiJIi, ProfeObr of Mathematicks at GrtiMmgrit 

dy, defcending by Cihc &)CQe<:^ its 4WA Gr.7viFy, JlKttild AWv« ^rQM « gjjreo .1^^ 
ther Point alfo given, in the (horteft Time : And the lame Excellent Pcribu afterwards 
Demoaftrated the Identify o/ that Curve sjrith this, which » Particle of Light defcribes, 
in Mediums not uniform ; the Rarity of the Medium aSefting the Ikme in this, that 
the Acceleration of Velocity does in that : For it a heavy Bg^y defcend froip A, 
itiheOKve AM, and if iIk V^lodky hcisa 6ub-4«]^caM ^«.ie cf xht Aitimiej 
aad if a fjnide -of Light llTaiag fron:the KaAiflttt ^nc A) fokKhroagti i H«^ 
MB AIS'K, wbafe Sarity tncreafes in « •$ab-dWflici«e fOitio, of the Alticadc or 
DcBi^ th^Xbf VelQci^yof thp P^xidcof l^f. will i*in a $.ub-diiptcatje £.ati0 
of die Altitude or Depth. Whence it appears, that the Velocity being the fame, 
whither it be producd by the uniform Aflion of Gravity, or from the Rarity of the 
Medium, the Curve defcrib^d muit be the lame in either Suppofition. 

C O N S E C TARY V. 

Make the Angle E A F = 45 " 00 ', and let the Ordinates E F, &€. reprefcnt the 
Rarity of the Medium at the depth A E, then in this Hypothefis, the Rarity of the 
Medium is proportional to the depth. Suppofe A E = jr, EF =^,EX=:;aud AXL 
the Curve which the particle of Light iQiiing from the Radiant point A defcribcs 

Then « =ai, and xx = j(^^ whence the general Equation y = — zzr^zr^rr will 

become } = ** — . Whence I conclude, that the Curve A X L is the Arch 

Vaa — XX 
of a Qrcle : For if A T be taken = 2 a, and «he Semi-circle A L T be defcrib'd on 
the Diameter A T, and if H be the Center, and H L perpendicular to A T ; then 
Hlis =*, and IX= Vaa~ xx, and the Fluxion thereof x,xi%=taa—xx\~'* 

^•r=- 1 which is the fame with that fonnd before j and confcqnently. 



a Particle of "Light moving ina Medium, whofe Rarity increafes proportionally to the 
AlttCt]de'<orDe^thA£,#i:;aMdy'Ldrliaa^iN£n4nhja(|in^^^ «dNUy 

(or a Velooky -^fiiportional to the perpendicular Spaces it defcribcs) will move m 
the Arch of a Circle from a^given point to a given point, in the (horteft T«!e. ^ 



C O N S E C T- 
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CONSECTARY VI. 

In the firft Hypothens, the Rantf of the Medium being in a Sub-duplicate Ratio 
of the Altitudes, if APor;r be =«,then*^ = < ji, aad^=*,andT = -^- — 

= -; = - . Whence at that Depth, R w the Sine of the Re&aiaed Angle 

is Infinite in refped of M R, that is the Infinitely little Poruon of the Curve M m 
will be parallel to R m, and coafequently, the Particle of Light cannot defcend low- 
er in fbch a Medium, but in that point it will be Reflected towards the Horizontal 
Plain A a / 

And in theficond Hypothefis, the Rarity of the Medium being in a direct Ratio 

of the Altitudes, ifAE=jrbe=ir, then ^=4, and £« = ««, and^=- 



V«« — as 
— — • That is K 4r the Sine of the Refracted Angle is Infinite in reCpect t^Xx^ 

and conieqaently, the E^rticle of l^t at that Depth (or being in the lowelt pcrint 
ftf ttie Circle L) will be reflected towards the Horizontal Plam A B. 

CONSECTARY VII. 



If AS be pCTpendicular to the Plain AG, and SL perpendicular to AS, and if the 
Curve F a N be defcrib'd within the Afymptotes S A, S L ^ fo that (fuppoUng A S = 
a tf, A F = X, and P N = %) the Nature thereof^ be Exprds'd by this Equation 

m^xxKK — *^* Then to find the Nature of the Curve of Refraction AMD, 




the Ordinates F N reprefentiiig the Rarity of the Medium, in the lefpectiTc paral- 
lel nains HP E, by the propertyof the Onrc F»N, 6*=; * and K — 



:.' Whence the geoeral Eqnatioa / := 



^00 — K. 



V«' 
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i/<^ *' v'*'*' ax 

, /- ;,- — j-~7r~., ZZ-I = . From whence 

I conclude that the Curvtf of Refraftion A M D is a Parabola ; For if A C be taken 
= j, and if the Parabola AMD bcdcfcribd tothcFoaisC; then will AG be = 
C D, and liie Parameter of the principal Axis C D will he =: 4 a^ and if A P be = 
*, then is D E = J — jr, and confequently E M = v'44 ^ — 44 Jr : Whence the 
Floxion of the Ordinate EM, w&. RMis =:jk ^a« — ^ax\ » x 44* = 

, which being the fame with that formerly found, proves that the Curve 
AMD, which the Particle of Light defcribes, is the Curve of a Parabola : And if a- 
be fuppos'd = rf, then the Equation of the Curve F N, -oij:. 2 » — x x 3c<. = 45 be-- 
come$ *t.K = *', and confequently r = «, whence r = — ^— will be = 

5^ J that is, if AS be Bifliasd in Z, and the Plain ZD fuppos'd to be drawn 

parallel to the Plain AB, then when the Particle of Light arrives in D, 7 will be in- 
finite in refpeft of * ; and confequently , the Particle not being able to penetrate 
deeper into the Fluid, will be Refleaed in D, and defcribe the other half of the 
Parabola Da 
And if * be equal o, then the Equation cxpreDing the Nature of the Curve F N will 

htzax.x.^*\ otx.= V^, whence :^(AF) =« VJ- That is the Velocity of 

the Particle of Ught at its Ingrefs in A is as a V J. 

And the Rarity of the Medium or the Velocity of the Particle of Light is recipro- 
cally io a Snixluplicate Ratio of its diltance from the determinate Plain S L,for 2 « — x 

J a i 
xKk= *^, whence K. = -1 — — — ,that is (rejeding the Determinate Qpantity 

V"**) theRarity of the Medium or the Velocity <^ is diredly as ~~.. — zr. or recipro- 

via—je 

cally as Ts i- 

And becanfe, the Infinitely little Portions of the Curve M m, are fupposM equal, 
therefore the times of Dcfcription are reciprocally proportional to the Velocities, and 
becaufe the Velocities are reciprocally as PS, i, therefore the times arc direQly as 

P S i. whence if the Parabola S ^tbe defcrib'd tothe AxisS A, the Ordinates P # 
will reprefent the times which the Particle takes to deferibe the Infinitely little Por- 
tions or the Curve M m. And the time which the Particle takes to defcribe any Por- 
tion of the Curve AM D is proportional to the Area of the corre^nding Portion 
of the Parabola S^tfA. 

CONSECTARY VIII. 

But if we fuppofe the Particle of Light to emerge out of fuch Fluids into anodier 
Fluid of an uniform Denlity (before it arrive at the Vertex D) then the Proportion 
of the Sine of the Angle of Incidence, to the Sine of the Angle of Emergence n:3y 
be Inveftigatcd ■, for Inftancc, if the Rarity of the Fluid comprehended between 
the Plains A C, N M, be fuch that the Particle of Light move in the Curve of a 
Parabola A M, and if the Denficy of the Fluid below the Plain or Surfece N M be uni- 
form, then the Particle of Light will Emerge in the Point M, and continue to move in 
the Line M K. Through the point M draw.B M T perpendicular to the Plain of 
Elmergence, and produce the fame until it Interfeft the Plain of Incidence A C in B, 
aijd the Line of Incidence G A producd in T, and produce the refrafted Ray K M until 
Mm iC 
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it Inte)-fc(?l the Ray of Incidence produc'd in H ; then on the Center H, with the Ra- 
dius H M defcribe a Qrcle Interfeaing A T in' X and V, and B M in Q, Now the 
Line A M being the Curve of a Parabola it rs evident, that the RcAangle comprehen- 
ded under T M and a given Parameter is = A T f . And the Line A T is bifle(4wl 
in B, whence if H O be drai*n Perpendicular to BM, then TO wHlbe n±OB, and 
if we" add the equal Lines Q.O, O M, tfteft TQ,=:BM-, and beca«feBM it given, 
T Q. K alfo given. Now the Re£taag!e comprehended under Q.T and T M, is- to the 
Reftangle comprehended under a given Parameter and T M, that is, to T A j, in a 
given Proportion i But Che Rc^ngle Q.T M is = ReaangteJfT V — HT j— HX f 
(or H M y) , and ATy is^ to i TA ^ = H T 9 in a given Prtpdrtioa, therefore the R-atio 
of HTj— HM^toHT^is given, and by Divifion, the Ratio of HM^toHTf 
is given, and likewifethe SuboupKrate Ratio, «;:HMto HTis^^teaj, Whence 
in the Triangle H T «, becaufe the Sides are proportional to the Sines of their Op-- 
pofite Angles, the Ratio of the Sine of the Angle of Incidttice H T Bj- to th« Snte 
oi tJte Angl* of Emergeace H M B'^ ifr given. 

C O isrs E CTA RY IX. 

And if the Netore of the Osve of Refraftion A M G be ^veoy then the DenJky 
of the Medium, anrfin what Proportion it Incrcafes or Dccreafes may be diicovir'd. 



Kow by help of this Equation and tlte property of the CufWof kefra&ofl, ^tf ftw- 
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It r B 


ZpC_^ 
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propflrty of the Canre A N », or tile Relation of the Ordutdfe F M to the AMtiJla 
A P may eafily be difcoTcr'd, and confequently, the Propottiwi in tPMcIi tfaoEJotilJ^ 
•f the Mediora laereaies or Decreafes will bcoHBe Ieoowo. 

EXAMPLE S. 

Let the €ur^ A M G vhkh a PurticU of Ughf tleftr^t in 4 Medkimt whtfi 
Penfity Deeregfes i» t gh/ert Preportioaj beaSemi-c^cimdt 'tis te^Hr'it^pd 
in what ProfortioH the Rgritj oj the /did Medium Incresfes. 

Suppofe A P = * 1 P M =/ , B G the Diaoeter of the generating Grcle = 0, 
isAva!p^^ theCArre ANirremur'd to be deicrib'd, aadthe Ordinate FH — x^ 
Now bectule the Ciirve of Refradio* AM G Is a CfdcHd^ tberefore the Fliixidff of 

the Oftfinate / is = i,^* - , and/* = _/ ^' . Whence the general fiqna- 



V*'+;* 



wia become K = 



^**.:^ V;*+,-^^ 
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x^ax 



-^•jtx. Now bccauft \-=>J*x^ it appears 



thi tlM Cdrre A Nn Is a conffiod nralnla, and b«cMfi the (k&saxi of the Fata- 
ton PH att fuppos"!! to tepKftnt the feccellive EKgMes oi Rarity •. 'tis plaia that 
tliieiUrit;of tlKMeiSm>iiiicRafejiiia»iMapKcat«RMiodf tUAttitofc AF. 



EXAMPLE II. 

lit tht Curve tf Rtfrtlfhn tLViV) h a PvAiU : Tit requir'd to fni tit 
froftrty ef toe Curve F N, vAkh determmei the Rarity of the Medium in 
tl jUtituiei. 

LntleFocilsof the Pai^bshM klthe HctrtadXal Plane ft, in the Point C, aal 
ftppofeAC=:«, thehCldthediitaiicesf tkeFoaas£ramtheVanexi9=:«, whencs 

(^[fptSng Af s Ct :^ .t, aaA?ti =itj ^\»i-"\4x^tVli aWMRsJce 
** . anitj»=! -*'*' ; iM (Soaleqoaitlsr, tW geneMl i^ostios t=5 
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wiU become \ = ■— ^^; - ^ — 






^X»4 — »X 



jjd 1^^ -B ■ -*■ ■■■■ ^ Of a^-*-* X <<. = <*' > ♦'W<* Equation exprefleth the Na- 
Mw of Olc Gary«Ft4% and cooJeqifBaU/ if AS betaken =:i«,andAP=:;i:, 
tbp Rarity of the Medium is rcdpwxalfy aj "SP *. 

COffl SBCTART X. 

bi lJl:e liwnntr if tfie C^virre of fle^ctim be aa Afch vS aC^Ie, then the Rarity 
of tibe Medium hi all Attitudes may bedeteniiia''<I y Aad Che times of de&riptioa wiU 
be reciprocally pfopomooalEo w-AIucfide£ A& 



CON- 
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CONSECTARYXI. 

And if the Curve of Refraction be a Cycloid, then becaufe the Infinitely Jittle- 
portions of the Curve M m are equal, and the Velocities in a Subduplicate Propor- 
tion of the Altitudes ; therefore the Times are reciprocally in a Subduplicate Ratio 
oftheAttitudes, and if to the Axis A K, a Curve be defcrib'd having its Ordinates re- 
ciprocally in a Subduplicate Ratio of the Altitudes, the Area comprehended between 
the did Curve, and the Axis A K will repfefent the time which the Particle takes to 
defcribe the refpeaive Portions of the Curve A M G. 

LEMMA. 

1*4. If aRay MN, felling on the CnrvcRR S, be reflerted in the point NtoG, 
aild if the refleaed Ray GN be produc'd towardsK j aid if N C, be drawn Perpen- 
dicular to the Curve in N, and through any point therein as C, be drawn G B, Paral- 
lel to the Ray of Incidence MN, Interfecting the reflected or refracted Ray K K in 
K, then in the firft Cafe, KN = KG, and in the Second Cafe KN :KC :: Sine 
of the Angle of Incidence is to the Sine of the refracted Angle, or as r is to b. 

I. In the Cafe of Reflexion i becaufe the Angle ON C= (§. 3'- ^mSjOKNC," 
and the Angle O N C = N C K, (becaufe M O and B C are Parallels) it follows that 
K N C = K C N, and confequently, K N = K G 

2. In the Cafe of Refraction ; on the Diameter N C def- 
cribe the Semi-circle N EC, and draw the Lines C E, G 
F, and they will be Perpendicular to N E and N F ; 
now the Angle C N E, is equal to the Angle of Inci- 
dence, and CNF, is equal to the rcfraaed Angle, and 
CEis the Sine of that, and CF the Sine of this, diere- 
foreitis (S-i-Mrr. itfj.) CE:CF ::r:b. 

Again, the Angle C E F = C N K (becaufe both 
ftands on the lame Arch F C) and the Angle E C F = 
ENF = CKN; therefore the TrJanglesECF, NKG 
are fimilar \ and confequently, CE:CF :: KN:KC:: 
r:b; thatk, KN is toKC, as the Sine of the Angle 
of Incidence, is to the Sine of the refracted Angle, or 
reciprocally as the refdlence of the Mediums. 

CONSECTARY I. 

165. Hence in the Parabola, If an Infinite Number of 
Rays M N, or O N Parallel to the Axis B C, be reflect- 
ed by the Curve RN S, the Point of Concurrence will 
be in K, the Focus of the Parabola: For the refleaed 
Ray N K is always = {Art. \6^) KC, rfiercfore (§. 6°. 
j^. 41.) K b the Focus of the Parabola. This holds 
true alio in Parabolical Conoids. 

CONSECTARY II. 

. If B N D be an Ellipfis, B D tlie Diameter, and H, K 
the Foci ; Then all Rays Illiiing from one Focus K, and 
refleaed in N, unite again in the other Focus H j for the 
Aagle of Incidence K N C i» = (<rfrf.47.) Angle of reflection H N C 
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G Y N S E C TA RY UI. 

KH:NK:: HC : CKi and by Compofiuon, NH + NK:NK :: HC-f 
CK:GKi or (^^.48.) BD:NK :. HK:CK, and by Permutation, BD:HK:: 
NK:CK :: r:A; tberefore if the Ellipfis be fuch, that it be BD:HK :: r:*, 
it willalfobeNK:CK:: r:b\ and if the Ray of Incidence M N, Parallel to B D, 
be refrafftcd to K \ then it will alio beNK;GK::r:A; and confcqueutly, if the 
Tranfverfe Axis of an Ellipfis, be to the dillance between the Foci, as the Denfity 
of the Mediupi within the Ellipfis, is to the Denfity of the Ambient Medium, then u 
the Rays of Incidence be parallel to the Axis, all the refrafted Rays will CoDTO^e 
to, and nnite in the remoteft Focus K. 

And the like muft be underftood Of Spheroides, generated by the Revolution of 
the Semi-ellipfis B N D, about its Axis B O. 

CONSEGTARY iV. 

In the Hyperbola let B D be the Tranfverfe Axis, and H, K the Fbci ; then (in likri 
manner) it may be prov'd, that NK:CK :: BD: HK. Whence if by the Con- 
ftruction of the Hyperbola it be B D : H K : : 
r:b. It willbe alio NK:CK:: r:A. And 
if the Ray M N parallel to the Axis B D be re- 
fraaedin N toK, itwill be NK:CK :: r: A. 
Therefore if the Tranfverfe Axis of an Hyper- 
bola be to the dill'ance of the foci, as r, is to A, 
or reciprocally as the refiftance of the Mediums, 
then all the parallel Rays M N (being reiraaed 
in N) will (after Refraction) Converge and 
Unite in K, the Focus of the oppofite Section. 

CONSEGTARY. V 

If RBS, reprefcnt a Portion of an EUipfis, 
B K the Axis, and K the remoteft Focus ; then 
if, on the Center K with any Radius, you defcribe 
the Arch R L S, then R B S L, is call'd a Menif- 
eut Sftcutum, bccaufe it rcfcrables the New 
Moon or a Lunule. And by help of this Uauf- 
eui Glafs all the Rays M N parallel tc#the Axis 
B I^ and Refrafted in N, pafs out of the Glafs 
into the Air again in L, and unite in the Focus 
K, for the Rcfrafted Ray N 1. convei^es to the 
Focus K, and K being the Center of the Circle 
R L S, the Ray N L is perpendicular to the 
Arch in h, and confequenuy pafles diredly on, 
from L to K. 

GO NSECTARY Vl. 

A Plano-convet Hyperbolical Glafs N B S . unites th« Rays MN parallel to th« 
Axis B Dp in K, the Focus of the oppolite Sedibn. 

CONSEGTARY VII. 

And if K, be tbe Radiant pointy all the Rays IfTuing from the fame, sod refracted 
in N, on the Convex fide of the Plano-convex Hyperbolical Glafi N B S, wflt be- 
come parallel to the Axis B D ; and in the Mtmjeai R B S L, all the Rays Iffiung 
from the Focus K, being refracted in N, will run paraHel to the Axis K Bi 
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C O N S E C T A a Y VIII. 

And ul a Convexo-convex Hyperbolical S^cnlora, all the Rays IBiiing from tbe 
remoter F«ciK of one, will Cpnvcrge and unite in the remoter Focus of the other. 

PROF. Xt. 

If ihf rttln Liu A B fe iiviM into thru ftrts, AC, C F, F B, Tis rifui. 
reituMvidetliemUMcPart CF, //> jfc P«»»E,/o<44> tin Frafertim of tb, 
ReltMglr A.'t. ^EB, 'Kthe Rtauigh CExEF, ttlhi leift of lU f(0ilt 
Proportions mcdi irt thtt manner. 

1 66. Suppofe the given Quantities A C = < ; C F = * ; C B = e, and the un- 
knawn auwtitj C E = «■, thenAE=» + j:l EB = t— «; and EF = »— *, 
lOawav^uw H Vif . andtheRauoofAExEBtoCEKEFwlUbc 

.... .... n. ic-\-ex — <* — Kx 

exprefs'd by this Fraolon h x~ x lc 

Vvhich is rcqnir'd to be the lutft aHignabl? be- 
tween foch Redanglcs. Hence if we imagine a 
Curve M D M to be fuch, that the Relation be- 
tween the Ordinate P M (7) andthe AbfciDk 
CP («) be exprefi'd by this Equation ji = 
,„^,.x-..x^.x jc^ _ .j.^^ ^^^ 
i X — XX 

will be to find the Point E, where the Ordinate E D will be the leaft that can be ap- 
plied to the Curve iVl D M ; therefore, if we reduce the Equation to Fluxions, and 
divide by < i, there nill arife e xx — ax x—t x x + ltix--ttc = o, md 
finding one of the Values of the Root x, it will anfwfr the demands of the Qucftion. 
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PROP. XII. 

LetCf hdChordf mU let oite end thereof kg nuuUfufl at Q, 4Kitatk«tftktrfnd 
jsfitn the Pulley F, ahut which fufpend the Weight. D, h f^' Chord VfB, 
fafi/ti/tg oae end therecf at B> 4od kt the po»ti C and B, he in the fifte fjfiri- 
zOHtd Line CB; andfufpofe, hoth the Chords and the PuBey tohf mithout 
Weight ; T« re^ai/^d to f mi the lowefi defcetjt of the PftSey and the Weight, 

his evident t th4t the Weight D, mS defiend as low as f<0ley helow theHori- 
zontal Line CBi and therefore the Line D F E, »iM refrefeut the rreatejt def- 
tens of the Weight D. 

1*7, SuppoTe the known (^nantitje? C F = 
4, D F B = * , C B = c , and the varia- 
ble Qjiantity C E = j: , then is E F = 

^$a — 3f X aildFB = /j ^-]- ee-^teif, and 
D F E = t^^/aa-^-ec'—iex-^-^/'aa — xx 
which ought to be equal to the greateft defcent 
of the Weight D ; and coofeqaendy its Flux- 

t X XX. , 

— — — r IS = o, and 

vas -\- e e —' 1 e X vaa — x x 
by Reduftion 2 c jr ' — 2 texx — aaxx^as 
c c = o i and dividing by :r — c, vtc have zex 
X — aax~i-9ae = q, and confequeptly, one 
of the Values of the Root x in this Equation 
is equal to G E, and if E F be drawa Pcroendi- 
cnlar to G B, it will pafs by the Pulley F, and 
tJirough the Weight P, v?htn it comes to reft. 
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PROP. XIII. 

Ltt the Nitun of the Curve Line A M D ie fuch^ that the Value of the Oral- 

nate ie ex^efs^d ly a Fra£Ho» ; iad fuffofe, that iphen the Jbfeiffa A P (x) 

becofiet = j, then the Numerator ana Denominator of the FraUion become each 

■ equal to nothing : Tit retfuir^d to fnd the Value of the Ordinate (V iAJ in that 

Point. 

1 68. Suppofe A B = « i and let the Curve Lines A N B, C O B be applied to the 
feme Axis A B^ fo that the Ordinate PN exprefsthe Numerator, and PO theDe- 
oomijlator of the general Fraction ExprclTuig the Value of the Ordinate P M : v. f . 

ABxPN 




Suppofe P M = - 



PO 



— . It ismanifeft 



and g ^ and then I 



that both thofe Curves wi!! Interfeia the 
Axis in the fame Point B, becaufe (by fun- 
polition) when x becrmcs =: .>, the Ordi- 
nates P N, P O, become each equal to no- 
thing i now 'tis rcquir'd to Imd the Value 
of the Ordinate B D . in that point. 

Imagine anotlier Ordinate b 4 to \x 
drawn Infinitely near B D, Interfering the 
Curves A NB, and CO B, in the Points/ 

iW= — ■ — '-. That 

■ --. ABxif ., 

is, B D IS = — . — - . Now It IS mam- 

*f 
fell that when the AbfcilTa A P becomes = 
A B, then the Ordinates P N, P O VaniH, 
and that when A B becomes = A *, then 
the Ordinates of the Curves A N B, C OB 
become tf,tf-, fo that the OrdmateS hf, if, arc the Fluxions of the Ordinates 
in B and t, in refpeft of the Curves A N B, C 6 B ; whence it is evident, that if we 
take the Fluxion of the Numerator, and divide the lame by the Fluxion of the Deno- 
minator, after having fuppofed *=» = A*=AB, the Qpotient will be equal to 
the Ordinate id orBD, which was requir'd. 

For Inftance, fuppofe/ = ' ' ''—'*~'V'"' _ Then it is evident that 
« — V»*' 
be = «, the Numerator and Denominator of the FraAion will be : 



if 



Now 



a^ X — 1 x5 * 



— f < ar i and the Fluxion of the Denominator is = ^ * = (when * = «) 

4 \/a' X 

— J i, by which dividing — f « i the Quotient — « is :^ B D. 

9 

SCHOLIUM. 

i«9. Happening to apply the DoArine de mucimli & minmh to Fraftions, Ilhall 
here add that Problem to lind the FraSion, whofe Square exceeds its Cube the grca- 
telt thot can be. Suppofe the Fraftion to be = jt, then i- ' — * » is = « maximum, 
and oonftquently, i»jr — 3j:'*is = o, andby TranfpoCtion and Divilion »• = f 
Wherefore the Squareof f exceeds its Cube, more than the Square of any other Fracl- 
tion exceeds its relpedtive Cube. PROP 
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PROP. XIV. 

The Elevation of the Pole heittg gwnt, to find the D^ whtn Tmligbt is 
fiortefi. 

170. LctCbethe Center of the Sphere, APBHthe Meridian^ H D i^ the Hori- 
zon , <iE t T o parallel to the Horizon, when Twilight begins, A MN B the Equator, 
F E D G a Poruon of the Parallel of Declination, which the Sun dcfcribes when Twi- 
light is /THwe,*, comprehended between tlje Plains of the Horizon and the Crepufcu- 
lar Orclc ; P the South Pole, P E M, P D N Qliadrants of Hour-circles Intercep- 
ted between the Pole and the Equator ; H.Q,or O T an Arch of the Meridian, com- 
prehended between the Horizon and the Crepufcular Circle, O P the Elevation of the 
Pole are given, and confcquentlyj their right Sines G I =: F L = Q.X, and O V are 
alib given : To find C K the Sine of the Arch E M or D N the Sons Declination whea 
he defcribcs the Parallel E D. 

Imagine another Portion/* ^f of a Parallel of Delination Infinitely near FED G ; 
^nd draw the Qiiadrants P»w, ?4v^'xi& evident, that when the times which the 




Son takes to defcribe the Arch ED is ffiorteft, then the Difference between the Ar- 
ches M N (which is the Meafure of the iaide) and m n (when £ D becomes e J) is 
equal to nothings whence it follows that the little Arches Mm, N » are equal, and 
confeqnently, the little Arches R e, S i are alfo equal between themfelves, but the 
Arches R E, S D being Included between the lame Parallels, E D. « ^ are equal, and 
the Angles at S and R are right Angles, therefore the right-angled Triangles E R «, 
D S rf (which we confider here as Rcailineal, their fides being Infinitely little) are 
fimitar and equal, and confequently, the Hypothenufe £ e^ D <^ are alfo eqoal be- 
tween themftlves. 

The right Lines DG, EF, dgy tf being the common Seftions of the Plains 
FEDG, fe dg (parallel to the Equator) with the Horizon and the Crepufcular 
Circle, are perpendicular to the Diameters H O, Q.Ti becaole the Plains of all thofc 
Circles are perpendicolar to the Plain of the Meridian, and the Infinitely little Lines 
G^, F/ are equal betwe en themfelves ; becaule the oppofite Sides of the Figure F^ 

are parallel, whence "s/ud* — G^^ ttt 1>G — ig'i^^ ^J ft*— f~f* or fe — 
V E ; now it is evident that if in a Qrcle two Ordinates be drawn Infimtely near 
each other, the little Arch Intercepted between them is to their difference, as the 
Radios of the Circle is to the Portion of the Diameter Intercepted between the 
Center and the Ordinate, therefore (becaufe of the Circles H D O, Q.E T.) 

Oo CO 
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CO:CG :: DJ(.otEt} :DG — J^ (or/« — FE.) 
And I Q,: IF ::£«:/■< — FE. Therefore 
CO:10.i: C0:1F aild by cotnpofitkni 
CO+ia(OX) :CG4-lt (LG) :: CO:CG. 

AndbecabfetheTfUnglesCV 0, CKG, LtG are ritnllar, it Is, 

COtCG iJ OV: OK 
And 0K:GL;/CK:fL(a5C.) 
Andagaitt O V:GK :: OX:OL. 
Thwfore OViCK :: OX.QX >= Q.X:XH (by the property of the Circle.) 

That is to fiy, if in the right-angled Triangle Q.X H you make Q.X Radius, then 
(betauft Aftronomers fuppofe Twilight to begin or end, when the Sun is 1 8 Degrees 
below the Horizon, and confequently, the Arch H Q,or H fi is = 18", and the An- 
gle H Q,X = i H C j8 is = ?°, and H X is the Tangent of 9 Degrees ;) It is « ka- 
dtui is to the Tangent of 9°. 00', fo is the Sine of the Latitude to the Sine of the Suns 
Declination (South) when Twilight is of jhorteft continuance. 

PROP. XV. 

Any tm points A ind B in the puae vertical PUln being given ; *r« requir'd ta 
find the froferty of the Curve A M B, /o that a heavy Body defcending in the 
fame by the force of its oron Gravity^ JhaS move from A. to h in ajborter time 
than in any other Line^ tkawa betmeen the faid Points. 

171. 1 have already folv'd this curious and ufcful Problem from Dioptrick Principles, 
and have fhcwn its Identity with the Curve of Refraftion ; Tills PropoCtion Ihall 
comprize feveral folutions of the fime Problem deduc'd from other Principles, that fo 
it 0iay appear that the lame truths may be Invelligated by very different Methods. 
Let AM, M B be two Infinitely little Portions of the Curve requir'd, and fuppofe 
the Cnrve to begin fomcwhere in the Horizontal Une D F \ then 'tis evident, that 
when the Body comes to A, with the Veloci- 
•^ jj ^ P tyacquir'd in its defcent, it muit jnovefrom 

A to B in the Ihortelt time poffible. 

Draw the Lines A K and B L parallel to 
D f , and bifea B K in P, and draw S jE* K pa- 
rallel to D I^, then it remains only to hnd 
the point M, where the line pR Interfe^ 
the Curve requir'd. 

Now if we afTum^ Oalilmh Hypochelif, 
according to which the Velocities, which 
heavy Bodies acquire in their defcent, are ta 
a Sub-duplicate Ratio of the Altitudes they 
fell from ; then the Velocity of the heavy Bo- 
dy ifi tht boint M WRl be as V E M, and its Velocity in B, will be as V F B ; there- 
fore tire time of its defcent from A to M is (becaufe the times are dire^ly as the 

A M 
S)^ces atid wc^trocaBy as the Vetocrties) - -g-rj , and tlie time it ukes to defcend 

fromMtoBis-^=-=, therefiwe tie Point M ought to be fuch, that — - -^- 

16 M 

-T=-^be aiNMDnnnf ^heucif we !(QF|nfe eke points A and B to be drteroiinatie, 

and the Invariable Qjiaatities B F or M N — /, E M = i, F B = 5 , and the Inde- 
^ terminate . 



^y 
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lerminate Quantities A N = », and M P = i^, then — 'j'l'~ + ' — ' will 

be a minimim ; and confcquently, the Fluxion thereof will be equal to nothing : That 



h 



■r^A- 



Quantitjf, therefore u — 



^ o. Andbeftiufe u-\-t^~ toan Invariable 



K> whence —^-^z::^^ = — =. — '. Whence 

'tis raanifeft that — — -^:^^=^=. is always equal to an Invariable Quantity ; now fup- 

j»fe the Cnrve A M B to have comttieflc'd in D, and let the Abfcifla D E be = *, 
the Ordinate £ M *=/, AN = *, and N M = 7 ; and lee « be an Invariable Quantity* 

thtn will "-^ — -T— rr. — be i= -;- . Whence *■ V*" = V/ V * ' H~ 7 S and redu- 

dng this Equation a aa Analogy \/* * 4" j' • * == V-* : V7 j but in every Curve 

« is to V « ' H"i * " ''^^ Subtangent is to the Tangent, therefore the property of 
the Oligochroual Curve is, that the Tangent is to the Sub-tangent, as ^a is to V 7- 
But this is the property of the Vulgar (Art, 70 N". 4.) Cycloid, the Diameter of the 
gciieratiag CitVle being =«i therefore the Curve of the fwifteft Deiixnt is a Cy- 
cloid. 

LEMMA. 

/» the vittgir Cyttoii, tie EletHenli of the Cal^e, are in t Katie, etmrfoandei of 
the DireS lUlio if the EUmenta of the Jbjcijfe, /ad the Reci/roitl Sui- 
iaflieite Katio <f the OrJiiutes. 

Vjt. Ut ACrbcaSani^doid, CO, GO tlvo InCoitcly tittle rortibnstlKre^ 
of; CM, GN two Tangents, RQP the generating 

Circle, A the Vertex, AH the Ablcida, HC aa ^ „ 

Orlioate, C E, E f Fluiions of the Ordinates, aul -*' '"^ -^ 

E G, G I fluxions of the Abfcifla. 

Then 
GD:Gi :: GN:GX .-l (^rt.70.N«;4.) ^RP 
:VRX, and 

GI:EG :: GI:EG, and 

EOiGC :: CSlCMl! v'RS (VHCT) '.^Kt- 

Therefore 

GD:GC :: GIxv'RPi<»'HC:EGxv'RP« 
VHE(orVRX)::OI " v'HC: EG^HE :: ^^!^^. That is the Ele- 

menta of the Curve G D, G C ai« in a Ratio compounded of the diitft Ratio of 
the Fluiions of the Abfcifla O I, G E, and the redptsal 6»b<liipliaite Ratio of 
theOnJiaatesHE,H& <i,E.D. 
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COROLLARY, 

He»ce if the , Fluxions cf the Jhfcijja EG, GI he equal attd invariable^ then 
the Elementa of the Curvey wiSfe rec/proca//y in a Suh duplicate Ratio of the 
Ordinates. And n&tv to Inveftigate the t^ature of the Curve j of fwijteji Defient 
snother veaj. 

173. la any Plain, inclin'd to the Horizon at pleafure, let AC B be the Curve 
requir'd, along which fuppofe a heavy Body to defcend from A to B (by the force 
of its own Gravity) in a fljorter time than it cad 
^ ^ defcend in any other Curve, drawn through the 

given Points A and B, and in the fame Plain * 
and let any two Points C, D, Infinitely near 
each other, be alliim'd in the Carve, and draw 



\ , 

\ the Horiiontal Line A H, and C H pcrpendi- 

>,'!_ cular to the fame, draw alfo D F perpendicular 

T"^^ * to C H, and bifeft C F in E, and compleat the 

_i5-. J Parallelogram ED- Tis requir'd to detcrmi- 

■■^X^ Date the point G in the Line E I ■, that is, 'tis 

St fequr'd to find the Inclination of the Portions 

of the Curve CG, GD to each other, fo that 

the time of defcent along C G + the time of 

defcent along G D (which may be written thus r C G = f G D) Ihall be the (hortclt 

poflible', now to do this, let any otherpoint as L be taken between EandG, fothat 

G L be Infinitely lefs than G E or L E, and draw the Lines C L, D L, and on the 

points C and D as Centers, defcribe the Infinitely little Arches L M, G K j then 

wiUrC L-|-rLD be =: (e«'iMrw«wMo»;)rCG -J-r DGiandconfequcntly, (CG 

— *CL =*LD — *DG. This being laid down we may proceed thus : 

CE:CG :: *CE:(QC ^.^ EF:GD 
CE:CL :: *CE:»CL 



. ,, EF:GD::fEF:rGD7 ^ , ^ . 
^*"^ EF;LD::rEF:(LDC^*J'^*^'«"'- 



fi»j#CE:CG — CL(MG)::rCE:fCG— tCL....EF:LD — GD:: rEF: 
*LD — »GD. 

andCbecaafe ^MGL, CEG are fimilar) MG:GL:: EG:CG andLN- 

LG::GI:Ga 



Djfl,CE:GL :: EGk»CE: CGx *CG — (CL ..... EF (C E) : LG :: G Ix 



fEF:GDxrLD— »GD. 

andconfeqiicntly, EGx(CE:\3UrEF::CGK#CG — tCL:GD>crLD^GD 
:: itxnaxuram»mt) CG: G O. 

But EG X ;CE :GIx (EF :: -j,^: -^' . Ex h;p. Gravit. 

Therefore CG:GD :: -TiT/^ = t--,— - ; that is, the Elementa of the Curve of 
VrH- ^HE 

fwlfteft Dcftent, are in a Ratio compounded of the direft Ratio of the Elementa of 
the Abfcifla and the reciprocal Sub-duplicate Ratio of the refpeclive Ordinates, 
and confeqoently, the Curve of iwifteft Defcent is (_Art. 172 ) the vulgar Cycloid. 

Htving thus determined the Nature of the Curve tf fmftefi Defcent^ 1 think 
it wiSnot he amifs in this place, to Jbew bom to Inveftigate the Nature 
ef the Ifoebrond Curve, in ivhich a hea^iy Body defiends e^ual Spaces in 
efutl Timet. PROP. 
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PRO p. XVI. 

to IfFveftigate tht Nature ef the Carve f in which m hexvy Body (bd ^ejcend 
, rvithout tnj JcceUrai&n <f Velocitj. 

The LtMrned G. G. Libaicz in Niyveil. Ref. lit. September 1 687 proposed the 
PrahUm thus: To find an Ifochronal- Curve, in which an heavy Body 
fhall defcead uniformly ; that is, in equal times, it fhall dercend equal 
Spaces with an equable Velocity \ And the Celebrated M. Hugens was the 

frfi that re/olv'd the ProhUnt in October follomngy but fupprefs'd the De- 
monfiration. Afterwards M. Libnitz himftlf gave the Demenftrationy hut 

fupfrefi^d his Analyst. Lafily, tbe- Excellent Geometer M.l^ich. Fatio Du- 
illier commuTueated his Method of InveJligMtionj vihich is thus : 

174. Let ABE be a Line perpendicular to the Horizon, and fupptrfe BHtobe 
the Curve requird \ then fuppoft an heavy Body in B, with the Velocity acquir'd fiace 
ic fell ^m A* to continue to move mim B to H, in the 
Curve BM, and let the Velocity aoquir'd In B, be reprefen- 
ted by A B = « ; and foppofe the Axis of the Curve B P to 
lie in the lame ftreight Lme with A B ; then put the Ab- 

fcil& B P = ;r,and the Ordinate P M =/,Pf = i, Ri» = ;', 

and then becaufe;' vanilhes in B, therefore the Fluxion of 

tbeCorve in B is =: xj and M «* the Fluxion of the Curve 

in M is = V je • + y *. Now bccaufe the Velocity in B i? 

= My therefore V" • ^a -\-x i: a:^ax-\-aa = to the 
Velocity of the heavy Body in P, therefore the time which 
the heavy Body takes to delcribc B A is = (bcraule the times 
arediredly as the Spaced and reciprocally as the Velocities) 

— and t|e time wfhich the Body takes to defcribc M w is = -^ -^-^ . Now thefc 
• ■ ^^i-y^x . 

are equal by fuppoCtion, therefore 5_ = ^-^ and confequently, a si * » : : 

* i/aa-\-ax. 
r«-t-**:*' + *j'»-and«*:*» ::mx: >», whence**/* =ar*(f ar, and*7 ~ 
xVaxy and the Flowing Quantity *j( = fjt^ixfi ^fbotinthis cafe (where^ri 
and f vanifli together) <j muft needs be = o, ; therefore i ■• j» r = « '. and the Ifochrb- 
nal Curve is a cubical Paraboloid convex towards the Axis, and the Parameter of 
the Curve is = J « = J A B, olr A B is = f of the Parameter. 

Aadthtr wky. 

Having thus difi&ver*d the Nature of the Ifochronal Curve in the vulggr 
Hypi^hsfts if Gravity'^ that is^ fuppofng the Velocity to he in a Sub^- 
fltcate Katio of the Altitude the beofvy Body fell from\ I jhaS norv jbew 
how to Invefiigate the Nature of Curves, in ivhich heavy Bodies defeendingy 
according to any Hypothefi of Vflodtjy fitaU defcribe Spaces in any given 
, Proportion to the Times. '■' 

17$. Suppofe DAD. parallel to the Horizon ; and let it be requir'd to find the 
Nature of the Curve M C. in which an heavy Body deicending (from A) iball re- 
cede from die Horizontal Une D A D in any Proportion ot the Times, and accor- 
ding to any Hypothdts of Velocity. 

P p Draw 
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Draw the Vertical Line AL, and the Horizontal Lines M N, »w » infinitely neat= 
each other j and dcfcribe t he Curve A N »* fuch, that the Ordinate P N reprefecit 
the Velocity which the heavy Body has 
acquit "d in M (fince its dtfcent froin A) and 
jp. A . . . ^ let the time which the Body takes todef- 

Cend frcm A to Nt be reprefented by PF 
the Ordinate of another Curve AF/. 

Supppfe AP=:*, PM=7, PN =f, 
and P F = <. Then, becanfe the Times of 
deftrqaitm are direQly, as the SpHcei def- 
crib'd, afld recibrocally as the Velocities, 
joyntly ^ therefor*: the Time which the 
heavy Body takes to delcribe the Particle 

of theClfrVtMWiss::^. 

Now the Particle M m being Infinitely ' 

Little^ the h&sj Body will de&ribe the fiime ia aa loAnatt or in ttte Portioo of 




Time reprefented by ^; therefore ^ = -^ = J^ '—' 



WHente (luppdiiiS 



< =: i) we have-oii^r:* yJ^'+i'- 
And becaufe the Curves AN n, A F/ are ^ven, therefifrc the Value of j^ in the 

Terms x^ and the Value of -d ia the Terms x^ may, be found by help of the Equa- 
tions expreffing the Nature oF the iaid Curres, and fiiblHtotiUg the faid Vallies in 

the Equation vx_-=a yx' -^ ^*, there will arife an Equatien expreiting the liature 
of the Curve MG ffiitb wot reiiitir% 

For inftance, If we would ^pply this Theorem to the coihmon HypdtiiiCs oF Gra- 
vity ; we muft confider, that in thait Hypothefis, the Velocities f N are in a Sub-dii- 
plicate Ratio of the Altitudes A P, ana confeqfiently the Curve A N » is the com- 
mon Parabola. Whence v = V^ j which Value of v being fobftituted in the go- 
nmi Equation vi, =^ * V** -\~ }% theit will arife Wdi = i V^ ' H" ;* *>r 

j^ __ _JL- — CZ_ ^ and if we fuppofe the times to be in any given Proportion to 

the perpendicular Defcents of the heavy Body, the Nature of the Curve MC may 

be determiii'd accordingly^ in the GtlUlam ffypathtfit of Graivii^. 
Thus if it be requird that the Heavy Body moving in the Curve BMC from B to 

C, dcfcribe (rghdl Spaces in ^dal Timts i then "iiis evident tha't P F Is alWays = A P, 
fiikl'ConleqUentiy the Oirve AFj' becomes 4 
ftrs%lit Liile, and APF is an IfoTceles TYi- 



-^ ^ P angle. Whence ^ is = *■, and the Equation 







will become x : 



c/ 



^^-^ » "'^ confi^ilHitfy, x^,x=t 

V'' +;■'> >irf Souring both M« of theE- 



qoAion,' We have «4r x x* = #« x ic* -{-j* 
and by Traoipojltion, j«^»= tx — a a x 

~t xi 



«'. AodbyDiviTiali}' = - 
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by equal fittraftkiny = * y , ahd ifltiltiplying both Sides of the Eqaation by 



^«, *4y=ta:*^ax-~aai And finding the Fluent of both Sides of the Equation, 
i»ehtYejo = ***7**^ *'-* — -*'«■ "7=^^^^^^^ V**— **,anti 
fotting » = *—<, there will arift#/ = — V*', «■«» y* =^ii«*r = *«f9 

or i < y * = » '. Which fiiews, that in this Cafe, the Curve B M C is a Cubical Pa- 
rabola, which commences in B the point of the Axis A L» fo that A B = «. for 
then BPU = /, and the Equation of the Curve is Jk^' = j3. 

PROP. XVII. 

Ta iin/tjiigae the Nature of the Sdid of leafi Refjleace. 

Mr. Jf. Newton (the Glory of our Age) irt bis Imomf*r»hle Treatife de Prin- 
cip. Math. Philof. Nat. Lib. 2. Sefl. 7. having Uarnedly DifctursH of /^ 
Motiohstf Fluids, Midthe Refijieaeeof Bodies movis^in them, lays dcwa^ 
("Lib. 2. Prop. 3 5. Schol) the fr^perty of the Curve^ which revolving ahout 
its Axisy generates the folid of leafi Rejifiemee. the ExceUency and ufefuU 
fiefs of this Prohlem^ has hut lately engaged fiveral gceaz Analyfts wctw/. 
der the fame more faiy, and to communicate their Methods of invefligatii^ 
the fame, tecaufe the ISufirious Author was pleased to conceal his own : Par- 
ticularlyj The Incomparable Analyfts, the Noble Marquefs de V Hof- 
pital ; M. Jo. Beraouilli ; M. Craig, and M. Fatio have learnedly Trea" 
ted of the fame. And it is from their Excellent Ejfays that I have Ex- 
tra£tedthe folbwif^Solutiont. In fliorty the Prohlem w*y very plainly he 
tOftreiv*d itethefe Terms. 

I Tff. To invcftigate the Nature of the Curve D M, which being revolv'd about the 
Axis \ L, ihall defcribe the Surface of a Solid, which moving in a Fluid (the Particles 
which cwnpofe the fime being at reft) from L to A according to the direftion of 
the Axis LA, Ihall meet with lefs Refiftence fix)m the Fluid, than any other Solid^ 
genented by a Curve dcfcrib'd to the iame Axis A L, and paffing through the 
given points D and M, 

Imagine the little Lines M N, N O to be two (ides of the Infinito lateral Polygon, 
which conftitutes the Curve reqnh-"d ; Draw M P, N Q. Ordinate* to the Axis A L, 
and draw R N F parallel to the fame Axis A L, and let O R, M F be perpendicular 
to R N F^ and M D perpendicniar ra the Side M H. 

Then 'tis evident that if the right Uiks M N, N F move in the Dire&ioa of the 
Axis from L towards A, that the force of Refiflcace of the Fluid in foch a Cafe, is 
equal to the A&ioa of tiie Fliad (moviag ia the fame diredioa from A towards L 
and with i^fame Velocity) on the ikid Lines MN, M F being qmcicent; draw 
F S perpendicular to M N, and then the Triangles F S N, F M N, P M D are fimj- 
Ur, dierefore if F N reprcfent die Force of a Particle of the Fluid to move the 
LineFM, m the Direftion of AL fimn A wwards L, then FS will reprefcnt 
the force of the fame Particle of the Fluid to move the Line M N in the Direftion of 
M Dt from M towards D i that is, the Fbrce of the Particle to mdve M from F A 
towards L, is to the Force of the fime Particle to move M N, from M toward 
D :: FN:FS::MD:DP. Again, if M D reprefent the Force of the lame Particle 
to move M N frwii M towards D, then D P wiU reprefcat the Force of the fime Par- , 
tick to move M N in the Direftion oT D P from P towards D; therefore the Force 
of the Particle of the Fluid to move M F, from A towards L, is to the Force of the 

Cune Patiickto a(ov« MN ftoni A towinbL ::Dltf':DP"* ::MN':rM' 
The proportion between the Force of the Particle of the Fluid to move M F (or Qjv) 
fiwn A towards L, and the force of the feme Particle to move M N from A towards L 

may 
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may be foimd tlius : If F N reprefent the force of the Particle againfl: Q.N v in the 
direftion from A towards L, then FSsvill reprefent the Force of the fame Panicle 
againft M N * in the direction of M D ', and if F S reprefent the force of the Par- 
ticle againft M N from M towards D, then m S will reprefent the force of the lame 
Particle againfl: MN ia the dircftion of A L from A towards L i therefore the Force of 
the Particle of the Fluid to move MF (orCiN) from A towards L, is to the forct 
of the fame Particle to move M N from A towards L, as E N is to w S, that is as 
FN gris to F S.7, or as MDfisto D P 4. 

Whence if the ^ven right Une A B («) reprefent the Velodty of the Particles of 
the Fluid ftriking againft the right lines MN, M F, then the fijrce of the fame Fluid 

upon the Plain deicrib*d by 
M F revolving about the Ax- 
is A L at the diftance M P, 
and direflly oppofcd to the 
motion of the Fluid, will be 
as the Surface defcribd and 
Velocity joyatly ; that is as 
' « X M F X ]\f P, whence to 
find (from A towards Q^ the 
force ot the Fluid on the 

Suriace'IVl'Ni fay,'MN" : 

FM* :.: tf'x.MF x MP : 




to the 




tf xMF? xMP , 
~^MN» 

force, (in the direftion of 
A L from A towards L) 'o( 
the Fluid on the oblique Sur- 
face defcrib'd by the rota- 
tion of M N about the Ax- 
is A L; or which is the 
fame thing, the Quantity 

«xMT3xMT 

exprefling 

MN* 
the Refiftence which the fame 
Surface moving fi-om L co- 
wards A, fuffers from the Fluid at reft. In like manner the Refiftence, which the 
Surface delcrib'd by N O revolving about the Axis A L, meets with from the 

^ , - _, ., , - .^ u * " OR* X NQ, 

Qjiiefcent Fluid, may be reprefented by — — ~^^ -=- , 

N0% 

Now if wc fuppofe the Points M, O, and the right Line R F to be given by poll- 
tion, and that they are in the Gime Plain with the Axis A L •, It remains only to de- 
termine the point N in the Line R F, fo that the Surfece generated by the right lines 
M N, N O revolving about the Axis A L flail fufler the leaft Refiftence. 

Let the Invariable Quantities MFbc =m-^ MP =ri OR = «, NQ = j; and 

the variable Quantities FN = v^ and N R = a:; then MN * = mm-\- v v, and 
^\0 ' ~n»-^tX* therefore the Refiftence which the Surface defcrib'd by the Line 

., . *x"MF'xMP. axminr .^ .... 

M N meets with, -orcy — is =: ; , and that which the Sui- 

face defcribd by NO (reToWing about the Axis AL) wX *"*''^ -^ is = 

no' 

«){«3 x^ whence it i$ evident (&t»in the Nature of the Qpeftioo) that the Quan- 

tity 
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^ •»+"£■?. °°*^' to be 1 mmmim, lod (^. 198.) confet 
the noiion thereof mutt be = 0. Whtnoe "'''''''"! _ ~^»' iUti 



'■'' »^^- vZ + ^+Y^°''8'" " i* • "«""«», Md (-<rt. 198.) confeqaentlT 



becaoTe ■« + 1 U = R F an Inrariahie (iailtity, therefcre »■ = — ,, and amfiqamtir, 
mlxrxv BJxfX^ 

r - , « • Whenceif A B W be ereaed perpendicular to the 

Alis AL, and if the right Lines BC, BH, be drawn piraHel to tiK Infinitely little 
SidesMN, NO. itwmbe4AB'xAC:8c' ::BC:HPi and in lite maii. 
ner4AB'xAH:BH' :: BH:NQ.; for b eanfe tte T riangles MFN, BAG 

.relimilar,thereforeAC='-?,andBC = ii;=^±?-i!,„ht^4AB" x 

A<^) = »"^'(— ^+— )-B<^^^) : MP 

(0 andconfequently = r- .^ = i '■ In like Manner, becaule the Triangles 

CRN, BAH, areCmilar, AH = -^,aiidBH=^^^^^!^^t . Wktnu 4 

,. Whence =?-i^ = J . and cgn&inently, "-^-^^ = ^L^riS , 

Whidi is die very liune Eqnationthat we firft feood. 

Whence 'us maaifefl; that tke Nature of the Curve D M (whidi beui rei^'d 
about its Axis A L, generates the Solid of leaft RefiiNnce) is foch, that dniwmg A K 
perpendicnUr tothe Axis AL, and talungAB —t, and drawingBC parallel to 
any Tangent f the Curve v.g, ia the pohit M, then it will always be 4 A B ' x A 

C:BC':: BC: MP the Ordinate paffing through the point M, which is the proper- 
ty of iIk Curve thai generates the Solid of leaft Reliftetioe. difcover d by M. Namm. 

Ati isniag thus Hftner'i iku ft"*} 'f '*« Cirve DM, itmt)h ait' 
JImS k) btlfif tk LtprHlimticd Urn i» this tumr. 

In the perpendicular AKalimeAB^*, andintheAiii ALnnluc'd,tate AE 
= V' 1 « *, and through the point E delcribc the Logarithmetical Line E N, and let 
A K be the Ajlymptote and ^ « the Sub^cangent, then take A Cat pdcajhre, whidi 
liippole = ^ and draw C N paralld to A K, until it meet the LogarithoKiicai 

CurTcia N; thenif AK betaken = — + it+-^, and AP = '--^4--^ 
4t ' ' 4<«' 4» ' lia 

— -g+CN (i./^.+CNwhen AC^AE and — CNwhen AC< AE) and 

oompfcat the Parallelogram PK, I lay, the Angle M, or the paint wtania KM 
interleds PM will be in the Cure lequhr'd. 
FttrAChnnj =^, if AP = *, amJPM^;, then hj the Preperty of the Curve 

AKorPM=,i.=ii±i!i!|iSJ+i-', and confi^uoitly, ; = J i-t- »3iy 
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— l^-^j and becaufe B C is parallel to the Tangent in M, therefore the Triangle 
4^^ 



^ — i^j"^— ^, and the Flowing Quantity or A F (*-)is= ^^ J[-\~— 

S— , but by the property of the Logarithmetical Line <: i »: : ^(R»):- = R 
4^ 4'C 

H, whenceS-^=CN, therefore AP (x) '^-^--^-^^ — CN± an U- 

Variable Quantity -^ , and coaftqnently, when CN vaniflws, then AP or* will 
40 

vanllh alfo, therefore C M is the Curve requir'd. 

COROLLARY. 

Hence it appears that the Curve M t) cannot approach nearer the Axis A L, then 
in the point D, where it Incerfech the perpendicular A iti and that afterwards when 
A C is lefs then AE, then the Portion 6f the Curve D O, wiU be defcrib'd Convex 
towards de Axis A I^ fo that the Surface of the Solid of lealt Refiftence may be 
Concaveaswellas Convex towards the Axis. 

To ImTtfiigtUe the N^ure d the Carve which generates the Surface of the 
Solidof the leAJi ReftfiatKt^ another waj. 

177. Let B F N be the Curve requir'd, which revolving about the Aris A M des- 
cribes the Surface of the SoUd of Icaft Reliftence ^ and let the Elementa of the Or- 
dinatcs M N be equal Or Invariable, f/^., N R = R P, and 
NL, LF the correfpondiflp Elementa of the Curve re- 
quir'd ; produce R L to O, fo that L O be infinitely little 
m refpeii of R L, and draw the Lines N O, F O j then 
(ix nature mimmi) the ReHlience which the Sur&ce, genera- 
ted by the Rotation of the Elementa of the Cmve N L 
L F, about the Axis AM, meets with frota the Fluid, is 
equal to the Redllefice which the Sur^ce generatedby N O 
„ OF, revolv'd about the lame Axis A M, meets with from 
A ^ the lame Fluid, and oonfequently, the Refifb of the Zone 
NL— Refift. Zone NO = Refift. Zone F O— Relift. 
ZraeFL^ nowrefuming the former Hypothefis, w^, that the oblique Refiftence of 
KListo thcdireft Refiftence of N R, asN R* b to N L', then the refiftence of the 

nr' 

Elementom N L will be exprefs'd by ^j-^ , and that of the Zone generated by 

MNxNR' „„ MNxNR' MNxNR' . .MRxRP» 

N L by ,_j . Whence -3^ — — — — is = ■■■ 

NL' NL* NO' T6' 

_MRj_RP_^ NowOT, LS being the Fluxions of NL, FL, or NO, FO, 
FL' 

thet are Incomparably Ucdeln reQ)c&<tf thefe, and coufequcntly, — zzr 

NL' 
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^ NL* NO' NL'xNb' 

_ ...Nf +^NL»<TO + Td'-.i.NL' _ 2««NL «To' _ 
_ NO'xNL' NO'xNL" ~ 

— . And for the like reafon '" "^ " ."IL, jj _ 

NO' Fd^' FT' 

2MR»£f''«LS Thcrtfort '"'^*'^'''''" is = ^MRxRP' xLS 

Fo' ' NO' rs' 

anddividingby 2NR' and 2RP , which are (tx hyp.') equal: we Hull have 

MNxTO MRxLS 

— r~!~ =~'-^~l~- A"" "> deftroy theQuantides LS, TO, wliich areln- 

N O F O 

comparably little in refped of the reft, I obferve that, bccaufe the Triangles are 

toilar, itisNO:RO :: Lb:TO, and oonfiqoenUy, T0= S-'^ili^, and 

{{»■ the li^e reaibn^ L S = — p _ — , and fubftituting thefe values in place of T O 

and L S, and dividing by L O, which is common ; there will ariie '*^^ __; 

N 0« " 

_ affcaed with their refpedlive Ordinatcs, whence I condlnde that the Nature 

FO* 
of the Curve B FN is fuch, that (fuppofing the Elem^nta of the Ordinates.tobe equal,) 
if any Ordinate be multiplied by the relpeftive Fluxion of the Abiolta, and the Produft 
be divided by the Biquadrace of tbexefpeftive Element of theCnrve, the Qjiotient 
will be eqi&l to (whicQ is alfo evident in the preceedulgmethod, fuppoflngm = ») ait 
Invariable Quantity : Afliime the laid Invariable Quantity at pleafure {Sirvgtt Lig ffiiaw. 

lamtm.) Then ifAMbe = i, MN=H NR = RP= jjR O = i;N 6= 



V* ' +7 * = i, we Ihall have ^ = an bivariable Quantity. ». ^. —., which be- 

^4 r' 

ing reduc'd we have this Differential Equation/; ' * = # <4 which eiprefles the 
Kature of the Curve requir'd For if AB be taken = », and if 8 C bedrawn pa- 
rallel to the Tangeu in N, thenACis=", and BC = ^i whence if it b« 

4AB-xAc(t^):BG-('4l) :: B C (IS) : MN (,) then 

— "^ - = ,aDd477» * =«<,4 and coofequcntly ^^- . — , = t <, whidi 

facing the lame vith that in the preceding Solotion, Ot^ws that Che pn^wity <£ the 
Curre which generates the Sur&ce of the Solid of leaft Refiftence is fuch, that draw- 
ing A B ( « ) perpendicular to the Axis, and B G parallel to the Tangent, in anf 
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Another wAj. 

178. Let A L be the Axis of the Curve M N O, and let the Otdinatcs M P, N Q. 

O R be perpendicular to the Axis A L, and infinitely near one another ^ and 

fuppofe the Fluxions of the Ordlnates> m , S M> T N 

to be equal or Invariable, then the Relificnce of the 

Zone M N will be exprcTs'd by — f , , and that of the 
M N 

Zone NO by -^ (becaofe the Velocity of the Fluid 

NO" 
or Solid, and the Cubes of M S and N T are equal and in- 
, variable Quantities, and may therelore be rejcfted.) there 

fore -^ + ,^ muft be a vmimmn. Now fiippofe 
MN' NO' 
a fartfcle ot Ray of Light, by a contional Refhidion, to defcribe the Curve O N M 
conSIUng of the InSnitely little Lines O N, N M, fo that the timet which the Far- 

tide takes to defcribe O N, and N M, be as -^^ and ^-^ , then 'tis (Ai. i«i. 

MN" NO' 
i«3.) evident that their Sum muft be a mmmmm. Now to find the times which the 
fartide mkts to defciibe the Lines O N, N M, in other Terms ; Draw S V per. 
pendicular to M N, and T 1 perpendicnlar to N O, then becanfe S M is = T N, 
the Lines S V, T I are the Sines of die Angles O N T and S M N, that is, they are 
proportional to the Velocity of the Particle of Ught which delbribes M N and O N ; 
VutbecauTe the Triangles SVM,NSM, TIN,OTN arelimiUr, thereforethe 

Vetodtyof thePBrtideof UghtfhmOtoNisas CTI =) ^^q—i and that 

UfthelameParticlefromNtoMisaj^^T'vl— «•«« Velocity in ON bmS^ , 
M N NO 

S N 
•ndthltiaNMisas ■-_, thereiore the time tfiat the faltide altts to defcribe 

O N is as -^Y ' '^ *«' "Utii '<■ takes to defotbe N M in, is as -> j,- therefore 

thedmeiiwhickthciwtidemOTOfromOtoM, Isas YM-+^jr, and rom- 

liiTiiig both theft Proponjots wWdi determioatc the cimet, aai ndaci« die Sk' 

™«-»..i,;. c~„ *•""'< SN« MP .NO'xTOxNQ.^ , ^ 

Ber n> thb Form ;;— and ;;;;; — -^ thatfo there may be 

SS«MN*- TOxNO* 

the fime Proportion *etween thefe Terms as there is between the Terms -^S- 

S N 

NO sNmMp 

aM-gf thtnasntaeotthatthe aiiilt|plicaion4Btiltbetgaat> ««i, ^-^~f-^ ■: 

MM* 

?:_; ^ i»at b, if any tarSmte be imjltiplyea !» the refpeSive Fluxion of the 

N O 
AWcilla, and if the ProdnS be divided by the Fluxion of the Curve, the Quotient 
win always be equal to one and the lime Invariable Qmtity i which is the Fiopcr- 
tyw« took uotke olTia the laU precediag Solntioa 

S ECT. 
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SECT. VI. 

The Ufe of Fluxions 

h h(\ftjiigating the foints tf contrary Plex'm md ^rogrefpm of Curves, 






DEFINITION. 

WH EN a Cunre-line A F K is partlf Coacave and lUrtlf GoaTes, in relpeft 
of the Right-liae A B, Or in rcfped of the detemiinate Point B } the Point 
F which fcparates the Coccave pare of the Curve from die Convex, or vrhich is the 
end of the one, and the beginning of 
the other, is call'd the Pmm of con- 
trary FUxioH , When the Curve is 
contbn'd from F towards the iame 
fide as before. But when the Curve 
is continued backwards towards A, 
then F is call'd the Pom af R/tr»- 
gr^an. 

1 79- If we fiippofc the Ordinate 
P M to move from A towards B^ and 
confider the various Affections of the 
Fluxions thereof, as it moves along, 
it will be aa eaHe matter to deter- 
mine the point of contrary Flexion 
or Retrogreflioa. 

In the fitft place, let A B be the 
Diameter of the Curve-line AMK ) 
and let the Ordinates P M, E F be pa- 
rallel between tbemfclves -, and dniw 
the Tangents M T^ F L ; then 'tis 
evident , that in Curves having a 
point of contrary Flexion, the In- 
tercepted Diameter eacreafes conti- 
nually, and the Portion of the Dia- 
meter A T Interwyted between the 
Tangent M T, and A the beginning 
of ^e Ablcifla inaeafes alfo, till 
the point P arrive at E, and after- 
waras decreafcs again •■, and hence 'tis [^d, that tbe Portion of die Snb-tangent A T 
bei^mcs a Maximum, When the points P and M &11 in E and F. 

1 8a Batwben the Curve AMF iscontbi^d backwards firom F towards A> then 
tlw Seb-tangent A T Increafes continually ; But the intercepted Diameter increafes 
only, UiUil the point T arrive in L, or until the Ordinate P M co-incides with £ F } 
and afterwards it decreafes again. 
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HeHte ta find a General Form which JbMt ferve to Irtvefiigate the poiiatj of 
contrary Flexion And Retrogreffion. 

Snppofe AE = jr, EF=j'; then is AL —'' —'■, and the Fluxion therof 

7 

^-^ ^x mult be = o, and by Tranfpolition, and diviilou (by *■, funpo. 



fing X an Invariable Quantity) 



/'•■ 



-jyx—j' x 



— o, and - 



bjinity ; and multiplying by 7 ' and dividing by — y, we have y = o, or InftiU) : 
which forthefiiture willferrefora General Form t6 find the points (F) of contrary 
Flexion and Retrogrefiion i for the Nature of the Curve A F K being given, if we 
find the Value of y in x, and again find the Fluxion of that Value (fuppofing 'x 
to be Invarkble) we Ihall have the Value of >' in * ', which being put equal to no- 
thing or Infiiiity, will fervein either of thele fuppofitions, to find fuchaValue of 
AE, that the fcdinatc EF Ihall interfea the Curve AFK in F the point of con- 
trary Flexion onRetrogeflion. 

181. Thepoint A the Ixginning of j; may be lb fcituatcd, that ALlhallbe=^« 

— ^-'- inltead of ^ — *, and that A L or A E may be a mininwm inftead of 

r y 

being a mtxmum ; but becaufe the confeqnence Is ftill the fame, and that this can 
create no difficulty, it (ball be fufiicient to obferve. 

That A L can never be = * -^- — ; for when the point T fells on the other Me 

y 

of P in refpea of A the beginning of », then the value of '-^ will be Negative, 

y 

and confeqnently, the Value of — i^ will be Pofitive, and iherefore in fuch a Caft 

y 

AE-t-ELis =«■-'-?- 

y 



181. The point of contrary Flexion or Retro- 
greOion may be found otherwife, in this manner : It 
is "jdent that if i be fuppofed invariable, and that 
the Ordinate J. be a Flowing Qpanuty, then S» 
IS le6 than S H or R «, when the Curve is Concave 
towards the Axis .- and S ■> is greater than S H or 
Ri», when the Curve Is Convex towards the Axis. 
Whence It follows, that the Value of H » or r'fiom 
being PoCtive becomes Negative in F, the point of 

tafleiion or Rttrogreffion ; that is> is = o, or In- 
pmtjr. 




tn£— ]..:■...'. 
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183. And if the Curve AFK refp«Sa tingle point B, then draw the Ordinates 
fe M, B F, B M, all concurring in the given point B. Then if yon draw any Ordi- 
«ate as B M, and the Tangent M T in- 
terfering B T perpcadicular to B M ^ 
in T, and if the point m be taken in- 
finitely near to M, and the Ordinate 
B M , Bra perpendicular thereto^ 
and the Tangent w t be drawn ; 'tis e- 
vident (if we fuppofe the Ordinate 
^ M to Increale as it comes to B m) that 
in F the Concave part of the Curve, 
B * SuriMfles B O, ( o being the pomt 
where M T interfeSs B ») and in the 
part of die Curve which is Convex to^ 
wards B, Br is lels than B O; whence 
'tis nunifeft that in F the point of con- 
trary Flexion or RctrogreiTion, the Va- 
lue of O r pafles from being Pofitivfi 
to be Negativfe. 



184, Thefe things being premis'd : 
If on the Center B, and with the Ra- 
dii B T, B M, the little Arches T H, 
M R be defcrib'd •, then the Triangles 
MRw, MBTand THO are funilar, 
and the Uttle SeSors BMR, BTH 
are alK> fimilar; whence (fiippofing 

BM=j, MR=i, RM=:/) mR 

(>):RM(;)::BM(7):BT = 

■?^:: MR(*) :TH = ^':: T H 




(*J):HO=^. 



And ifwetake theFlDxion ofBT 



(^j fuppolii 



iog jc to be an Invariable <^uitity. 



or hfiiitjif therefinc in the laid point, - 



theQi5B*-Bt=zH* = ^^"=^^and OH-^-H t ^ fl±llSr:lfJ. 
Now bccaofc m the point of contrary Fleson or Retrc^reOion, O; is cither =o, 
'"t~/'-^~>*/ is = 0, or Iflfioity, 

and multiplying by »', and dividing by *, we have*" +7' — j»ji=o,or 
Jf^itjri whence if the Nature of the Curve AFK be given, then the Value of 

J may be foond in x-, and the Value of ^ in « * ^ and if the laid Values be fubiUtuted 

in the general fttt-m, there will remain one unknown Qiiantity (x) and the Equa- 
tion thus cleared, will ferve to find fuch a Value of B F, that fetting one foot of 
your Compafles in B^ and with the ocher, at the diftance B F, defcribing a Circle, it will 
cot the Curve in F, the point of contrary Flexion or Retrogreffioa ; which wai 
required to be done. 

185 AJid 
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u^ 



185. And to determine thefaid points another way; It maft be obferv'd, thatia 
tiwConcBTepart, the AoglcFwE, is ff^ater than the Angle P w», and contrarily, 
in the Convex part, the Angle P m E is Icfs than 
?mn, and confeqaently that the Angle ?mE~?mn 
= E M », or the Arch E «, from being Pofitive be- 
comes Negative in F the point of contrary Flexion 

or Retrogreffion. Aod taking jt for an invari^le 
Quantity, the right angled Triaaglei H*S, Hmi 
are fimilar ; therefore Hm ( = i) -mS (*) :: H« 

(—";'): Hk— ^ ; and here it muft be oWer- 

ved, that H » is Negative, bccanfe while B » C/ ) 
Increafes, mK (^) Decreafes. Now becaafe the 
SeaorsPwS, mKk art fimilar, itlsBiM <^) : mS 

(i) :: wEC'jt) :£*=—-, and therefore E* + 




Awls =: 



X K — fx 



■- and moltiplyingby /={, and 



dividing by *» we flail have ^* — ^^j or(fubftitu- 
ting** -t-j-'fori') becaoTe of the right angled 
Triangle « S «j * *H-y' — jij^ which pafles from 
being Pofitive to be Negative, in the point of contrary Flexion or Retrogreffion. 

And if we fuppofe 7 to be Infinite, then the Terms x *, and/ ' vanifh, and arc 
equal to nothing in relpeft of 7 /, and confeqnently the form ** +7* — 77 = 
o, orlnfimtjf, will become— >/=o, or i»j(wfy ; that istoiay, dividing by —;p, 

^' = 0, or Infinity ; which is the form of the firft caft ; and this ought to be fo, 
bccauje the Ordioatcs B M, B F^ B M are Uica parallel to one another. 

CON S E C TA RY I. 

1S6. When 7':= o, then 'tis e^ent that the Flunon of A L is nothing in relpcd 

U X the Flexion of A E -, and that the two Tangents F L, /L being infinitely near 
ca(^ c^her, osght to make b«t one ftrcigbt Line /F L. 

C ON S EC TA RY 11. 



And when jr =Iofiflityi then the Flnxion of A L osght to be Infinitely greatin 
comparifon of that of A £, or which is the 

/ Cirae thing, the Fluxion of A E (or x) is infi- 

^''' nitely Httle in refped of that of ALi and 

jj ^^'y coofipquently wc may draw two Tangents F L 

-^ ' ■ F/, to the fame point F» comioehending th& 

IdfiniteLy little Angjte L F/. 



>^'/fP 
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CO.NSECTARt III. 

in like manner, when i ' + i • — y f = o, 'tis evident that, « t ought to be e- 
qual to nothing in refpeft of M R; and confequently, that the two Tangents M T 
m r, infinitely near each other, mult Coincide, when the point M U the lame with 
the point of contrary Flexion or Retrogreffion. 

CONSECTARY IV. 

Andwhen *'+;*- —;r = hfnityy then «ns Infinite in rcfped of MR, or . 
wWch is the fame thing, MR is Infinitely little in comparifbn of o r, andconfc- 
qoently the points M and m mult Coincide ^iliat is when the point M is the point of In- 
flexion or Retrogreflion, we may draw two Taagents through M, comprehendbg an 
Angle Infinitely little. 

CONSECTARY V. 

Hence it Is evident alfo, that the Line which touches the Curve in the point of 
contrary Flexion or Retrogreflion, being prolonged, touches and cuts the Curve 
A F K. ia (11^ ^^ ^^^ '^'"^ point. 

PROP. I. 

if the Curve line A F K fe j^ivea, t»d iti Diatteter A B; And if the Relation 

\^ the Jhfiif[4 AE (x) to the i)rdindte EF (y) be exPrefU hj this 

Bqntiion 4 xx = x xy-)- myt ^tts required to fnd the Vdui of A E, 

6 tba the cerreffonding Ordmnte E F ^»S. Interfe^ the Curve A F K w 

' the foint ef comrtrf fkxion F- 

187. The Equation Carve is jr = ^ _ " and) = . , > and taking th« 

Fluxi<Hi of this Quanticy,and fcppoting * invari- 
able, and pouing the laid Second Fluxion e-, 
qual o nothing i wehave i<»«»x*j;^-«<» 

— ■ '• -■■■ - — ■ — = o, and multiply- 



ingby *«+<•*, and dividing by las^'x 

xx-\- »»t we have ** + •"'" 4'»^* = o- 
Aod^xvr r=4tf, that is* (AE) =rfVt> -- 
If we Subititute f * « in place of * * in the 

Eqwtiottof the Curve >= ~~-^ , then>=>^ rti* =iE? ;fo that we 

may determine the point of Inflexion F, without ftppofing the Curve AFft tote 

Jf AC be drawn parallel to the Ordinate EF, and eqhal to.the given Une *, 
andifCG be drawn parallel to AB, it will bean Affyoiptote to the Curve A F K. 

AX X 

For if wefuppofe * to be Infinite, then the Equation of the Curve/ = ^^_^_ — 

will become 7 = — * = •■ fo that the Ordinate of the Curve E F cannot be = • 

:= A C, before the Abfcilla A E be lofinite. 

Sf COROU 
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CORROLARY. 

188. If the Equation of the Curve be/ — «= x — j } then/=:f a-— ^; — | x a", 
and » = (fuppofmg x Invariable) — — x — t —— ar ' = , — , = o. 

then — 6 a: ' is = o ; which becaufe it makes nothing for the refolution of the Quef- 

tion.thereforelput -^'^ = JjSn'iy; whence the Denominator 25\/.v— «' 

25 Vat-.' 
is = 0, and confequently, the nnltnowii Qjiantity x (A E) is = «. 

P R O P. II. 

;^ A F K fo aprotrdlted Simi-cycloii «hofi Baft BK is bngir than tit Semi' 
cumference of the geaerdting Circle A D B, whofe Center is C; *tit requird 
tofiiithe point E in the Didmeter AB, fo that the Ordinate EF jba/l cat the 
Semi-cycloid in F tie point of contrary Flexion. 

189. Snppofe the known Qiiantitles ADB=«, BK = >, AB=2r, and the 
unknown Quantities AE=a:, ED=:^,, the Arch A D = » ; and E F = y-, then 

by the property of the Cycloid ; = ^-^ 

ha t'u 

— , and confequently 7 — x,-\ j but 

by the property of the Circle ^ = 
^irx — xx and confequently, ^ = ^ x 




. - 1 therefor* fubftituting for i 

Vzrx~xx 



and; their rcfpeaive Values, we have jr = — ~~~ + — — — 

a ^zrx—xx a ^1 r'x -~ M X 

^ '"c~'"'~r andtheFluiion thereof (fappofmg i Invariable) is,^ = 

. — Jr"x«*is=:o, and 

trx — xxK^lrx — ** 

dividing by *' xr, wefaaveix— ^^r — ir= o,aild by TraDJix>ntion ^ x = 4 r 'fr 

4 r, and j: = r 4" -T- 1 and confequently C E = ^T- . 

Hefue 'tis tmtnifefi, that to iave a point (f eontrary Flexion F, h mafi ie grea- 
ter thant ; for ifi,iekfs thorn a, thin C E would exceed C B. 



PROP. 
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PROP. III. 

Let it le reifttir''d to fiffd F the poittt of contrary flexion in Nichomedei's 
CoiKliod AFk. 

1 90. Let B C be the Adymptote, and P the Pole of the Conchoid ; then the pfo-- 
perty of the Conchoid is, that if you draw ftreight Lines fi"om the Pole P to the 
Curve A F K, as P F, PA, thca the Segments between, the AlTymptote and the 
Curve, t». r. A B, D F are always equal to a given Line tt. 

Draw P A perpendicular, and F E parallel to B C, and fuppofe the known 
Quantities AB = FD =«Ji BP=:A; And the unknown Quantities BE=ar, 
E F =>, and draw D L parallel to B A, then 
beraufe the Triangles D L F, P E F, arc limi- 
lar; it is DL(») ; LF(»^«T££«) : ; P E (« 
+:t) :EF = f = L±i^J— i^,andcon- 



K 



fequentiy 7 



= / = !_'_ 



: V* « — A 



And 3 = 



^h-^»»x^~~ % t 



- = OjW hence 



~- 


£--^P ^ 








K 




\/ /^ 






r</d-' 




/ 


//^ 


Q 


V 







by RedufiioH there will arife x^ *\~ ihxx — » 
gab-=.o, and one of the Values of the Root x 
will be = P F, which was requir'd. 

If tf be = *, the preceding Equatiffli will be changed into this other, * ' + 3 ' * ■^^ 
— itf' =0, which being divided by j; ^- «, the Quotient h xx-\-%mx — 2 »* 
= o, and cooftquently * is = — « -|- V 3 **• 

PROP. IV. 

£«/ A E D he M Arch of a Circle, Attd B its Ceatery Aiti let the froperty of 
the Curve Line A F K tefuch, thdt drawitig My Rdjr BVE at fie Afore, the 
S^asre of ¥ E be equtl to the Re^angle eompreheiided under the Arch A E 
and 4 given right Line 4. *Tis requir'd to fnd the foint (¥) of contrary 
flexion, • 

ipi. Suppofe the Aich A E = t, the Radius B A = r, and the Ordinate B F =/ ; 
then by the Property of the Curve * s> = rr — 2 ry]-)- yy, and confcqnently z, = 
^'fy—iry _ g^ andbccanfe the Sedors BEe, 
BFR are fimilar, it is, BE (f ) :BF (7) :: E« 
l^uhzlll) : FR =; = UlJri^VL and 

the Fluxion therof (fuppoGng x invariable) is 4; 7 ' 
— zaj'-\-iy/y— 2.ayy =0. And confequent- 
1„ , :'=: *J^^^J'J* ^ -^Qyf if we fubftitute theft 
Values of *» and/l; mthe general Theorem y'i^x^+y*, there will arife this 

Equauon — — 1:~^— = — ^ — """ — 77rT 

* Rcdudion 
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RedHflion, is 4^' — ilry^ -\- izrry^ —^r^yj -[- ir raay — tri g4z= oi 
And one ofthe Values of theRoot J will be = BF requir'd. 

SCHOLIUM r. 

T&at the Curve A F K, which we nn^ ciS. s. Parabolical Spiral* h^u a foim »f 
co9$rmj BUxtMj maj/ eitfilj tffedf. 

For the Grcumfercnce A £ D not differing fenCbly near A, from the Tangent in A, 
its plain from the Nature of the Parabola, that the Curve muft be concave towards 
tliat Tangent, and that aftervrards the Curvature of the circumference about its 
Center becoming more and more feafiblCj the iaid Curve muft be concave towanls 
the iaid Center B. 

S C H O L I U M II. 

the P»iats of Jtetrogrejpan of Curves msji la found iy helf cf frfi FkxioMin 
this manner. 

191, If the Curve A M D B be fuch that the CrdinatcsP M m iuterfed the fime la 

two points M and m, then that Carve nnift 
^^ have a point of Retrogreflion, 'cvt, ^e point 

D ^ and to determine the fiune it mult be ob- 
ferv'd that if (the AbfcifTa) x be fuppofed In- 
variable, then the Fluxion of the Ordinate 
when it (is greateft) pafles through the jioint 
of RetrogrelTion D, is equal to nothing \ 
whence we may find the Value of A £ the ^- 
fcil^ correlponding to the fame; 



SECT- 
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SECT. vii. 
The Ufe of Fluxions 



i^i 



h tiyefli^tting the J)mi»lms tf SiiiJti 




Tie GeiKfit of SoUis. 

'93- nPHE ReSangle ABEP confifls of an InSnite Nnmter of ReaanglM 
X. Q.TZf,RQtr&e. Andif weriippofeAP = *i andthe InBaitdy 

liale parts ihcKof, SR,R(i, Q.P egnal toi, aadPE = *; then all the tjr will 

be = Redangle AE^ and if we Imagine thofe In- 

Snitel; little Redangles Q.PEF *t. To revolve 

about their refpedive AxesPQ,, Q,Rtf&*f, each 

will generate an In&nitcly little Cylinder^ and the 

Sam of all thofe Infinitely little Cylinders will be 

equal to the Cylinder generated by the Rotation 

of the great Reftangle A P E B about its Axis 

A P. 

And to exprefs the Value of thofe Cylinders in 
Analytic Terms ; let the Ratio of the Radius to 
the circumference of any Circle be as r is to c ^ 
then becaule the line P E revolves On the Point 
P as a Center, the Point E will defcribe the Peri- 

ie 
pheryof aCbcle = ~ , and confequently the 

Area of the Ciideof the Bafe is = — which being multiplyedby ?(}:= '■ the 

height of the Infinitely little Cyliixlcr,th< Ftodna — — k the Analytic Vahe Chereot 

194. Let the Triangle A P E be inlcrib'd into thfe Re^ngle A f £ B, then fnppo- 
Tug AR=', KX=J, SR = X, At^i; the Equation exprelEng the Mature 
Of the TiianglewiUbe ix = Jj, and thisTiiangle will conSlt of al the^ x j b«t 

/ is =-7 , therefore the Triangle will conliftof all the -^, that is, it will oon- 

SSof alltbe Infinitely little ReaanglesSRXZ,andif allthefelittleRedanglesor 
the Triangle A P £ he tum'd about on their refpedive Axes S R, they will gene- 
late a Cone (Anfilting of an Infinite number of fuch little Cylinders ^ and the Ana- 

, • ,T . e, ^ ,^t' , . fJJ* f, ■/. hhxK\ ehkxxx 

lyncValueofthofe Cylindenis= ^^— = ( becaufe^/ = -T-T- ) ="77^7" 

eitx^x 
and the Cone AE Miscall the — jj— = (by finding the Flowing Qpantity) 



xJdr 
dr 



Whence it is evident that the Cone is 



tothe circomlcrib'dCy Under EM NBas^- — isto- 



HJ 



, that is as I is to]. 

•9} Tht 
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195. The Space AO F confifts ot an Infinite number of Trapezia F Mmp, pm 
F O, which revoWd ai>out tlteir refpeftive Axes P t>, p *, &c, generate fo many Re- 
fefted Cones, having their Vertices in T and V, where the Tangents or the Infinite- 
ly little portions ot" the Curve Mot, w» F produc'd, Interfech the Axis O A i and all 
thofc Refccled Cones generated by the roution of the Trapezia P Hmp,d>-e about 
their Axes P p, &e. cofflpofe orcoflftitutc the Solid generated by the rotation of the 
Mixtilineal Figure AMwFO about its Axis A O, 

And to find the Value of thofc Referted Cones, retaining the fame Symbols as 
before, and fuppofmg the .froporCHHl between the Radius and Circuniference to be 

as r is to Cj then the Area of the Grcle defcrib'd by P M is = -■'— which multiply- 




td into J P T = (, it will give llL'-I — to the Solidity of Us leOer Cone genera- 
ted by the rotation of the Triangle T p M, about its Axis T P. Again f i» is =/-(-j 
«nd conleqnently theArca of the Circle geaeratod by f i» is = 'J'-y ^'JJr^ '}' 
whidi being mulriplyed by i T f = j t -f | i, the produft (rejeaing thoTe Terms 
aSefted with tlie Powers or ReSingles rfiand i) ^ "■'■'+'"■'■'+ ll>£; _ „ 
liK Cantut of the Cone generated by the rotation of the Triangle T f «. about its 
Aiis T t ; *om which flibtrafting the leller Cone = ' '^^' the remainder win t« 
the Analytic Value of the Refeded Cone generated by the rotation of the Trapetium 
PM*, about its AlisPf, ™t, iiyi±iliif = (becaufe »;=^i) = 

"77" \~'"2 — J ^**" ~^^ is tto the Cylinder generated by the rotation of 
the ReOangle fMRf about the Axis P^ r^ to the Fluxion of the CMoid. 

CORROLARY. . 

1 s>6. The Fluxion of any Solid geaented by the rotation of any Curve line about 
its Axis, is equal to the Aiea of the Safe rndtiplytd into the FlniiM of the Axis 
or AblciiEb 
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197. If there be two Curves A MF, AN G applied to the lame Axis A O ; and if 
the Ordinate of the firft Curve P M be =:^, and that of the fecond P N = ^, then will 
the Conoid generated by the rotation 
of the Figure A M F O about its Axis 
A O, be to the Conoid generated hjr 
the rotation of A N G O about its 
Axis A O as the fum of all the Cy- 

liaders — » t * is to the fum of all the 
Cyliflders — da;*, or (dividiiig by 

* and puttings fcr the Sum of all) as 

S — /; is to S— z. x, that is, as aH the Grcles deJcrib'd by the Ordioates of the 
firft, are to aUUie Circle deicrib'd by the Ordioates of die fecond Oirve, and divi- 
ding by — as the Sum of aH the 7/ Is to the Sum of all the ^^, that is, is the 

Sam of the Sqnares of the Ordioates of the £tft Cnrve b to the Sam of the Squares 
of the Ordioates of the Secood. 

158. If the Solid generated by A M F O be fubtrafted from the Solid generated 
by ANGO^ then the Goocave Solid generated by the roation of the Flgort 

ANGFM afaoottheAxisAOb=s '^^^~'^-^'* . 

2r 

And if two other Cnrres ADOaod AKL be applied to the lame Axis A O, 
andif PDbe=«,aiidPK=fj then Uie Concave Solid geocrated by tbe roCatioqi 

of AKtOO about AOwiUbe=S 



e ttx — cnux 



Whence the Solid geoerated by AKGFM will be to the Solid generated by 



AKLODasS 



t%v.x ^^eyyx 



istoS 



est X — eu 



e\X. — tJJ .'** — ^** 



that is as the Sam of all tbe Annills generated by the rotation of MH, mn^&e 
aboot the Axis A O, is to the Sum of all the Aiiaiiltx geoerated by the rotation 

ofDK, Jk&e. alout the lame Axis A O3 aod^gain, dividing by — , as Sx.^,— 
r^ is to S i 1 — « »> that is^ the Sum of the diflbences of the Squares of P N, P M &t, 
is to the Sura of the differences of the Squares of P K, P D, <♦». whence making 
z — y =/, and*— •=/, theft St^ids will be to each other as ifjf-^-f {becaxiK 

COROLLARY I. 

199. Concave Or AnnoUr Bodies compofed of Rings or Armill* may beexprefs'd 
by the diflerencej of the Sqnares of their refpeftlve Ordioates ; And the Floxi- 
onsof fuch Solids arefound bymoltiplyiog the Area of any Anoolus or Ring by the 
Hoxion of the Axis. 

COROLLARY II. 

If tbe proportion ofrto/ be invariable; and if it be always r: i :: ztiytp 
then the Conoid generated by the rotation of A N G O about A O is to the Ga- 
noid generatedbyAMFOaboot AO^ asristo/. 

COROL- 
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COROLLARY III, 

And if the proportion bealwaysr:j ;; xz,— yj:uu-^ Then tlie Annular Soli J 
Solid pencrated by the rotation of A N G F M about the Axis A O, is to the Conoid 
j-encrated by the rotation of A D O about A O as r is to i j and if r be = >, then 
that Annular Solid will be = to this Conoid. 

COROLLARY IV. 

Hence it is evident, if the Loca of any two, ». g. ^ and / b« taken at pleafurt, we 
find that whereunto « belongs ; for putting A P = *, fuppofe ^ to be the Ordinate 
of the Parabola AN G O, fo that irx t= z,t„ and let j be applied t© an Ifo- 
fceles Triangle A F O, thcn^ is = j: i and becaufe tx. — yy^=uu, therefore if we 
Sobftitute theValnesof iaiid/.wehaveirjT— »* =«», whence 'tis evident that 
PD = wis anOrdinate to the Semicircle ADO, whofe Center isc. Therefore if a 
Parabolical Conoid be generated by the rotation of the Parabola AN P (whofe 
Parameter is = 2 r) about the Axis A P, and a Cone by the rotation of the Trian- 
Ele AMP about the fame Axis, the excefs of the Parabolical Conoid (or ot all 
the 2 r a:) above the Cone (or all the at at) is = to the Portion of a Sphere gene- 
rated by the rotation of the Segment of a Semicircle A P D abotlt its Axis A P. 

COROLLARY V. 

if we aflame a fourth Figure AKLOwhofeOrdinatesPK, &e^ are always = /; 
and if' we fuppofe it — mk = z.s — /^, that is, if tlie Annular Concave Solid 
eenerated by the roution of AKLOD about AC be equal to the Annular Con- 
cave Solid generated by the rotation of A N G F M about A O. Then any three of 
thefe Qpaucitics being given we may find the fourth, 

COROLART VL 

And if the Axis of rotation (or motion) B £ be without the Ambit of the Figure 
L G A ; the feme proportions obuln •, for putting Efi=:a^andEL=/;the An- 
nular Solid generated by *' rotation of the Figure LAG about the Axis BE may 
be exprels'd by S x.i,—}}^ (pntting Ln = z—7 =/) ifj Jfff- 

100. And becaufe the Mixtilineal Plain A O F conlills not only of the Trapciia 
P M >» », but alfo of the Trapezia M N » »>, if we fuppofe thefe Trapeiia to re- 
volve aCrat the Axis A O, every one will generate a Tube or Cylinder hollow in 
the middle and the Sum of all thofe Tubes is equal to the Conoid generated by 
the rotation of the Figure A MF O abont the Axis A O. 

And to find the Values of thofe Tubes or hollow Cylinders^ retainmg the former 
Symbols, fuppofe PC =MN=«; Ri» = N»=>, and .«= (becaufe P M 
— ON =7).?-^,;, andmff =* — *; then the Re- 
eled Cone generated by the rotation of tlie Trapezium 



( d Under generated by the Redangle ftnm about 

\\ A O, »n -^-^ ^^ — —^ — the fum IS = 

\\ ■ • ''. " ■ 

y, » "FT ^^^^^-|^^^= to the Solid generated by the ro- 

tation of the Pentagon P M ffi « O about the Axis P 0, 
firom which if we fubtrad the Cylinder generated by the ReOangle PMNO about 

! PO 
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P O = -^-'— , the remainder is the Solidity of the Tube generated by the Tra- 

peziom M N « » revolving about P O, vix. — ^ = to the "Fluxion <Jr Infinitely lit- 
tle Increment or Decrement of the Conoid. ^ 

COROLLARY. I 
201. But if OF = AB be = *, and AO = BFbe = ^, th«n the Fluiionof the 
Cylinder generated by the Reftangle A B F O abontthe Axis A O is = -^^ . 

Corollary n. 

Hence to find the Fluxion of any Solid conlider^ as compofed cif Tubes or Gy- 
lindric Surfaces \ multiply the ch'cumference of any Tube by its Altitude, and tJiat 
Produft by the Fluxion of the Ordhate, d) have yoo the Solidity of the Tube, or 
the Fluxion of the Solid. 

COROLLA RY IIL 

Let the two Figures ANGO.AMFObe applied to the fame Axis A O, and firo- 
pofcPN — »iPM=:7, AP =je;(J%.i»P*E. nS3') then the Solid geiKrated by 
the rotation of ANQ O about ftKw drawn through the vertex A paraQeltothe 

Ordinatests = S — ^ — and the Solid generated by A M F O about the lame Axis 



'■i^ is to S *~^ that is» as all the Cylindric Surfaced defcrib'd by the Ordinates P N 

&c^ at their refpeftive diftances from the Axis of rotatiod, in the firft; are to all 
the Cylindric Surfeces defcrib'd by the Ordkiates P M &ey at their rclpeftive diftan- 
ces from the Axis j3 A ♦, in the fecond Solid. And dividing again by — 5 the firft 

Solid will be to the fecond, as S s. a: is to Sy *■, that is, as the Sum of all the Redan- 
gles comprehended under the Ordinates and Intercepted Diameters in the firft are 
to the Sum of the relpedive Redangles in Uie Second. 

SCHOLIUM. 

If PMor ONbc=y, andPO= NM=*, P*— i, Km=y; then the Rea- 
anglePMN or *» is the exponent of theRatioof the Solid generated Iw AMFO 
both abODt A O and O F, and therefore to avoid all error in fuch Cafes ; If the Solid 
be defigned by the Redangles Jfy, reduce them to their Fluxions * or; 5 for 

then all the ^^^ conftitutes the Solid generated by the rotation (tf A M F O about 

O F, and all the 1^^ conftitutes the Solid generated by the rotation of the femic 
Figure A M F O about AO. U u aoi. Laftly 
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Ml. Laftly, IttUie two KgOlK AMF and BND be applied to equal Liocs 
AF, BO, fo that the AbfciiBe AP, BQ.andthe Fluxions Pf.Q,?, be always equal, 
ib that we may conceive them as applied to the lame Axis, which ought to be care- 
Mly obftrt'i 

ThenfnpporeAP = J:=BQ.,Pf =l3.f =i, PM=jr. Q.N = s^ AG=J; 
and B G = i, both determinate. And let G H be the Axis of roration, then 

the Solid generated by the rota- 
tion of A IVl F about the Axis G H 

is= S -^ — '-^ and that 

generated by B D O about the fame 

AxUGHis = siisi±ii^ 

r 

Whence that Solid is to this. 




u S 



ijl'i -Y yix'a 



is to S 



^ or as (dividmg by the Invariable*) S -J—7-!±l jj ^ 5 

"^' that is, as all the Cylindric Tubes generated by P M leTolving about 

the Axil G H are to «U the refpedivc Tubes generated by Q.N abom the lame 

AxisGH, and again dividing by ^ as S*ji + ;* is to Siji + »»,thatisasall 

the ReOMgles comprthcnded mder the Oidinates P M and (iN and their ref- 
pcdive Diihnces from the Axis of rotation GP, GQ.* 

A Gentrtl Corc^Urj- 

»oj. T6 Inreftigatethe Oimenfions of any SoUd is the firae thing as to Snd the 
Flowing Quantity of the Fluxion of the Solid. For the Flowmg Qjiantity of any 
Fluxion Is equal to the Sum of all the FluxioM, and the Sum of all the Fluxions 
is equal to the Solid. 

PROP. I. 

To lnvi^iffte tht Solid contiat tj t Com. 

104. Let the Cone be fbtrned by the revolution of the Rcftangular Triangle A D B 
about the Axis (J%. %. m P.f . 71.) A D, and let the PerpeScuUr MP,™, be 
drawn i m evident that thot Peipendicnlat^will defcribt Ordes, and that the Sum of 
all thole Circles is equal to the Ckjne. 

SoppofeAD = <, BD = r, the ciraimfeienceofthe Bafe = t,AP = »,Pf = » 

tU=/, thenlSY = Atta of the Bafe: And to Und the Area of the Circle 

defcribdby PMilhy,r:e !t y:^ whickmnltiplycd by J^ =j Radius; theProdua 

^ Is £= Attn of the Qrels defoib'd 6fPM,aadifthis Area bemnltiplyedby 

i the FluiiOB ef die Axis, Oe Ptoduft '-/- i« =2 to the Ftaxioi or Element of 
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the ConCi Kow by lusiUr Triangles, Jr:_j :: a-.r, theiefote « = — and* = 
4^ , and conlequendy the Fluxion of the Solid '-^^ Is = ii^^ind the Flow. 

ing Quantity thereof is -^ = to the Value ot that part of the Cone ddcrib'd by 
the Redangobr Triangle A P M, and the Value of the whole Cone (when « becomes 
= », and7 = r) is = — . 

CONSECTARYI. 

2o<. A Cone is to a Cylinder of the lame Bale and Altitude, as i is to 3. Hence to 
find the Solidity of a Cone; multiply the Area of the Bafe by fthe AJtinde, the 
Prodnft is the Content of the Cone. 

CONSECTARYII. 

This Proportion holds true alfo in a Partial OonTerlion; thus if the ReSangle A B E P 
betnrn'donits Aiisfrom(J%.i»Piij. i«i.)EtoI, then the portion of the Cylinder 
generated by that Partial Converfion, is to the Portion of the Cone generated by the 
Converlion of the ReSanguJar Triangle APE ftom E to I, as j is to i. 

PROP. II, 

To htviJIigMti the SoUdit] (^ d Sfhm. 

•elf. A Sphere is defcribd by the rerolution of a Semicircle AMD about the 
tDiameter AD, and if firom every point in the circumference we may imagine Pti- 
hendicnlars (Fit- m T't- 73-) M P. "f <*«• to the Diameter A D, they wiU delmbe 
rach a arde, and the Snm of all the Oicles is equal to the Sphere. 

Suppofe the Radius PD = r the Circumfcrence = e,PM=.r, A P =j(,P)p=»- 
now to End the Area of the Circle defcrib'd by PM. Say, r :«::;: ^ , "W* 

multiplyed by 5 ^, the Piwiua "^7 is = the Area requir'd. Multiply this Area by 

i the Fluxion of the Axis, and we have ^^ = the Huxion of the Sphere. But 

bythepropertyof thearcler3' = iTA:— ««i and coofeqoently ^-j^ is = ' 

., i _ tiiif and the Flowing Qsuntity thereof is ^ — ^ = '° *« ? <"■' 
tion of the Spberc defcribd by AMP and the Value of the whole Sphere (when 

8. IT , 
» becomes i= a r) 2 err ^,= 3err. 

A SoBere <i»y *= coaMertd us corapofcd of .an Infinite jiamber of Eyiaroids, 
whoft Vertex's are in the Center, and whofe Bafes are Infinitely httie portions of 
Sie Srt« of the Sphere, therein; if the Surfiiee (Which is the Bafcof a" «'«'?- 
ramids) of the Sphere, -viz, xirhc multiplyed by i the Radius or common Alu- 
tudeof the Pyramids, theProdna-Ji»rr.(s==.»lhe iplKre. 

C O N S E C T. 
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C C) N S E C T A R Y I. 

107- A Sphere is to the Cube of its Diameter, as t the Circumference is to four 
times tlie Diameter i forfefriSr* :: yc:8r. 

CONSECTARY 11. 

The Splicie Is to the Circumfcrib'd Cylinder as 2 is to 3 -jfor the Cylinder is rz 
err. 

C O N S E C TA RY III. 

spheres arc as the Cubes of their Diameters for they are in a Ratio compounded 
of the Rationes of their C Jicumferences, and the Squares of their Diameters i that 
is, in a Triplicate Ratio of their Diameters, 

CONSECTARY IV. 

A Coae, whofe Bale is equal to a great Circle of the Sphere, and whole Height . is 
equal to the Diameter of the Sphere_,isto the Sphere as i is to 2,for theCoae is = — — * 

CONSECTARY V. 

A Cone, a Sphere and a Cylinder of the Gime Height and Diameter, arc as i, i, 3 ; 
and the Cone is equal to the £xce& of the Cylinder above the Sphere. 



V ^OV. Ill 

To lavefiigste the Soliditj of aU forts of Ptrdolicgi Comids. 

* 
ao8. A Parabolical Conoid is generated by the revolntion of the Semi-parabola 
ADB about its Axis A B.Drawany Ordinate PM =>, and »w parallel toand Infi- 
nitely near the fame, and fuppofe AB =*, A P=:*^, 

?fz=.x^ B D = r, and the Circomference dcrcrib'd by the 
point D = e ^ now this Solid may be confider'd as compo- 
led of an Infinite Number of Qrcles (parallel to the Cir- 
cle of the Bafe) deicrib'd by the Ordinates as Semi-diame- 
ters ; and to find the Area of the Circle defcrib'd by P M, 

lay, f : e : : _y : ^ = to the arcmnference deicrib'd by 

the point M, and conlequently the Area of the Circle 

whole Radios is = PM Is ^'-^ which multiplybd 



\ 



fay 'x the Fluxion of the Axis, the pttdud J^ — js = to the FIuxioq of the Solid j 
now the general Equation exprelfing the Kature of all fints of Paraboloids is > ■" = jt 

- , and the 
flowing 



Djgiljzed by VjOOQIC 



to Sidathematical Thilofiphy. ,69 

Flowing auantity, or the Solid it felf is ~ " ^ cx'~" m 

*" + + r »«»+4 " 

^ = to tl,e Solid generated l,y the revotation of the Fig»e AMP abont its 
Axis A P ; and coafeqnently the Value of the SoUd generated by the reyolution 
of theFignre ADBabonttheAlisABis= — '^_ i 

COROLLARY 

Hence if the Equation of the Curve be ., = ^,, then » is = a; and - 



. * " .s = J * „. and coafequenfly the Parabolical 0»K,id 1, to d,e cin^^ctbU 
Cylinder (becaufe the Cylinder is = *1-'^ as . is to .; and the infcib-d Con. is 
are ': 6,1 ?'°''" " ' '^ " '' ^'^ '^ Cylinder, the Conoid and the Cone 

P R O P. IV. 

Sf4.i A IW D B 4fo« ,J, /„, D X fjrOel ,o thi Axis. 

209. Letthe Ordiaates PM, »w bcDTtvln/-',! »ft r» u •■ -. . , 
did Ordinates MP, »,<^., cZ^V^^Ai^A' ?^ us evident that the 
rtich will betheElenieia of thSliidStLTrS' '''"'" ^°*"^ 

SupporeBDorAT = „thearcmfe,.n«deSrb-db7}h:rPoin.B = ..AP = „ 
PM ^,, and Ma= '-,; then fay, ,; . :: r~,: tlZZIl = „ a^ q^^. 
ference defcrib'd by the point M. Therefore 'the Atea of'the Circle defcrib'd by 

«.« - -^; ; which being fubtraSed ftom the Area of the 

Qrcle defcrib-d b, OP or D B ("= ^) the remainder '"f~'" is = to 

the Area of the Annate defaib'd by PM, which being mulUplyed by ;, the Pn>. 
A lA ■ ^ *^ y ■* — fjfX' 

~ IS = to the Fluxion of thc.Soli4 = Cb«aufe/ =*") 

'^r * ^ confequently the Flowing Qpantity or the Solid generated 

by the revolution of the Figure APM about the Axis TQ. is = — "— , 

■ ■ . m -{- I 

the Value of the Solid generated by the revolution of the Figure ADMB about the Ax- 
is BT is = (becanTe then* becomes =iand^ = t) ^— ttr — — ^!_i ,, 

And if < « be = „, then », = 2, and the Value of the Solid generated bv the re- 
volution of the Parabolical Space AMD B about the Axis D ™s = }«<r- 



X r C O R O L- 
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COROLLARY. 

The Cylinder circumrcrib'd abont this Solid is to the Solid it felf as 6 is to 5. 

P R P. V. 

To IrtvefiigAte the P^Jae of the Solid geatrnted hj the revolution of the Pdra- 
boUe Space A M D B, Mhout the right Line A T which touchts the Pars-^ 
bold in the Fertex A. 

210. Imagine the Axis AB to be divided into an Infinite Number of equal parts, and 
tjie Ordinates P M, ^ m, perpendicular to A B and Infinitely near one another ; thea 
'tis evident that thofe Ordinates will dcfcribe Cylindric Sur&ces, which will be the 
Elementa of the Solid whofe Dimenfion is rcquir'd ; Suppofc AB=r, AT=A, AR 
r= PM =:r, AP =}, P? =/) the Circuniference defcrib'd by the pointB=c \ 
then the Cylindric Surfece defcrib'd by B D will be = A <; and to find that generated 

by PM, lay, ABxBD (if) : he :: (r:c) APxPM {x y) : 'J^— totheCy- 
lindric Surface or hollow Tube defcrib'd by P M, which being multiplyed by P ^ = /*, 
the Produft ^-^^'- is = to the Fluxion of the Solid \ bnt by the property of die 

Cvrre ; = «"', and>" = *, therefore Uie Fluxion of the Solid tf^ is = 

11 '— and the Flowing Quantity or the SoUd it felf is =-—.--_ x 

'J- = ^^j— X ^-— ^ = to the portion of the Solid generated by A PM, 

(ftg. in Tag. 168.) and confequently the whole Solid defcrib*d by A M D B is = 
(bccaufe then 7 = *» and * = i) r— nhe r. 

COROLLARY L 

III. If the Eqoadoa of the Corre be «? =x», then mis =2, and the Value 
of the Solid , — x*erb = t icr. 

COROLLARY IL 

This Solid is to the circumfcrib'd Cylinder as 4 is to f , for, f i « r : i A e r : : 
4--S- 

COROLLARY l\l. 

And the Solid generated by the Concave pat A M D T is = -Jo ^ e f ; for the 
Solid defcriVd by A MOB is to the circumicrib'd Cylinder as 4.isco 5, therefore 
ttfe Solid generated by AMDTis =;| of i^cr =:f, her. 
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PROP. VI. 

To tiivefiig*te the Value of the Solid generated by the revolution of the 
Paraholic Space AMD B ahut the Bafe B D. 

' ill- SuppofeAB=:r, BD=:t,AP =x^VB=t — x^ P M ^Ji then it is evi- 
dent that the OrdinatesP MdefcribeCylindric Surfaces or Tabes, which are in a Ratio 
cotfipooiKled(%.mP«^. i68.)oftheirRaysandHeightvndconfeqiicntlytheCylindric 

Soriace defcrib'd by the Ordinate P M is = ''^~* ~ ; and the Fluxion of the So- 
-; butby thepropcrtyof theCurve* ^jF" and^=*", 

therefore the Fluxion of the Solid is = ■— , and the Flowing 

QjMtity is= ^ T,^ X « jf""^' — ^qr7 »< ~ = to ^« portion 

of the Solid ddcriVd by the Space APM= — T~«-*/— r— ^T" ^^ ^— 

tn — |- I 1 m —J- I r 

and confequently the Solid defcrib'd by the whole Spaee A M D B is = "ZlT^ ** 

And if the Equation of the Carve be . * = >/ then j. is =2, and the Valae of 
theSolid generated by the Space AMD B about the Axis B D is = | * r r — fhcr 
= , f i c r j and the faid Solid is to the dromfcrib'd Cylinder as 8 is to 1 5. 

PROP. VII. 

To IntfiifiUt the V^dm if tht Solid gcnir At ed hj the mobtlioitof the Hjfer- 
holic Sfue BAMFEC itouttht JJymfiott CE. 

2 1 3. Let the portion of the other AiTyraptote B C be = r, and draw the Ordinates 
PM, f««, parallel and iafisiKlyoear each other sand ftppofePM =),Ct—ic, ?f 

= *, b'a = A -, and the Circumference defcrib'd by the Point B = c j then 'tis evident 
that the Ordinates P M, f i«(F«. wf-K. 75.) will defcribe parallel Cjrlindric Surfeces ; 
and that i t is = Surface defcrib'd by B A. Whence to find that delcrib'd by P M, lay, 

CBxBA(>r):*c : : C P X P M ( atj,) : '-y^ = Surface reqnird, and 

il'i. = the Fluxion of the Solid. Now the Equation expreOing the Nature of 
all forts of Hyperbola's in relation to their Affymptotes is 7 " (m being a negative 
nmnber whole or broken) = x, and confequently/ = «• therefore the Fluxion of 

the Solid is = 

'_*'"' = — ^- X '"' = the Solid defcrib'd by the Hyperbolic Space 
r 2 w -|- I r 

ECPMF, 
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ECPMF, and confeqiiently the Intirc Solid generated by the revolution of 
C B A F E C is (becaufe then x becomes = r, and jr = i) -j— y.her. 

CONSECTARY. 

214. In the Apollonian Hyperbola ««=:j:jr, and w = — i, therefore 

— I -I- 1 
- X iff =: -j^— X *er = -j- X *cr= ier ; therefore the 



2«-l-I — 2-J-I 4-2—1 

faid Solid is double the Cylinder generated by the revolution of the Reftanglc 
AC about the AHymptote A E and thus we have the Demooftratioa of a Vatadtx, 
vix,. that an Infinite Space does generate s Solid tf Fmite Dimen^om. 

PROP. VIII. 

To Invefiigdte the Value of the Solid generated ly the devolution of the Bjftr-> 
bolic Spate B A M F E C ahout the Jjjymptote C B. 

215. InthisGenefis 'tis evident that the Ordinates PMjpm defcribe Circles which 
we may confider as the Elemcnta of the Solid j and if we fappofc (Rg- «'«£■. 75.) BA 
= f ; the Circumference defcrib'd by the point A = f, and the Area erf the Qvdt = 

— •, CB = *. then the Area of the Circle defcrib'd by PM will be = ^^ 

and ^^^=; to the Fluxion of the Solid •,butA-7= *r, then/ = — and y ^ = 

-^-~ i and the Fluxion of the Solid ^^ is = = ~ land 

XX ' 2r zrxx 2 

.,. ■« ■- hbe r x~ ^ h k er , , 

the Flowing Quantity is = ;— = — = (when * becomes = * ) 

- = to the Value of the Solid defcrib'd by the Space A M F E C B about the 

Axis C Bj but ^J^ilis= tJl^— and the Flowing Qjwntity is = — '- 

K — ^ = to the Solid generated by the revolution of B A M P, and confe. 

quently the Solid generated by the rotation of the whole Space is = — ^— 



COROLLARY. 

In the Apollonial Hyperbola / ~ > = * and * « = *_/ and m = — 1, therefore 

ST^ X ~iV~~ =Z^^7i~ ~[rk - ^^"PP*^S the ReftaDgle r b = 
. bcr 

.- = 0=— . 

PROP. 



— 1 
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PROP. IX. 

To Invefii^tte the Vdut <f the i^ferholicgt Coaoul, geHefMted ly the revolutioH 
•f the HjferboU AMD, tAm the Axis A Ji 

iitf. Draw the Petpeodicolar B D = r, and the Ordinates P M (= ;) and ^ m\ 
now its evident that tbofe Ordinates wiUdelcribe Circajbr Sor&ces, and that all 
the laid Sur&ces are equal to the Conoid. 

Ixt the TranfTcrfe Axis A O be = 2*, AB=J; 0A=2* + J;AP = *, 

p^= *, PO = 2 i-f"** then by the preceeding Me- 
thods, tbe Fluxion of the Solid is = i^Xf , and r r : 
i i-\- X ih \: jj '. XX -^ ih x\ therefore 3 3^ 
- — —^ J and confeqoently the Fluxion of the 



Solid 



J J X . crxx X -\-2 rkx 



, and the Flow- 



caufe then x =d) -■— ^ 



ing Quantity or the Value tk the Conoid generated by 

APMia = "/.\'t"^^*! f-, and the Value of the 
edd-f- I id b 

whole Solid generated by the Space A M D B is = (be- 

er +3 bei 

6d-^ilk 

CONSECTARY. 

217. The Circumfcrib'd Cylinder is to the Hyperbolical Gouid, as 3 J-\-6 i 

istod-\-^h-j for the Cylinder is = ; and if the Intercepted Diameter ABbe 

equal to tbe TranfTerfe Axis A O^ then tbe laid Cylinder is to the Conoid^ as 
13 i is to 5 i, or as 12 is to f. 

And if i be = i, then the Circwnlcrib'd Cylinder will be to the Hyperbolical 
Omoid, asi h-\- 6hntJoh-\-ihyOTZS9iii0 4. 

And an Inicrib'd Gone is to the Hyperbolical Conoid as ^+2 * is to i -}- 3 *. 



Yy 
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PROP. X. 

Ti IjniefiigMe the Vdue tf ut Ohloiig Sfhermdj gtntrstti by the Coavtrjiog tif 
the Semi-tlifje ABJD aioiit its Trunicrfe Jxis A D. 

ij8- r>rOT the <i>ni»g«ie Pianetn B £= ir, perpendicular to AD = 2<, 
ujd dnff any Onliojite «s PM=:/, and another mf infinitely near MP; 
then 'tis evident that thofe Ordinates will 
dcfaibe Circular Surfaces, which may be 
confidered as the Elementa of the Spheroid* 
SuHMfe CP=Ar, AP=«— «, PD = 

• + Ar, theni! '-^ = to the Ana of the 

Circle ^Icfcrib'd by the Ordinate P M. And 

' -— = tq the Fluxion of the Spheioid ; now 

by the Property of the Elliplis, MP * (^ > ) : 
AP xPD (.» — **) ::CE'Crr): A'C* 
(**) therefore ^ji/ is = ff — rr^** ^ ^^ 




confeqnently the Fluiion '■''^ is = '-^ T7V '"^ ""^ ^""'"i Ql"°- 

tity is ='— — '' ' = to the Value of the Solid generated by the conver- 
iion of C P M E about the Axis C P, and confeqnently the Solid generated by 
ACEMAi«= (becauTe jrbea)me« = ») =1^ — ^- =?-ir the double 

whereof, w«. ' *'* is = to the whole Oblong Spheroid. 

LEMMA. 

119. If the Circle A N D be deTcrib'd on the Axis A D as a Diameter, the Area 
of the Circle is to the Area of the EUipfis, as the Tranfverfe Axis AD is to the 
the Conjugate Axis BEiforAPxPDiPMjxAGxGDiGHj: PN»:GI.. 
Therefore PM:PN t: GH:Glj and univerfally PM:PN :: CEiCF; there- 
fbie S P M (that is the Area of the Semi-elliplis A E D) is to S P N (or the Area 
of the Semi-circle AFD) :: CE:CF :: the Conjugate Axis of the Elliplis to 
theTranfverfe. 

Whence it uniTerially fljllows alfo, that PM j : PNj :: CEj: CFj, and 
SPM}:SPN} :: CEjiCF}. 

CONSECTARY I. 

«o. The atcumfcrib'd Cylinder is to the Oblong Spheroid as 3 is to 1 ; for the 
Semi-fpheroid : : : 2:3. And becauie the Inlcrib'd Cone is = f the Cylin- 
der, it is = 1 the Spheroid. 

CON- 
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CONSECTARY II. 

A Spheroid is to tlie circumfCTlb'd Sphere, as the Sqoare of the conjugate Axis is 
to the Square of the Tranfverfe Axis; for if Ordioates PM, PN bedrawninthe 
Ellipfe aad in the CSrcle, they will defciibe Oides which are\s the Squares of the 
faid Oidinates, that is, as the (Art. 2 1 9.) Square of C E is to the Square of C F ■ 
therefore all the Circles which compofe the Spheroid arc to all the arcles nhich com- 
pofe the Sl)here-, that is, the Spheroid is to the Sphere, as the Square ot the conju- 
gate Axis, is to Square of the Tranfverfe Axis; and any SegmLnt of a Spheroid 
IS to thecorrefponding Segment of the Sphere in the fame. Proportion. 

CONSECTARY III. 

A Spheroid h to the Infaib'd Sphere, as the Tranfverft Axis of the Elliplis is 
to the conjugate Axis; for if Ordinates be drawn to the conjugate Diameter of 
the Elliplis, they will defcribe Cylindric Surfaces proportional to their correfpon- 
ding parts in the Ellipfe and in the Circle j but any Ordinate in the Ellipfe, is to 
its correfpoading Ordinate in the Circle, as (^Arr. 219.) the Tranfverfe Axis of the 
Ellipfis is to the roojogate Axis ; therefore the Spheroid is to the Sphere inthe 
ITame Proportion. 

CONSECTARY IV. 

Any Portion of the Spheroid is to the correfponding Portion of the InTcrib'd 
Sphere, as the tranTTcrfe Axis is to the conjugate Axis. 

' CONSECTARYV. 

The Spheroid generated by the revolution of the Semi-ellipfe ABDabout the 
tranfverfe Axis; is to that generated by the revolution of the Semi-ellipfe BAE 
about the conjugate Axis, as the conjugate Axis is to the tranlverfe Axis. 

C N S E C TA RY VI, 

The Spheroid generated by the revolution of the Semi-ellipfe BAE, about the 
conjugate Axis B £, is to the circumfcrib'd Cylinder as 2, is to 3. 

P R P. XI. 

To Imtfiigui the ^tlM of the Selii, gntmlti b) the moliHiin of the L^f 
rithmetie Sfae AM BCE, tkmltht Jffpnpote CE. 

211. If we Imagine the Afiymptote C E to be divided into an Infinite Number of 
equal parts, and an Infinite Number of Ordinates P M, p w to he drawn, 'tis evi- 
dent (fif . m Feg. j-j.') they will defcribe Parallel Circles which may be confide- 
red as the Elementa of the Solid ; now fuppofing C B i= >■, P M = _y , and « = to 

the circumference defaib'd by the point B, then is — -^ = Area of the Grcle whofe 

1 r 

Radioi is = P M, and "■''' is = to the Fluiion of the Solid ; but by the pro- 
perty of the Logarithmctic Line * = ^ , therefore the Fluxion of the Solid 
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VJJ'. is = tSlt , and the Flowing Qaantity is = ^^^ — to the Solid gene- 
rated by the Infinite Space E P M A, and conftqaently (when^ becomes = r) the 



COROLLARY. 

212. The Solid generated by this Infinite Space, is to a Cone whole height is = 
to the Sub-tangent of the Curve, and Bafe = to that of the Solid, as | is to 2 ; tor 

the Cone IS = — — , • 

PROP. XIL 

To InvefiigMtt the Vdue of the Solid gtmrMttd iy the revoiutioft ef th Ciffoi- 
tUl Spue EN ABF, dottt its Jjfymftote BF. 

213. The fame things being liippos'd as in {Art. no.) all the Ordinates erf the 
Ciflbid P N defcribc Cylindric Surfaces which may be conOdered as the 0ementa of 
iF^. in fag. 81.) the Solid; theretore lay r : * : : P B x P K (* V2 rx—xx') t 
ex t/l r X — XX . - _i- . r .t..j 1. „vr , ex x ^Zrx — x x . 

— ~ = tt) the Sartice defcnb d by P N, and — is = 

r r 

to the Fluxion of the Solid. 

And to fird the Flowing Quantity ; Imagine the Semi-circle A M B to revolve 
3boat an Axis parallel to the AfTymptote B F> and paQlng through the point A ; then 
'tis evident that all the Ordinates F M will deTcribe Cylindric Surfaces, and 

~ — is = Fluxion of that Solid, which being the fime with that of 

the preceding or QQbidal Solid, 'tis evident that the Solid generated by the revo- 
lution of the Infinite OfToidal Space , about its Allymptote is = to the Solid gene- 
ted by the converiion of the generating Semi-circle, about an Axis palliag throng the 
point A, parallel to the Allymptote B F. 



Mother 



v^. 



224. Retaining the lame Symbols as befiire, HP (ir — * =i) istoPM (,y):i 
AP (*) :PN ( = t)itheretore Ax.is=*7i that is the Redangle BPxPN is 
always = the Rectangle A P x P M, and confeqaently the Cylindric Surface dcfcrl* 
bed by P N, revolving about the Aflymptote B F, is equal to the Cylindric Surface, 
defcrib'd by P M revolving about an Axis pafling through the the point A parallel 
to the AOymptote B F, therefore their Sums muft be equal, that is the Solid gene- 
rated by £ N A B F about B F, is = to the Solid generated by the Semi-circle 
A M B, revolving about an Axis pafling tbroi^h A. 
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PROP. XIII. 

To Im/efiigtae the V^ne of the Solid generated bj the revoltaicn of the Cou- 
ehoidal Space B M A D E, ahout the JJ^mftote D E. 

225. Let the Conchoid AMB be fuch that drawing from the Pole C to any point 
(M) therein, the right Line CM cuttingthe AfTymptotcia N, the rightLine MN 
be always equal to the right Line A D ^ to fiod the Valne cf the Solid generated by 
that Conchoidal Spac.e. 

With tlie Semi-diameter A D, defcribe the Quadrant A K D, and fi:X)m any point 
in the Diameter as P, draw the Ordinate P M ■■> then 'tis evident that theft Ordi- 
nates will defaibe Cylindric Surfeces, which maybe confider'd as the Elementa of 
the Solid whofe Dimcnfions are reqoit'd. 

Draw the Line D Rand MS perpendicular to the AITymptote DE; then the 
Triangles N S M, D R P are fimilar, for the Angles M S N, R P D are right An- 
gles, and M N is = D R, and M S = D p. 




Suppofc AP = *, AC = «,AD = r, PC = «— *i=i, Pt>=f — *=:i/, 
P R =;> and P M = r, : Then by the propctty of the Conchoid it is C P (*) : 
PM (t) ;: DP (^) : PR (=>) therefore hy isalways = ix^ that is, the Rcft- 
Mgle CPx PR is always = ReSangle D PxPM ■, now the Cylindric Surface 
delcrib'd by P M aboat the Axis D E, is as the Reftangle D P x P M ^ and the Cylin- 
dric Surface defcrib'd by P R about an Axis parallel to the Aflymptote D E^and patTuig 
through the Pole C, is as the Reftangle C P x P R. Therefore the Cylindric Surfaces 
- defcrib d by the Ordinates P M, P R about their refpeftive Axes are equal \ and the 
Sum of a\l the Cylindric Surfaces defcrib'd by P M about D E, compofe the Conchoid. 
dal Solid, and the Sum of all the Cylindric Surfeccs defcrib'd by P R compofe the So^ 
lid, generated by the Quadrant AKD, revolving about anAxlspaflihg through C 
parallel to D E i therefore the Solid generated by the Conchoidal Space BADE 
about DE, is equal to the Solid geserated by the Quadtant AKD, revolving 
about an Axis palQag chroagh G 
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SECT. VIII. 

The Ufe of Fluxions 

in the ^Hificatm <f Curates 




DEFINITION I. 

LET AZXDbea Carv« conClliiig of an infinite Kumber of little right Lines 
E D, D X, X 2, &e. and let tlie right Line B E touch the Curve in E, and fup- 
pofe the otherinfinitely little Poitions of the Curveco be prodocd, until chey Interfeft 

the Axis in the poinuT, M, N, R, 
&t. and aflume E O = E D, and 
VO=Di =DXi alfo SV = 
31 = 2, X = X 2, and fo proceed 
until K I be = 7» 8, = fl, 9 = 5, 10 
=:H, II = H A » then becaufc the 
right Lines An; iif io;io,9-,9, 
S i 8, 1, are infinitely little,aiid form 
Angles in 11, lo, 9, 8 ; it is evi- 
dent that they will degenerate into 
the Curve A I, Concave towards the 
fame part with the Curve AD E. And 
if we fuppofe a Thread to be appli- 
ed to the Convex fide of the Curve 
A 2 E, from A to E, and that 
one end being made fait: in E, tJie 
other end in A be mov'd along from A towards I, fo that that lart of the Thread 
which has left the Carre, be extended at its full length, then it is alio maoifeft 
that the laid moveable extremity of the Thread, will defcribe the fbrefaid Curve 
A, II, 10, 9. 8. I. Kow the Carve AZE is called the Evokta, and the new 
Curve A 9 1> is laid to be defirib'd by Evolving the Corre A 2 E. 

DEFINITION IL 

Ami tbePordoDS of the ThreadHir, Zi(i, Xp^efc. which are exteoded into 
ftrci^t Lines, are called the Radii of the Evdnta, or the Radii of the Carv^corv 
in XI, lOi 9, &c. ■ 

CONSECTARY I. 

^l6. Hence it appears that the Ray ot the Evolota v. j^. H 1 1, is equal to A H, 
the Portion of the Curve Evolved \ and the Ray <tf the Evoluta £ 1, is eqnal to the 
wholeCurveAZE 
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C O N S E C T A R Y II. 

tf we imagine the Curve A Z X E to be a Polygon A H Z X Eof aa iafiaitc 
Kumber of fides, thea 'tis evident that A the extremity of the Thread A H 2 X E 
will defcribe the little Arch A ii, on the Center H, 
with the Radius H A, until the Radius H A, come to a 

be one ftreight Line with the infinitely little Side H Z, 
which is next to AH; in Itkcmamier, the ftctremity 
of the Thread will defcribe the Arch ti, id, on the 
Center Z, with the Radius Z 1 1, itntil Z 1 1 come to be 
one ftreight Line with X2, t^c. and fo on until all the 
Corve be Evolved. Whence 'ti? evident that the Curve 
A II, lo, p, rtiay be coufidcred, as being compofed v 

of an infinite Nomber of Arches ot Circles A 1 1 v 1 1, ^\ 

to i 10, p; <^f. Whofe Centers arc H, Z, X, &c. ^ 

CONSECTARY III. 

Hence it appears that aU the Rays of the Evoluta, toach the iame as H 1 1 in 
H , I o Z in Z, &c. and that ad the laid Rays are perpendicular to the Curve 
All, lo, 9, delCTib'd by Evolving the Curve AHZXE: For, v. g. Z lo, is 
pCFpendicular to the &me m lo, becaufe Z lo being producd, palles through Z and 
X, the Centers of tbc Arches 1 1, i o , and lo 9. 

C N S E C TA RY IV. 

Hence if two Curves begin in the lame point A, and their Concavities look both 
the iame way, as A E and A I, and if any Line touching the Interior Curve A E, 
f . f. D 8 be always perpendicular to the Exterior Curve A I, then the Portion of 
tl c Tangents Intercepted between the two Curves, v. g. D 8, will be equal to 
A X E) the Portion of the laterior Curve Intercepted between the beginning A 
and the point of Costad D. 

CONSECTARY V. 

And becauie tlie Curvature of Qrdes Increafe in proportion^ as their Radii De- 
er^; k follows, chat the Curvature of the infinitely little Arch A 1 1, is to the 
Curvatare of the infinitely Tittle Arch 10, 9, as X, lo, is toH 1 1; that is, in 
the Curve A II, I c, s>, <^c. the Curvature in 10, is to the Curvature in A reci- 
proarily as the Rays, wx- as H A is to X lo, or Z lo \ and in like manner, that 
theCarvature in 9 is to the Curvature in 10, as Z 10 is to X 9; whence it is manifeft 
that the Curvature of the Line A ii, i o, 9, &e, Decreafes continually in proportion 
to the Portion of the Curve AHZXE, which is Evolved ; fo that ia the point A, 
where the Evolution begins, the Curvature is the greatelt that caa be, and in 9, 
where the Evolutioa ceafes, it is leaft. 

C O N & E C T A R Y Vt 

Hence it appeaisalfo,thjt the points of the Ev«!ut3 arc nothing elfe But fomwiy 
points decermined by the fnterfeftions of the PcrpcndScofais to the Curve A. tr, 
10, 9, &e. the faid Perpendiculars being infinitely near one another ; for tftftance, 
the point XorE in the Evoluta, is determined by the Interfeftion erf the right 
Lines 10 X, 9X, which are perpendicular to the infinitely little Arches ir, ^o 
and 10, 9 •, ib that if the nature and pbfition of the Curve A 11, to-, 9, a?nd! one 
of its Perpendicubrs v.g- to X, be given, to find the point X, where k toHchCs 
^he Evoluta, there is nothing elfe to be done, but ta Inveftigate the point X Where 
the perpendiculars loX, 9 E, laterfed each other; for 'tis plain that that point 
will be in the Evoluta. PROP. 
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p R o p. I. 

Jffjf Carve Line being given, to fnd the Evoluta thereof y thdt isy to find ano- 
ther kf tvhofe Evolution the given Carve Jba/l be defcriPJ ; and to fbew thai 
from every Geometricdl Carve, another Geometrical Carve mig be foandy to 
which Mn ee^aal right Line may be affi^ 




2Z7. Let ABFbeaay Curve, or a Portion ofany given CBryeInfl&5cd one way on- 
ly V and let L K be a right Lioe, to which all the points of the Curve are referred \ 
and let it be requjr'd to find another 
Curve D E, by whofe Evolution the 
given Curve A B F may be defcribd. 
Suppofe the Evoluta C D E to be 
found i Then bccaufe all the Tan- 
gents of the Curve D E muft needs 
be perpendicular to the Curve A B F, 
defcrib d by the Evolution of D E ; 
'tis plain, that the Lines, v.g. BD, 
F E, which are perpendicular to the 
Curve A B F muft touch the Curve 
CDE. 

Let the points B and F be fiippo- 
ftd infinitely ncir each other; theo 
becaufe the Evolution begins io A, 
and F is the remoter point from A, 
therefore the point of ContaS E, will 
be farther from A than D, and the 
point Q, where the, right Lines B D, 
FE Interfeft each other, fells beyond 
the point D in the right Line B D'; 
for 'tis manifeft that the right Lines 
B D, FE will meet, eaCh being per- 
pendicular to the Concave part of 
the fame Curve B F \ and becaufe the 
points B, F are fupposd infinitely near 
each other, therefore the points D, 
G, £j are infinitely near one ano- 
ther \ and all die three points may be 
taken for one. Produce B F unto H, 
then the right Line B H will touch the 
Curve in B and F ; draw B O parallel 
to K L, and draw B K, F L perpen- 
dicular to K L, and let B O bicerfeft 
E L (produced if need be) in P j and 
let the points where B D, F E Inter- 
fefts K L, be marked with M and N- 
Now becaufe the Ratio of EG to GM, is the lame as of BO to MN; 'tis 
evident that if this be given, that is alfo given ; and becaufe the right Line B M 
is given in Magnitude and Pofition, the point G in B M produced, or the point D 
in the Curve (boththefe Coinciding) will confequently be given. 

In all Geometrical Curves the Ratio of B O to M N is compounded of two 
Rationes, which are both given ; iw&, the Ratio of B O to M N is compounded 
of Che Ratio of BO to BP, or of N H to LH, and of BP or KL to M N; 
whence 'tis evident that if thofe two Ratio's be given, then the Ratio of BO to 
M N will be given alfo : and that they are given in all Geometrical Curves \ and 
confequently uiac Curves may be adigned to every one of them, by whofe Evolu- 
tion they may be defcrib'di and that therefore all Geomttrical Cui-ves being 
defcrib'd by the Evolution of fome Curve \ and that thefe are reducible to ftreighc 
Lines, I Iball endeavour in the next place to Ihew by the following Examples. 

EXAMPLE 
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22S- Let ABFbe a Parabola, Aits Vertex, and AQ. its Axis; now becauf the 
Lines BM, FN are perpendicular to the Curve of the Parabola, and BK, FL 
perpendicular to the Axis A Q., therefore (by the property of the Parabola) K M 
= L N is ^ i the Parameter of the Axis ; and taking away L M which is com- 
mon to both, there remains K L = M N. Hence becaufe the Ratio of B G to G M 
is compounded of the Rationes of N H to H L, and K L to M N , and t his laft is 
the Ratio of Equality, therefore 'tis evident that B G ; G M : : NH:HL. And 
by divifion BM:MG:: NLiHL" (becaufe the points K and L arc infinitely 
near each other) M K : K H 

Now the point B being given, the Ratio of MK to K H is alTo given, M K being 
= i the Parameter of the Axis, and K H — 2 A K. 

The Magnitude and PoHtion of B M is alfo giren^ and therefore if we produce 
BM unto G, and takeMGtoBM, 
as z A K is to i^ the Parameter of 
the Axis KM, the point G will be 
in the Curve R D E i and thus aflu- 
ming feveral points in the Curve of 
the Parabola, we may determine as 
many points of the Curve R D E as 
we pleafe; and confequently, the 
Line RDE will be a Geometrical 
Curve, and one o' the principal 
Properties thereof, and from which 
the reft may be deduced, may be 
Inveftigated. 

Thns if it be required to find aa 
Equation exprefling the Relation 
of^all the points of the Curve RDE, 

to the right Line AQ.j draw the Une DQ. perpendicular to AQ.i and let the 
Parameter of the principal Axis of the Parabola be = *, AK = t, A 0.= *, 
Q.D=j>; then becaufe the Ratio of B M to M D, that is, the Radio of KM to 
MQ.isas itf isto iz^ and KM =i *, it follows that MQ, = iz.. But M Ais 
= i»-|-a, ^flAQ,= ia •\- J z^ and confequently z. = far — \a. More- 
over, becaufe MK9 (i «") :KBy («t) :: MQ.9 (4»ai) :Q.Dj (>>) there- 
fore 7 / = ]1^ - (f ubftitoting t * — i " for * t6x\x^f»\ _ ^^ ^^^ 

a * 

fequently, i^ayjr = x — i 4. Now becaufe i « is an Invariable Qpantity, take 
A R = i «, and then R Q,is = * — ia. Whence *tis evident, that the Property 
of the Curve RDE, is fuch, that the Cube of R Q., is always equal to the Square 
of the Ordinate Q.D , multiplyed into an Invariable Qjiantity ij « ; and confe- 
quently the Evoluta RDE, is a Cubical Paraboloid , and the Parabola A B F, may 
be defcrib'd by the Evolution thereof ; and the Parameter of R D E is = f | the 
Parameter of A B F^ and the Parameter of the Parabola is =^7 the Parameter of the 
Paraboloid. 




CONSECTARYI. 

219. Hence ifR D E be a Paraboloid and p its Parameter, and ifRQ.««( =Q.Df 
X p-y then if the Tangent QJl, be produced to A, and R A be taten = ,f ^, 
and the Evolution begin in A, then the Curve defcrib'd by the Evolution' of RD E, 
viz^ ABE will be a Parabola, and the Parameter of the Parabola will be =: if ^ 
and the diftance of A the Vertex of the Parabola, from R the Vcrter of the Pa- 
raboloid i% =i the Parameter of the Parabola = ^f ^ 



Aa» 
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CONSECTARY II. 



The Tangent D B, is = to the Portion of the Curve D K-Y A R (or -j- ^ « e) ; 
And therefore to find the Length of the Curve D R» draw D M touching the 
Cnrvc in D» and interfering KL in M ^ then take M K = (becaafe M K is = ^ 
the Parameter of the Parabola := A R) = ,f * i and in the point K ercd the 
Perpendicular K B , interfefting the Tangent D M, produced in B j then 'tis evi- 
dent that the point B, will be in the Curve of the Parabola A F ; (although the 
Parabola, be not aftually defcrib'd) on the Center M, with the Radius MK, 
defcribe the Arch of a Circle K C, interfefting M B in C ; then is the Portion of the 
Paraboloidical Curve R D = D M -I- C B. And to find the point M, through which 
the Tangent D M muft pafs, take R M = iArt. 25 ) | RQ,- 

230- And to find the Ratio of OB to PB, orNHtoHL, in all other Geometri- 
cal Curves, befides the Parabola, is very evident and plain j it being only needful, 
to draw the right Line FH, to touch the Curve in the given point F, and FN, 

perpendicular to FH; for then NH 
and H L are given, and confeqncnt- 
ly, the Ratio between them is alfo 
given. 

But it is not fo plain, how the Ra- 
tio of K L to M N, may become 
known, which nevcrthelefs may al- 
ways be found in manner following. 
Let the right Lines KT, LV be 
perpendicular to KL, and let KT 
be =KM, and LV = LN, and 
draw V X (or T X) parallel to L K, 
and interfering KT (or LV) in 
X; then becaufe the difference be- 
tween L K and N M, is eqoal to 
the difference between L N and K M , 
or LV and KT, and the difference 
between LV and K T is = XV; 
therefore (becanfe XT or X V is = 
LK) NM = XVHiXTi and con- 
feqnently, if the Ratio of V X to 
X T be given, then the Ratio of 
V X to VXttXT, that is the Ra- 
ttoofVXorLKtoMN will be gi- 
ven alfo. 

And it muft be obferred, that bc- 
catife KT is = K M, and LV = 
L N, the Locus of the Points T, V, 
may happen to be either a ftrcight 
or a Curve Line, and if it be a right 
Line, as it happens when A B F is a 
Coni-feftion, and KL its Axis ; then 
it is evident^ that the Ratio of V X 
to T X is given, the pofition of the 
line T V being given, and the Ra- 
tio being always the fame, the Inter- 
val K L being taken at pleafure. 
Botif theLocBS of thole Pomts be aOirve Line, the Ratio of V X toXT will 
vary, according as the Interval K L is greater or leflcr. Now in this Cafe, we muft 
enquire, what the Ratio between them will be, when the Diftance K L is infinitely 
little; in which Cafe, the Points B and F, and alio V and Tat? infinitely near each 
other : And the infinitely little Une V T beingdrawn, will be a Portion of the Curve 
pafling thr<N^ V and T; and the ftme Portion VT being produced to Y, will 

toach 
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touch the laid Curve in T. Now the Curve pafiing thro' TandV isa Geometrical 
Curve i and confequently the ShJ-muj'M may be determined: whence the Ratio of 
YK to K T, that is, the Ratio of V X to X T is given ; and confequently the Ra- 
tio of L K toN M may be fo jnd as is fliewn before. 

It remains only to determine the Nature of the Curve T V, in order to find the 
Ratio becwectt the Sub-tangent KY, and the Ordinate KT; wiiich may be calily 
done, if we confider that the Nature of the Curve ABF is given, and BMis per- 
pendicular thereto •, and confequently that K M the Subnormal, orKT (y) the Or- 
dinate of the new Curve is alfo given. Now from thefe the Nature of the Curve 
TV, and likewife the Ratio between the Sub-tangent KY, and the Ordinate KT 
may be determmed. Thefe Diredions will be better uaderftood by an 

EXAMPLE II. 

251. Let ABF be a Cubical Paraboloid (to which we have before affigneda 
Right line equal) the Property whereof is, that the Cubes of the Ordinates KB, 
are Proportional to the Squares of 
the Intercepted Diameters A K. 
*Tis required to find (or defcribe ) 
the Curve CDE, bywhofe Evolu- 
tion the Curve Line A B F ftiall be 
delcribed. 

Firft, The Ratio of B O to HP 
is eafily founds for if we take 
AH = f AK. and draw HB, ic 
will C^rt. 25.) touch the Curve in 
B , and becaufe B M is perpendicu- 
lar to the Curve inB, the Lines 
M H and H K ; and confequently 
their Ratio, that is, the Ratio of 
B O to B P is given. 

Secondly, To find the Ratio of 
BP or KL to MN; Draw the Lines K T, LVperpeodiculartoKL, and equal to 
KM, LN; then is VX + XT = MN, and KL : MN i: VX : VX-f XT. 
And to determine this Ratio, when the Diftance K L is infinitely little, we mult find 
the Locus, that is, we mult determine the Nature of the line wiuch the Points T 
and V terminate in ; To dowhich. Let the Parameter «f the Paraboloid ABF be 
= *, AK = *, KT = ^ 

TlieabccaiifeKH:KB:KM-H-, and HK = i*, and KB = (by the property 

of the Curve) axx^ , therefore i at : axx^ : : ax x^ ; ~ = KM = 



^.f^ 
.^^O 




3* 



K T =^ ; and confequently - 



- = f^ S0X =>'i whence it is 



27** ~ 27*3 

evident, that the Locus of the Points T, V, is alio a Cubical Parabola (of another 
kind-,) and therefore if we takeAY = » AK, and draw TY, it will touch the 
Carve in T; therefore VX^T::YK:KT, and VX:VX+XT:: YK:YK 
-*-KT;:KL:MNi whence the Ratioof KLto MN is given, and the Ratio of 
OBcoPB was found before j «^the Ratio compounded of both, that is, the Ra- 
tio BD to DM is alfo given, and by Divifion^ the Ratio of BM to MD, and confe- 
quently the Point D in the Curve D E. 

232. Hencetoconftrua:theCurveDE:KT=KM=j', therefiDre MH is=^ 
4-1*, and MH:HK::/-4-i*:i*;: (multiplying by » J *y-\-ix:ix. 
Again, becaufe KY is = 3*, thereforeYK: YK-j-KT:: tx-.ix^j (that is, 
: ; K L : M N i ) now the Ratio of B D to D M is compounded of the Rationcs of 
BOtoBP, and BP orLK to MN, that b, of *>-f jjrto 3*, and 3 j: to jar 
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-{- f j ergo BO: MN::2 y-\- ^x: ^x -\-y : B D : M Dj and by Divifion, y: ^x 
-j- > : : B M : M D, whence arifcs this ealie 

CONSTRUCTION. 

Draw A Z perpendicular to A K, and produce it until it interfea D B ( produced ) 
in Z; then becaufe BM : MD;:^:/-!-; *; therefore BM ; MD::KM:KM 
-hs AK::MB: MB-I-3BZ i«-goMDis=MB-l-;B2, whence we may eafi- 
ly find as many Points of the Curve C D E as we pleafe j and any Portion of the 
Curve as DA, is equalin length to the Right line DB, which meets the Parabo- 
loid A B at Right Angles in B, and touches the Curve CD in D. 

EXAMPLE III. 

If the Cubical ParahoU A B F kefueky that th Cubes of the OrdirMes be ^report f~ 
ofial to the intercepted Diameters \ it is required to defer ihe the Curve C D E, ^ 
nhofe E-volution the faidCubical Parabola ABF ^afibe defiribed, 

23;. Let A be the Parameter of the Paraboloid ABF, the Ablciffe AL =:x,thcn by 

the propcrtyof the Curve aax ^ = LB, and if BF touch the Curve in B, and being 
produced interfed the Axis in H, then (fee Fig. m tbt ofpoftt Pag.) LHis = 3AL = 
3*i letLM^LV be= y. 

Now becaufe HL : L B :LM -H-, therefore = y, and r = t ?, that is, -^ 

7= y 3, whence the Nature of the Curve T V is fuch, that the intercepted Diameters 
AL, are reciprocally proportional to the Cubes trf^ theOrdinates LV, and the Con- 
vex fide of the Curve T V, is towards the Axis A L \ and the Equation expreUtng 
the Nature of the Curve is j^»* ^x^-b. Now the Ratioof BD toMDiscom- 
punded of the Rationes of B O to B P, or H M to H L, andofBP orLK toMN; 
but LHis = ; jc, andLM =/, whence HM :HL :: %x-\'j 13 at, which Ratio is 
given. And to find the Ratio of LK to MN, LV is =LM, andKTis = KN 
(by fuppofition) therefore LM is greater than KM, and confequentlyLK is greater 
thanMN. andLK — MNis = LV — KT=XT, whence X V — X T is = MN, 
and<ionfequentlyLK:MN :: XV:XV— XT. 

Diaw T Y touching the Curve V T in T, and interfering the Axis in Y, then the 
Triangles T V X, T Y K are finiilar \ and by the Property of the Curve, the Sub-tan- 
gent KYis=:3AK=3«; whence LK: MN:: VX: V X — XT ::KY : KY — 
. KT::}4r:}« — y\ trgt the Ratio of BO to MN is compounded of the Rationes 
of J-'-HytoS*, andof 3Jrtoj;^— y, that is, BD: MD:: BO: MN :: 3*4" 
7:3* — Jy and by Divifion, BMiMD:: %y'%x ~^j. 



CONSTRUCTION. 
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CONSTRUCTION. 



BccaufeBM: MD :: 2^:3*-— 7, 
ML::iBM:3BZ — BM::MB: 
iBZ^iBM, whence MD — IB 
Z — i B M i and adding to both fides 
of the EqnatioQ MB, we have MD 
4-MB= iBZ -1-iBM; and if' 
M B be bifefted in R,andR D be taken 
= i BZ, the Point D will be in the 
Curve CDE ; and in like manner, ia- 
numerable other Points of ^he Curve 
CDE may be found. 

2;4. By this Method, the excellent 
Mr. fiugeni calculated the following 
Table, exprefling the length of the 
Radij of the Evoluta B D for all forts 
of Paraboloides ; for if the intercept- 
ed CMameter AL be = *, and the Or- 
dioste LB =/, and the Parameter of 
the Cnrve = #, then, 



therefore BM 



ijAL— 






'' ax z=. y* 


tf the Equation ex- 
prefliog the Na- . 
ture withe Curve 
ABFbe 


a* X =: yi 
ax' = y9 
SX9 = yi 
a^je =y* 




I &e. 



Exam. 1." 

Exam. 3, 
Exam. 2. 



BM + iBZ"! 
tBM 4- iBZ 
2BM4-3BZ^ ^BP^ 



3BM + 4B2 j 
fBM -\- fBZ 



The nfe of the Table is thtis : If a Quadratic Parabola be propos'd, v, g. that ia 
^amfU L Then the Equation exprefling the Nature thereof is ax =>' ; which 
! find in the Second Column of the Table, and right againft the fame, B M -)- 
2 B Z = BD ; therefore it I afliime any point as B, in the Curve, and draw B M, 
perpendicular to the fame, and if A Z be drawn perpendicular to A M, and pro- 
duc'd until it cut M B (produc'd) in Z, and B D be taken = B M -j- z B Z, the 
point D. will be in the C^e C D E ^ which was requir'd. 
. The Conftruiaion of the Table is thus: Multiply B M, by the Index of the Ab- 
fcif& (*) and multiply BZ, by the Index of the Ordinate /, and divide thefum 
of both by the Index of**, die Qjiotient will be = B D j by which eaCe and univer- 
fal cooftrudion, the Table may be continued in&nicely. 
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EXAMPLE. 



1%%. Let ABF, be t Currc defcrib'd within the Reaangular Afymptotes S R, 
SK, and from any Point of the Curve, as B, draw BK parallel to Sr, and 
fuppofe SK=A-, BK=';,«— to an invariable Qjiandty ; and let the Eqtiation 




exprcfling the Relation of the Curve A B F to the Afymptote S K, be « « r= s(, jt- , 
theathegiven Curve will be an equilateral Hyperbola i 'tis required to defcribc the 
Curve C D E, by whofe Evolution the faid given Curve may be defcribcd. 

Let B Y touch thc^urve in B, and interfeft the Afymptote in Y, and draw D B M , 
EFN perpendicular to the Curve in the Points B and F infinitely near each other, 
draw F L parallel to B K, and B O parallel to K L, then B D : M D : : BO:MN; 
and the Ratio of B O to M N is Compounded of the Rationes of B O to B P, or M Y 
to Y K, and K L to M N i now becaufc B Y touches the Curve in B, and K Y b the 
Sub-tangent, therefbreKY is = iArt. 2<S.) SK —x-, and if the Sub-normal K M 
be =_;, then MY is =7-\~x, and confequently, BO:BP:: MY:YK:;/ 
"j-AT : ;e, and confequently, the Ratio ofBO to BPis given; and to find the Ratio of 
B P to K L, take K T = K M, and L V = L N, conncft the Points V and T, and 
draw T X parallel to K L, then to find the Locus of the Points T and V, the pro- 
perty of the Curve ABF is<itf ~X^i ^od — = ^ = BK, irgo BK^ = —, which 

being divided by je, the Qpoticnt — is = KM = KT =7= to the Ordinate of 

thenew Curve, whence the property of thenew Corveis** = jtSji, and confe- 
quently, if TS touch the Carve in T, andiaterfed the Afymptote in S, then the 
Suh-tangent KS will be = (y^WiS.) f* =:i SK j now the Triangles TVX and 
TKS arefimilar, therefore KL;MN :» TX: TX + VX : : KS: KS + KT : 
i *'-i x-\-y iixix-^- 3J-J now the Ratio of B O to M N being compounded of the 
Rationesof BOtoOP, orMYto YK, andKL to MN ; it is alfo compounded of 
the Rationes of /-|- a: to jc, and j: to AT -V" 3^, wge BO;MN .-.• BD:MD :: 
x-x-\-3y, and by Divifion, BM :BD :: ijxj -}~ x :: 2KM:K M-f SK 
:: 2BM : BM + BZ :; B M: i B M-)- J BZ ; whence BD is =:i BM+i B2. 
which gives us an eafie Method to conftrua die Curve C D E, 

In like manner, if the Equation of the Curve A'B¥hea'i = x^ ^or«'=*'^', 
^c. the correfponding Evoluta may be Geometrically Conftruded. 
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P R O p. II. 

To ^jjigff A Right tiae e^ml to the Curve JJne A D E. 

116. Refume the Figure in Definicion I, and in the Triangle BET Tuppofe C E 
t= T E, and draw CT \ alfo in the lame Triangle TDM, ftppofe M D = la D, 
and draw M 12 i and in the Trian- 
aiigie MXN, take X u =r N X, 
and draw 1 4 N. and make LC = T 
12, LF = n, 13 =:M 14, and lb 
on until GI be = 15, 8 = 16, p 
= 17 io = Yii. Laftly, Snp- 
pofe B T, T M, M N, N V, &e. 
= ( : B C, T12, M!4, &c. ■= /, 
then it is evident that the Right 
line B A is = to the Sum of all the 

j, and the Right Line H I is = to the 

Sum of all Che j ', and if we fuppofe 
the infinitely little Portions of the 

Curve DE, DX, &c. =x i,thenbe- 

catife E I is = A Z D E, therefore E I is = Sam of all the i., and the whole Tangent 

BEis = S:*+:t, and the Right Line BE, will be — AHE+ Si (or BI.) 

Let the Abfcifla A P be =*, the Ordinate DP =:^, P;> = :i, ER=/i thca 

'Us evident that T D : D P •" : D E 1 E R, that is, s.jnz,:}^ and confequently. 

Now to find the length of the Curve A D E, defcribe the Curve M N » I, and let 

the Ordinates thereof N O be = D P =J', the FloxioB of the Abfcifla O « = i = to 
the Fluxion of the given Curve ; then 

will R «be =/ = ER» and « « = 

-V->>aadthe curviUneal Figure Ms«, 

will be = S^2;; and becauleitis («x- 

Hfpeth. ) ; : a; : : 7 : /, or R « : N R : : 
NO.OC, orER: DE .-: DP 
( = N O ) : D T, *tis plain that 
the Sub-tangent of this fecond Curve, 
'iiix,. O C is = to the Tangent of the 
firft Curve, viz.. DT; and Ma the intercepted Diameter of the fecond Curve i3 

= S i = the Curve Line A D E, and B M is =: S : /' 

Hence if the Natureof the Curve M N be Inveftigated, the Ordinate N O =>, 
and the Sub-tangent C O = * = to the Tangent of the given Curve A D E being 
given, the right Line M » = to the Curve A D E may be found. 

And thus the Reflification of Curves is again reduc'd to one general Vroffttkn, 
•viz.. the Ordinate N O, and the Sub-tangent C O being given, to find the proper- 
ty of the Curve M N I. 

Now the Quadrature of the Curves being fuppos'd, the Propolition may be 
eafily refolv'd. 

For Inftance, let it be requir'd to find the Equation cxprefling the Nature of 
the Curve A M, the Ordinate M P be =/, and the Sub-tangent P T being = ( * ) 

irr' 

Suppofc 
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^ A 




f. 


K ^ " 


T 

S 


f 




p 



Suppofc P^ = ;v, MR =^, M P =7, thent : j :: x '-y : : s.: >•; and let r be 

ail f invariable Quaniity, then is r x-=^z.y\, tliereforc applying as from M to N, 

tliere will be generated the Curvi- 
iineal Figure MPN, and if r be 

>, ^ applied to x from P to K, then the 

Rcdangle A P K S = r * will be ge- 
nerated \ and this Rcftangle A.K = 

Srjr = rJ:is =Ss;^= Space 
MPN, now f f ^— ) :/ :: ictr, 
theretore 3ra = 27 j", and ^ = 
"^ , which Ihew that the Fignre 

M P N, is the complement of a Para- 
bola,and the Area thereof is = f z-jj 
but all the j; 7 or f K J is = S r :«: ;= 

f *•, theretore k = = -^ ; whence f r » * =^ », which EquatioQ cxpreiles the 

Nature of the Curve A M, as was reqnir d, that is, the Curve AM, is i Cubical Para- 
boloid, and confequently TA=S:/is=3AP, that is, the Sub-tangent t is (r= 

i the Tangent of the given Curve) 1 AP =Sai+Si = 3S i = 5, the length 
oi the given Curve ; and tikt vtrfa, ifthe Equation of the Curve be p r r * = »/ ', 

then - J - — = i, and the Sub-tangent is = -^ = (by Subfilfc ) = to the Va- 

6yi" ^ . ^ ' irr 

y 

lue of the Subtangent ^vea 

SCHOLIUM. 

If the Value of the Ordinate and Subtangent be given, the Nature of the Curve 
may be invelligated, without having recourfe to the Cgiadrature of Curvilineal 
Spaces •, V. ;. Let it be required to find the property of the Curve A M, the Or- 
dinate being = y and the Sob-tangent = ^—- " i ^ •> foppofe A P = x, then 

the Fluxion of the AMcifEi is = :tr and the Fluxion of the Ordinate is = y, whenc« 
3/7/, and finding the Flowing QlBadties, xi^rxx a/f-f-///. Q..E.I. 
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PROP. IIL 

^ht Nsture of the Curve Line AMD beiiig givtity, sfid out of its Perfe»' 
dicttltrs M C ; to pad the point C, where it touches the Evo/atM of the 
Curve AMD; tbtt is^ to find the point C, in which the Perpendiculars 
MC, mCinfnitely nemr each other. Concur. 

237-Lct AB be the Axis of thfc Carre AMD, and the Ordinates MP perpendi- 
cular to the fame, aod iinagioe another OttUmcc mf iafinitely near MP, 
becaofe the pomts M, m, arcfuprpos'd 
infinitely near each other, mun 
the point C, in which the Perpcn- 
dIcBlars Concur ; draw C E, parallel to 
the Axis A B, and interfeding the Or- 
dinates Mp^ mf produc'd in £«• 
draw MR parallel to AB^ then the 
Triangles MR m, M EC arcCmilar: 
for the Angles EMR. CMw being 
right Angles, and C M R being com- 
mon to both, die Angles E M C = 
R MM' Hence. 

If we fuppofc A P = *, P M =7, 
M R =i, R ■» =7, ME (unknown 
= «, and Riw=7=:^ Mms 







> 


\ 




\ 




1 


•'.'> 


^7 








^ 




s 


* X 


A. 


p 




? 




% 


ii- 



Now the point C, being the Center of the InGnitely little Arch Mot, (as is eW- 
dent fix>m the Genetis of the Cnrre AMD, from the Evotdta) the Radius C M, 
which becnmes Chtj when EM is angmented by R m, will be ftill the time, and 

confcqnentlf, the Fluxion of (MC = ) -^^- — ~- — is =: o, that is, fuppoOng 



X Invariable) ^ K yx* -^ j* -\-%. ti x^-^jA 'ifj divided by *, or ^ 



Whence ME (k.) 



~=r: divided by x, that is 



i. iflrh vM"ALZ_ 



iVi'+y' 



5-ilrty^ = (putting /.fbry^^^^^tl!. And beciufe 



the Triangles MRx, MEC are fimilar, therefcre M R («) : Mi»(\/i' +)")" 
MEr^'t^'):MC=^^^+^^^-tl!=SS: ^ 

138. TheValoe<rfMCtheRayofthc Evolnta, may be exprciS'd in Terras confin- 
ing of firft FlnuOQSOnly, which will eafily appear thus ; M C is = — ■ * ^ "^L - ^ 

X 

and the Floxioa thereof is equal to nothing , that is, (iiippofing / Invariable) 
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And 



multiplying by a-*, we fiiall have it xyx' -\~ y'^ -\~ zx x'' -y y^ , ' x x'^x — z. 
X \/*"4-7* X 'i = o.Aad multiplying by yx^-\-j^, we have «. a: x «* -j-;"* 

.,, • . " "^ =— •• II ,. , X, X X x^ -\- 1 * 

+ ^x X • ;e — s:, X jc ' -|- 7* x x =: o. And conlequently z, = .- = : l. -- ._ j: -^^ 

-v * +;' X X— a;'x 

=(becaufeai=ji)^^ ^;^-^-i- = 7T.""^ > 3"'* becaufe the Triangles 

MRw, MEC are Gmilar, it is, MR (*) : Mw (s/'x'+y') :: ME 



^ 'j X / > 



7' 



=Now fuppofe M M = «, then M C is = -;-;^ * and let the univerikl difftrential 

Equation expreDing the Nature of all forts of Geometrical Carves be x=ty (rbetng 

any Quantity compos'd of* or )i, or both) whence x =:t y, and confequently -^ is 

yx 

= —^ =MG 

259. And from this laft Form, an univerlal Theorem confilling of Algebraic 
Terms only, may be deduc'd, expreffing the length of the Ray of the Evolnta 
MC, in allibrts of Geometrical Curves. 

The univcrial Equation exprcITuig the Nature of all forts of Algebraic Curves, is ; 
/x-+i7«+Aj;'f^ + tf = o, in which Equation,/*" reprefents all the 
Terms afrefted with * only, ioigy" , thofeafleftednith^onlyj andi*' ** repre- 
ftnt all the Terms of the ^iven Equation affefted with * and y jointly. In the dme 
general Equation, 4 is an invariable Quantity, /,£,i, are the Coefficients of the re- 
ftwaive Terms, and n«s », r, j are the Exponents of the Powers of x and / j Laftly 
ftppofe the perpendicular to the Curve, intercepted between the Curvcand the Axis 
= *, and the Subnormal = a, it is required to find an nniverial Theorem confifting 
of pare Algebraic Qjiantities^ expiefling the length of the Ray of the Evoluta M C. 

The Fluxion of the general Equation is mfx'*~ ' x -\-Hgy'~ * y-\-rhxf~^^ 
j' 'x-\-tl>xf y'- i^ = 0, and by Tranliwifltion, »/«"'- * 'x'\-rhx'- ' y' x = 
— •fJ'""' ; — '^ *">'"* y\ fuppofe (for brevities fekejthofe Qpantities multi- 
pliedby*=^andthafemaltipliedby7 = f, thenar = ^y and *= — x ; : 

in the univerfal I'orm expreflbg the length of the Ray of the Evcriota, vix,. -^ 
fubftitute the Fluxion of -?- for r ( becaufe 1 = -? ) ^i:^ tS^. ^L for V, or 

. ,- " . 

(teesoifey:!: :;:'»:!»:;) ^^t^'jMdthen —' wiU be = -y-'-^-'J : 

Rcfome 



Digilized by 



Google 



io ^Mathematical ^Pbitofofb), j^i 

Rcfiiinc the Quantities exprefs'd by f and y, and take their Fhuioos, thea } ~ 
mm — mfx''~'^x-\-rT — r hx^-'^ y' x -^r tk x'^-^ y'~ ^ y; and f = — ■ 
nn-^n ngf'^ J — ss -\'tKh x^ y'-^ f — ftkx^-'y*-' A.-;andfdjftiDiiting 

in place of f, f, ^, their reliwaire Valuesj in the Equation -^ — --— *~?JL_ 



»> 



mf X 



'/* V" '1—3}'? 



then will arife -7^ = — -■ 7—; — '- — : 

ty* m—m*xfx^~^yy* ^-j-r — r* hx'-'^y'jy* x~-rtbx^-'y'yi 

and fubftitutiog v>7 and x^%x u, x^ and> (bccanfe thele are alwajs propor. 
tioaalto thoft, fiw «:* :: «: /,«ndjr:> :: j: ^) therewill arife ^-;- (MC) = 
____^ mfx*"- ^ 9^-\'rkx*- ^ y' X9^ 

m—mmf3^-'^yyz.-\-m — nmiy-'x?-\-r—rrbx^~'y'-*-^Kr\-'—"^^''y'~'''^ 
— irsxhxr-'f ^^. Which wtprcOcs the Valae of the Ray of the Evolnta 
in ordinary or Algebraic Terms ; and the fiid Ray may be determined by this 
Anal(^y v as die Denominator of this Frafiion is to the Nraneracor, fo is unity 
to the Ray of the EToluta. 

And this Theorem may yet be expre&'d more limply, if the FraSion be divi- 
ded by — = T Q., and thea it we fiy, as the Denominator is to the Nnmerator, 
fois TQ.toMG 



240. The Radius of the Carrattire as 
well inTranlcendent as Algebraic Curves, 
may be Otherwife determined thns^ Let 
the given Curve be AMD, then 'tis e- 
vident that if the Point M be given, then 
the Perpendicular M Q., the Tangent 
MT, the Ordinate MP, and the Sub- 
normal P Q, are aMb given ; deftribc 
the new Curve L N, fo that the Ordi- 
nate PN be always a fourth Proporti- 
onal to the Ordinate of the given Cttrve 
MP, the Subtangent PT, and any in- 
variable Quantity R (wz;. PM : PT :: 
R : P N > whence the Tangeius, Sobtan- 
gents, &(. of this new Curve will b6 
given alfo', and if it be PT : PK :: 
<i,G:a fomh Quantity MC, thenMC 
Will be the Radius m the Curvature 
ihM. 




PKkOG 

rorbyconftroaion MCis= "-T ^ = (l>!caufe the Triangles MPT, 

aTG, 
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Q.TG, are fimilar) ^^YTiWF^ - C'*'^"* *€ Triangles MTP, Q.M ^ 

, ., . PKxTM' ,^ „ .. ^PKxTM'kR ,, . „ 
areflmilar) = ^ =(bycoDltruaion) rr = (from the Na' 

Pf" xMP PTxMP'xPN 

tureof Tangents, becaufe PKt PN : : i:Rx<, and M T; PT :: i: jr, andMT! 

MP :: »:/) = "'" _ (= dividing by r'») -^ = to the Radius of tlreCors 

vatnre in M. 

241. But if the Curve be referred not to an Aib, but to one fingle Point ; fuppofc 
«11 the Ordioates B M, B i» to meet in the feme Point B, and let the Arch M m be infi- 
nitely little, and draw the Perpendiculars MC, 
_Ti i»C infinitely near, and mutually interfering 

each other in C, the Point required. FromC 
draw CE, Ce perpendicular to the Ordinates 
BM,Bm, and on the Center B with the Radius 
BM, defcrlbe the infinitely little Atth MR, 
then the ReSangular Triangles R M «, E MC, 
B MR, BEG, CeG are funilar ; therefore if 

we fuppofc BM=7, ME=z^MR=*, 
R«»=7, Mfff =: V^' +>'» we Ihall have 
CE or C. =?:;'', andMC= '■^' '+f'. 

X x 

riow the Arch M m bemg infinitely little, the 
Flniion of MC is = 0, therefore i VJ'+y' +^>{ «'+> '"* '^ y J 

divided by i, (fuppofing* invariable) or i \/i' + ji ' + — H-==- divided by 




X, that is - 



l±4?L±-'y^is=o. 



Whence t : 



—yy 



But BM 



X v** +y* 

(X) : C« (V) " MR(«) : Ge=; '^ and ».— ME, or Rw — G« = 



—y > —}} 

and confeqnently— l/i' +^i* +ty' =/*' +7^', and by divifion l. = 

*'+'"■"'' 

And if we fnppoie the Ordiaates/ to be infinite, die Terms ;e • and >* will be in- 
comparably little in refpcS of j'y, and confequcndy, this laft form will coincide 
with that in the prececding Cafe, which is evidently true, becaufe then the Ordinates 
become parallel between tfaemfelves, and the Arch M R becomes a ftrait Line pcrpen- 
dicniar to the Ordinates. 



And 
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And becaufe the Triangles M R w, M E C are limifar, therefore M R ( * ) : M w 

CONSECTARY I. 

24.1. One Corve can have but one Evoluta, becaufe the value of M E or M C is 
but one and the fame. 

CONSECTARY 11. 

If the Nature of the Curve AMD be given, we may find the value of ^ % and 7 
in A-', or the value of * •, and y in;', which being fubftituted in the preceed- 
iug forms, win give the value of M E cleared from all Fluxions, and in known and 
finite Quantities ; and drawing EC perpendicular to ME, it will cutMC tbeper- 
iwndkiilaf CO the Curve in C ^e Point required 

CO NSECTARY III. 

If the Value of ME (= ^^^- in the firft Cafe, or = -ff^dl^^A 

in the lecohd Cafe) be Pofitlve, we muft take the point E on the Hme fide with 
the Axis A B, or the point B^ as I have fiippofed in the preceeding Calculation. 
Whence it is alio evident that the Curve will be Concave toward the faid point 
or Axis -, but if the Value of M E be Negative, we mulb take the point £ on the 
lide of tlie Curve oppofite to the Axis A B, or the pobt B, and thea the Curve 
will be Convek cowards the Axb A 6, or point B. 

CONSECTARY IV. 

Hence in the Point (rf tmtf^f Baxim^ which feperates the Concave Part of the 
Curve from the Convex, the value of ME of being Pofitive will become Negative, 
and the Perpendiculars contiguous or infinitely near each other, inltead of converg- 
ing will afterwards diverge. 

CONSECTARY V. 

but this can happen only two ways, for either the Rays of the Evoluta (or the Per- 
pendiculars) increafe as they approach the Point of emtrary Fltxion or Rari^iffum, and 
then they muft at laft become parallel, that is, the Ray oi Perpendicular becomes 
infinite, or the Perpendiculars decreafci and then in thofe Points the Ray of the Evo- 
luta wiU bcaune equal to notUag- 

SCHOLIUM. 

It has been thought that the Ray of the Evoluta is always infinitely great in the 
Point of mttTOfj fUxim ■■, but it may be obfcrved, that there are infinite numbers of 
Curves, which in the Points of antrary ^txwn have the Ray of the Evoluia 
infinitely little j and that there is but one fort which can have the fiid Ray infinite. 
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Let B AC be fuchaCurve, that in A the Point of emtrary Fltxiea^ the Ray of 
the Evoluta be infinite. If the Portion of the Carve BA and AC be Evolved, be- 
ginning in the Point A, 'tis evident 
5iat by fuch Evolution, the Curve 
Line DAE will be defcribed, which 
will have the Point of contrary Flexun 
al£> in A, and the Ray of the 
Evoluu m that P«int win be equal to 
nothing -y and if this Sxoad Curve be 
Evoked, die Point of emtrtrj FUxiom 
in the third Curve will be in A, and 
then the Ray of the Evoluta wiU be 
= o, &e. whence it is plain, that in all 
thefe Curves, the Ray of the Evoluta in A, the Point of nMfrtff? fJeximyis =a 

P R O P. IV. 

If the Curvt AMD he a Pdrdols, atfd AB the Axis, mmL if MQ^C 
he drawn perpendicuUr to the Curve ia M j *tis requiredto determine the Poiat 
C intbeEvolatsof the?trd»la, 

243. Suppofe the Parameter of the Curve = «, then the Eqiatioa es^vefTuig the 
Nature of the Parabola is «x = jyy which 

being reduced to Fluxions, we have «* = 




%yy, and — = ^ =s - 



> , and taking 



the Fluxions of this laft Equation 
(%>poling * invariable) wc have y = 



.-*- 



, and 



fiibftitnting theft values in place of j, andjr' 



in the general Form 



•+/ 



, there will 



anfe M E = — '—^ — ^^ — = V«* 
jf. ULlL'J! , wtence there arifes this 



CONSTRUCTION. 




•Jt' \ -/Z, -Jtx ' I ' 

and coafeqoendy MP + P E is = VIx + li-pi . 



Agaia 
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Again, becaufe the right angled Triangles- M P Q., MEC are fimilar, thcre- 

foreP M (^sx):?Q,Ci^'):: ME (v-x + i^^) : E C, or PK = 

i *-\~2 Xt and confeqnently, Q.K is = i *, 

■ Whence if Q.K be taken =2AP = TP, andKCbe drawn parallel to P M, it 

willcnt the Perpendicular MC in the Point C in the Evoluta as was required. 

144. Now to find the Point B, in which the Axis A touches the ETOluta, that 
is, to find the Vcnex of the Evoluta B C j Suppofe the Point M to approach infinite- 
ly near to the Vertex A, then 'tis evident that the Perpendicular MQ.will cut the 
Axis in B the Point reqaind ^ whence in general, if weinveftigate chevalueofPQ. 

nJ-J'inxOTy, and then if * or y be put=o, then the Point P will foil in A, and 

the Point Q,ia B, that is, P Q. will become = A B fought. 

Thus in the laft Example, P Q. (J{ J is = — - = f *, and becaufe this Qiianti- 

tyi«iscoiifiant and invariable, the Subnormal PQ,will always be the lame, whatever 
PcMnt (tf the Corve M is in, and conftquently, when M coincides with A, then P will 
be in A» and Q. in B, and AS will be =: i * — P Q,, that is the Vertex of the 
Evoluta B C, is dilUnt from the Vertex of the Parabola, i the Parameter of the 
Parabola. 

245. And to Inveftigate the Nature ot the Evoluta B C ; fiippofe the Inter- 
cepted Diameter = BK=: ^, the Ordinate PEorKC = », whence KC = « = 

^ * '*^* * , and AP+PK— AB=^ = 3*iand confequcntly jK-^x^^oA 

fobftitotii^f ^for * iatbeEquatioQ» = ^ — ^—~i there will arife a? '* « = 

itf^S whic^ exprefles the Rebdoaof BK toKC, andlhews that BC, the Evo> 
luta of the Parabola is a Cubical Paraboloid, wbofe Parameter is = ?« Parameter 
of the Parabola. 

COROLLARY. 

If the Curve AMDbea Geometrical Carre, then an Equation nfiy be found ex- 
prefling the Natnre of the Evoluu B C, and the laid Evoluta will be a Geometric^ 
Curve, to any Portion whereof an equal Right Line may be afligned. 

Maker »tjf to fiid the Length tf the Raj of the Evolut* M C. 

14^. The general Eqnatioa exprelliag the Nature of all forts of Parabola's is 
X — y* = o, and the onlverlal Equation exprefling the Nature of all forts of 
Gewnetrical Curves is fx" -^gy''-^bx' y -|-« = oi and comparing the re- 
Ipedive Terms of both Eqnations,^e have w = i,/= i, ^ = — i, and « = nj 
whence the general Theorem expreifing the Length of the Ray MC {Art. 239.) 
- • PT K p O 

= fbecanft P T =•,,; and ^^y^ =v- " « x. 

Whence in the common Paribola M C is = — ■ Which 



C ON- 
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CONSTRUCTION. . . 

Draw T G perpendiailar to the Axis in the point T, and produce the pcrpen. 
dicular to the Curve Q M, untill it interfeft T G in G, and make M C = Q.G ; 
then the point C will be in the Evolutaj for becaufe the Triangles Q.PM, 

Q.TG, are limilar, and Q.M = i, and Q.T = ^ : itisdP (^) : Q.M.(»)- 



Q.T 



(0^ 



Q.G 



Jnother wiy. 

247. This method is deduced from {Art. 140.) and isthus^Lctthc general Eqnation 
expreflmg the Nature of all forts of Parabola's be r * = 7 ", then to find the Proper- 
ty (or Nature) ciif the new Carve LN, 
it is by Conftrnaion , M P (r* "") : P T (»«) 
: : r .• P N = -^v =:nxTX =ax 



rx ' —i^ whence the Equation erprelfing 
the Nature of the Curve L N is n rx ■=. 

i •^^^ and the new Onre is a Parabola, 

and the Subtangent P K is = - 3 — *, and 

confequentlj PT (»*) : PK \^^;z~i x) 

Q.G = M C That is, in the common Parabola, ■ being = 2, 

the Ray of the Evolata M C is = to Q. G, and the Conftruaion is the £une as 
ia tftc preceding Article. 




:aG; 
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PROP. V. 

La the given Carve MDMiem Hyferholt kelmen the jfjmftliiet A B, 
A R; 'til reejuir'i to daermine the Lei^h cf M.C the Rt) of the Evolutd. 

248. The Equation exprefling the Nature of the Curve is «« =:x/. Whence 

- = X, and — — - = * and fuppoling x invanable, — 




: o, and confiqnently ^ ^ l"" - = -^ and akftitutug this Value 
Eee for/ 
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for y (jrt. 237.) in the general Theorem — —^ — , there will arife M E == 

— ) 

>' '• y.X. , and becaoTe the Triangles M Qf, M E C are liinilar, therefore 
2 » 

MP!PQ.:: i:;::ME('^^i^-i^): EC or EK z=-'J.—'JL ; and 

tejxx arifes this 

CONSTRUCTION. 

Through the Point T, in which the Tangent M T interfefts the Alymptote A B, 
draw TS parallelto M C, until it interfcft MP produced in S, take ME = i 
MSontheoppofite fide of the Curve, in rtfpect of the Afymptote AB (which is 
inllead of an Axis ) becaufe the value of M E is Negative, or take PK = i Q.T 
on the fame fide 01 the Ordinate with T ; I iky, if £ C be drawn parallel, or K C 
perpendicular to the Axis A B, either of them will interfeft the line M C in the 

Point C required ; for it is evident that TQ = ^-|-~ ( becaufe j : i :■.): 

' 7 

f|5=PT, andi:i :: j:^=PQ.) and that MSis= /*'+■'■' ' , becaufe 
"y X J' 

MPis=^, and>:i :: MP:PT T^) =: PT:FS=^;whenceMp+PS 
^)Li:±i>l = ,ME. 

249. and if we confider the Figure attentively, it will appear, that the Evoluta 
CLC will have a Point (L) of Retrogtellion, in like manner as the Evoluta of 
the Parabola. 

Now to determine the Point L the Vertex of the Evoluta, or the Point of Retn- 
p^, I obfetve that the Ray of the Evoluta, «<. D L is of all others tlie Ihort- 

eft ; whence it follows that the Burion of »'+/''' y^ .L±>! _ ''+;'i' 

~'y —'y 

will be equal to nothing or infinity ; and confequently (iuppofing x invariable) 
-3^ +,-l'« x},' j^ ^?^^iiL._„,or infinity; whence dividing by 

i' + ;'i ' , and multiplyiJig by i>'' there wiU arife — ' 'UljXJU^'l:^ 



== 0, or infinity ; and dividing by*, — ij 7*+>'< *' + J'' =o,or infinity; 
which Equation will ferve to find AH, the Valoe of the Abfiul&'(x).fb that 
drawing the Ordinate H D, and the Bay of the ETolma DL, the point L, wiH 
be the point of Retrogreflion requit'd. 

Hils 
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Thus in oar Example, y — "^ , and y =; , and'y = - 



— — -J — , and fubftituiBg tkofe Qjiaiidties in die EqaniM x'y-^-'f'y — 

iy y* = o, there will anTc g 1 ^ — = o, and Ending 

hjtmiiy, and Bultiplying bj *•, we Ball hare —«»» -^««4+ iu< = o, 
that is, <f*ts= x*j and confcquently «=x =AHi whence itfoUowsthtt the 
point D, is the Vena of the Hyperbola, and that the lints A D and D L, make but 
one fireight Line AL, wttich is the Axis of the Hyperbola, and Che peine ef Ke- 
tngrclion L b in the laid Aiis, and nay be detenmned by the foregoing General 
ConAmdion. 

Ttuktermim MC theRMiimcf tbttmrvaandtiahtr «^. 

Ifo. The Equation exprefllng the Nature of the Apollonian Hyperbok is«« — 
x^ = o, and the Univerial Equation expreOmg the Nature of all fdrts of Geome- 
trical Corves is (^rr. 239.) /'*"'4~i/" +i«'^ * +< = o i and cbMparing 
the refpedive Terms of both Equations, it is plain that A = — I, r = 1, *= i, 
whence the general Tbeorem ( An. a 3P* ) ezprefling the length of M C wiQ be = 

""^* = — ^—, and hence we have this 

CONSTRUCTION. 

Take PK = iQ.T, aad draw KC perpendicular to AB, nntil it incerftd the 
^pendlcalar M C in C, Ifiy the point C will be in the Erolica ; for the Triangles 

CMC, Map, "re Cmllar; therefore Q.P (>L) = Q.M (•):: MG^PK = — ) 

• MC =: -^ , and this Value of MC, was fonnd to b^egatiTe, the point G 
Is towards the Cde of the Cmre eppoSte to the Aflympcote A B . 

Prop. vi. 

tut tie gtHtrd Ejnttlm x-y' rxfnfi tie Nttan if tS forts <f Ftriio- 
huki, »hm tke ExfouM m it 1 Pojitivt Nmnkr, nhoU or broktti : Jni tl 
fmt if fhferklcuu, tthi* m nfrifmtt «y Nigtt'ivt Nmuhr ; Tit «» 
quir'tt to Jnl trmeril Tbeorm txfr^og tit Vtlm cf tht Rtimt <f tht 
Cvvtturt 4 'ffn'i Curvn. 

251. Becaufe * =:^-tlier«&re »' s= •/- - ■ /, and again, finding the Flmion of 
this Equation (fuppofing x invariable) we hare tn'—my'- ' y'- >rmj'-' y 
= 0, and dividing by (w/*^' , there will arife — jr = w — t y~ * y * — 

»—')' ^ ,^ fiibftiiullllg tlii» V»H« in the general Theorem i— ^tL. , we 
' ->" 

"" Iball have M E = ?.*'_j"^ , "nd confcquently EC or PK is = — ^'— ^ 
m—t Xy' »•— ■ « 

^ *" j and hence arifes thefc General 

"-'' CON- 
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CONSTRUCTIONS. 

Through the point T, in which the Tangent M T interfefts the Axis, draw 
T S parallel to MC, tintilit interfeft M P (produced) in S, and then take M £ 

= ;:=:;:::; M S (which if iw be Negative or a Fiaftion, will be Negative) or take 
m — I 

P K = • T Q.J then 'tis evident that if through the point E, we draw a line 

parallel, orthtvugh the point K^ a perpendicular to the Axis AB, they will-in- 

tcrfeft M C, in the point C requir'd j tor M S is =: X!t^-U~ , therefore — — - 



-and Q.T is 



» — I J* 



r 



»-**^;r,Q-T» 



__/?_ 



W— 1 * 



Aaothef wxf. 



ifi. Let the general Equation ei.^_ 
and Hyperboloicles be x = >■*, then to 



the Nature of all forts of ^raboloides 
the Nature of the new Carre LN, it 




is (»xJ»^.) MP (*-^) :PT (iB*) :: 

mX i, m_t 

I : P N = ~r =»**""— 1»* - 

X' 

= /, whence the Equation expref- 
fing the Nature of the Curve LK is m:c 
= I "'— « , and cbnftquently the Sub- 
tangent P K is = _| Xy whence if wc 

fiy, PT («*) : PK ^^ *^:: QP: 

— — Q.G = MC = to the Radius of 

the Cnrrature in the point M, lb that if 
QM be {trodoced until it interfed TG 

in G, and if M C be taken = — --— Qp 

m ' 
the point C» will be in the Evolota of 
the ^Tcn Offve. 
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CONSECTARY I. 
255. If w be Negative (-o.^.w^ — i, as in the commoa Hyperbola ) as hap- 
pens in all Hyperboloides, then the value of M E = ^J^—-^- ^^J— will be Negatirt 

m — t]^ 

the HyperlAla ME = ^^ / ^ ) and confequently the Curre 

vril) be Convex tovrards the Axis, which will be the fame with one of the Afymp- 
toces. But in Parabola's in which m isa Pofitlve Quantity, there may happen two 
Cafes 1% if m be lefs than an Unite, thea they will be Convex towards their Axes, 
which will be a Tangent to the Curve in the Vertex, and the value of M E will be Ne- 
gative, or 2" wis greater than i, and then the Curves are Concave towards their 
Axes, which Axes are perpendicular to Tangents drawn through their Vertex's. 
Now in this lad Cale to End the Point B, in which the Axis AB touches the Evo- 

lota, that is, to find the Point B the Vertex of the Evolnta, we have P Q. = *-? = 



{ that is, in 



(by fubftitntitig mj*- ' ; &»r «) -- ^_- = ^^ , which gives us three feveral Cd- 

fes i fi>r I*, m is = 2, which happens only 
in the commoa Parabola, and then the Ex- 
ponent of / being = 2 — i» =0, that un- 
known Quantity will vanilh, and confeqnent- 
ly, PQ.or AB will be =i = (becaufe 
the Parameter was fuppofed = i ) i the 
Parameter of the Parabola ^ or 2" m is lefs 
than 2, and then the Elxponent of j being 
Pofitive, it will continue m the Numerator, 
therefore when/ vanilhes, the&id Fradion 
will be = o, and confequently, the Point 
B in this cale will coincidewith the Point A 
the Vertex of the Curve, that is, the Ver- 
tex of the Evoluta will coincide with the 
Vertex of the given Curve \ thus in the Qua* 
dratocubic Paraboloid (* = jp t, or * * = 

j3) niis =i, and'-^is = ^ = Pa. 

that is, when } vanilhes, PQ or A B is = o. Or 3«, m exceeds 2, and thea the 
Exponent of j being Ne^dve, y will be in the Denominator of the Fraftbn, which 
makes the Fraftion infimte, when jr is = o, that is, the point B, or the Vertex of 
the Evoluta, is at an infinite diflance from A, or which i& die lame thing, the Axis 
A Bj will be an AfTymptote to the Evoluta L O, as in the cubical Paraboloid, 

y^ ~ ' I I 

(««*=>')'""= 3,and-i is= , and when vis =0, then — is infi- 

» my my 

nite \ that is, the Subnormal or die Radius of the Curvature in A^ is infinite. 




Fff 
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254.. And in thislaft Cafe, it maybe 
obferved, that the Evoluta (G L O) of 
the Semiparaboloid ADM, has a point 
(L) ot Retrogreflion, fo that by Evol- 
ving the Portion L O (produced infinite- 
ly) the point D, will only defcribe the 
Determinate Portion of the Curve DA, 
and by Evolving the other part LG 
drawn out infinitely, the point D, will 
defcribe the infinite Portion of the Curve 
DM. 

The point L, may be inveftigated in 
the lame manner as in the Hyperbola. 



For inftance, fuppofe x =y\ or/ r= * ^ , then is/ = j a: ~ * * = ^ and 7 

— » — i *. J '■ — 1 . 

— — s * ' * % and 7 = i7 j: » *!, which Values being Subltituted in the 

general Equation (^«. 2451.) *'>'4-iv'— 317" =0, there wiU arife, i? 
X ' xs^^^fx ' i'— ,if *"■***! =0, that is dividing by is ; Jf 
* '~»ij ■* * =0, or 10 *f =,|f, which being divided by 10, we have 
*t = ,*J?,and ronfequendy *♦ =rZl>i?, = liHH^rz-,^ = ,.i,„ whence ;r 
(= AH) is = V si^.j > which is the lame Number that the Learned M H^w' 
found feveral Years ago. iftrcA^g.O/eiiiftf/.pjf. 88. 



PROP. 
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PROP. VII. 

LtttitCmrvi AIAT> le m Hjferholt or tn Eliffe, thtfi Jxii AH u=i, 
ad Ptrimtter A F = i. T« rijuir'ii to difiriii tbi Eniolutt B C. 

»f J. The Equation eipreffing the Nature oi thofeCiirres is jr = \/ i_^iif 




nhence } fa = ' * " ' " i and potting f = to the Nmnerator, and 

9 = Denomioator 7 =:-"-, and j» = ^' — (by itftoting the relpedire Values) 
, and fuUtimting this in the general Theorem 



-.>**«■ 



»' + r'«Vj:'+y ^ ( = MC) we fliall have MC = 
—'y 

sM^jMx ■\-^ixx+ ^n^^x^^a^xs ^t^'^^Mli'x+^i^x'-^^.'i xJ^^Jixx 

- ^.~~nf. .< ^ -yV''+}' i, _ </'M-^^^^x+'^Hxx+4M^x:^:^4 ixx\ 

— , ■ > whence ariles this 

CO N- 
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CONSTRUCTION. 

Find a fourth continual proportional to the Parameter *, and the Perpendicular MQ, 
(faying, k, MQ., —yt~^f ^r-) and multiply the fime by +, the produft 

5— y- — is = MC, and C is the point in the Evoluta requifd. 

Another vbvj. 

%%6. The Equation exprefling the Nature of the Ellipfe is »3J '—Bhx'\-ixx 
■= o, and the Univerfal EqiMtion exprefling the Nature of all forts <rf Geometri- 
cal Curves, \%fx''-\~gj''-\-hx''j'<-\-a-=^o^ and comparing the relpefiivc 
Terms of both Equations, we Ihall have /= — ji, ^=:rf, A = ^, w = i, (i=2, 
T — z-^ whence the general Theorem exprefling the Value of the Radius of the 



Curvature MC will become (m this Cafe) = — - — ' 7 = —.- — j— — : 

^ fubtan?. X P Q, . 2dz ^, r„w« «*— iA*x#» 

But & — IS = I = —7 7- therefore MC = r-r- — 7— r- = 

_A54^_ = -^^ - (becaufe li^±iZi is = **) ^' = 

^—TT — ' I whence the Conltrudion may be the fame as before. 

CONSECTARY I. 

i'57. If * be put = 0, then the Radius of the Curvature A B, will be = f i, and 
In the Elliple, if we fuppofe * = i *, then the Radius of the Curraturc D G, will 

be r= - v— = J the Parameter of the Iborteft or conjngue Diameter, wltence ie 

is evident in the Ellipfe, that the Evoluta B CO, terminates in the point G, in 
the Oiorteft Axis DO; but in the Hyperbola and Parabola it runs out infinitely. ' 

CONSECTARY H. 

tn the Elliple, if « be = f , then is M C = j' j^ an invariable Qpantity^ whence 
it follovvs that all the Radii of the Evoluta are equal between tSiem&lves, which 
confe^uently can be but a ilngle point , that is, the Ellipfe, in foch a cale, dcgeac- 
rates into a Circle, whofe EtoIuu is the Center. 



t ROP. 
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PROP. viit. 

' Jjf AM'D tetheeomMOK Logarithmttic Curve, tht Ntawt whtrtof is fiuh 
t//dt irtmiiig (from ur/foint in the Curve dsiA) the Line MP ferpendiea- 
Isr to the Jjjymftcte, Mi M T touebing the Curve in M, *nd interfer- 
ing the JJfjmftole im T, the Suhttngeat P T, it ttlwajx =3i an inviriMite 
Sjuntitj. 



' 158. Tiie Snbtmgtot PT is =f =», therefore j = -f^, and/ = (fuppo. 



ling * inTariable) — = ^;bot ME 



■ = If61>ttitnting5 




t Q- 



—7 



foti-^'—fotfi- ''^"' , 

and confequcBtly EC or PK = (be- 
canfeTP («)• PM (>) :: PM^) 

:Pa=-/ »iHl MP O) : PQ.(^7) :: ME (--^:=^'^ : EC =e — 
ii J = IX which ^ves chis 

CONSTRUCTION. 

Take PK = TQ,, (»i the feme fide of the Ordinate with T, (becaofe its 
' Valne is Negative) and draw K C parallel to P M, and ic will intcrfe^ the perpca- 

dicnlar MC in C the pmnt requir'd j for T P is = #, and PQ,is = ^,and con- 



re<^oeotIy T Q,is = "' ^^l , 



Amahtr ir«> 

259. Let A M D be the Logarithmetic line, then lay {Art. 140O M P : P T (an 

P T • 

invariable Qjiantity) : : any other invariable Qjiantity (as P T) : -rrp = P N j 

and delcribe the Curve L N, which will alfb be a Logarithmetic Curve, and the 
Subtangcnt P T, will be = Subtang. P K •■, therefore <1G is = M C = to the Ra- 
dius of the Cnrvature in the point M \ which is a remarkable property <^ this 
Curve, and is the lame with that of the common Parabola, in which Q.G, is al- 
ways = M C the Radios of the Curvature in M. 



Cgg 



PROP. 



Djgiljzed by 



Google 



ao6 



FlnsHom: Or an InftodiSidn 



PROP. IX. 

]f AMD he the Logarithmeticsl Spiral Line, "Tis requi^A to imitpgnte the 
fi'ita if tHe RdJjm of de Curvature iAC. 

it6. -ne Nat#ii of tTie fiid Curti i5 fuch, that dftWiHg ftom any point of 
tSle Ortti, as M,- tll« right Lini! M A- t* tlie Center A; and die Tangent M T, 
the Angle A M T, wiU always lie the lame. 

Becanfe the Angle AIVIT or AmT is invariable, the Ratio of loR C^) to 

MR C AT > is alfo invariable, and con- 

&quently the Fluxion of — is = o, 

which givte j (i&ppofing x conltant) 
= o. Now the general Theorem for 
fhch Corves is ME = (/bt. i+w) 

/*' ^ '^' = (beanfe}" is = o. 




MEis= MA, which gives this eafic 

CONSTRUCTION. 

Draw A C perpendicular to A M, and M C perpendicular to the Curve in M, 
then the point C in which they mutually interfeft each other, is in the Evoluta 
ACG. 

G O N Sec TA RT I. 

2«i, The Anglp AMT, ACM are equal (for each being added to AMC, 
jnakti i tight AitgkO Thttefoi* the EVoluta A CG, is alTo a Logarithmetical Spi- 
ral Line, and the Curves AMD, ACG differ only in potition. 

CO N S E C TA RY II. 

It a point C in the Evoluta A G G bfc givefii and it be requir'd to find the Length 
of the Ray C M = to the portion of the Curve A C (which makes an infinite 
nmiibeir of Rfevplutions l^fbffc It tetminanfS in thfe G^dtcf) dra# A M perpendicu- 
lar to C A, nnyl it interfeft the Tangent CM in Mj then is CM =: A C the portion 
df the Spiral Evolved ; and if AT bfe diaWn ptrpeiiditiJlar to A M, then is the 
Tangent IM T = to the portion of the given Spiral Line A M. 



Digilized by 



Google 



te <SMatkinaiical ThSofofby. 307 




•^7 



prop: X. 

y A M D htmt (f th, mpUt fins 0/ Sfirtl Lints formi in the SeHm of 
t CinU BAD. Tts rijmred n datrmm tht Lemth cf the Ray of tk 
Evuluta M C. li J J J 

j(S2. SopMfc the wtiott Arch BP'I> = S, BP=i, AB of Ar = «, and 
A M=;fV Md IM t*e Eqiatioa eiprtiliog tlK Nature ot ck> Sfirai line AMD 

(becaufe the Secfcis AMR, ht f are fiinaar) 
AM(,J:AP (^) :: MR (i):Pf = i 

= — «Ilich being fiMiated' in place of z in 
the preceding Equation, we have m}"]/ = 
— 7 — , and the Fluxiott of this Equation is 
(fuppoGng jf inTariable) mmf"- ' y -^ mf" 
}" = o,aml(diTidingbyi.j"-") »;• + ^3; =o,and — ^Jr■=l•J'■,andcon- 
icquently ME ='^±-^-1 is = (by equal SublHtuUon) ''' "*""' ; 

''+}'— ft i' + m + ij' 

from which Equation we may deduce this 

CONSTRUCTION. 

Through the Center A draw the right Line T A Q, perpendicular to A M, and 
interle&mg the Tangent M T in T, and the perpendicular to the Curve MQ.inQ_i 

thenfiy, TA+m+i A<i:TQ.;: MA:ME, IfiyEC drawn p«i»llel to T(i, 
will interfea tfe perpendicular MQ,in C, the point required. 

for (becaufe the line MRG, is parallel to A Q.) MR+i»-l-i GR (=i4- 
*"^' ^, becaureMR = i, and MR («) : Ri»(/) ;:R«» (i) : RG = 

X 

v):MG(''-^+i) ::TA + i^+'i AQ, : TQ.:: AM (/) i ME = 



r- +»+,,< 
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PROP. XI. 

If the Curve Line A.M.'D he a Jimfile Stntucyeloid, mhofe Bafe B D is equal 
to the Semi-feri^htrj of the geaeratim Circle BE A. Tw required tofnd the 
Value of the Ray of the Evokta \f C, 

itfj. Suppofe A P = j:, P M = jr, the Arch A E = w, and the Diameter A B = 2 «, 
then by the property of the Grclc, P E is = •/2ax-~ xx and by the property of 

the Cycloid, j = u-\-'^iax — xx\ 
?| A .L r. - • • I " * — * * 




y = (fuppofing a; invariable) 
-^ax » yjr _ — » X ' 

Kx^za — X 



and fubftitutiog this value in the general Theorem - 



Vl * * XX 



— -^-^ — we (hall have f becaufe y = x * - 






-)? 



f _ V^'.- 



/-^«>V..«-«:c _ V-:i»,V2. »-;.:. V^^T— 



2 v'4««— 2«x=MC= (iVEPj-l-PBf = 2EB) = 2MG, becaufe MC 
perpendioilar to the Carve in the point M is parallel to the Chord BE. 



CONSECTARY I. 

l«4. If * tie foppofed = o, then is AN = 2 v'4" = + « = to the Ray of 
th e Er olnta in the Vertex A, and if we fuppofe x = 1 1, then M C = 2 
V4«« — 4«0 =0, that is the Ray of the Evoluta in D, is equal to nothing i 
and in A it is eqnal to twice the Diameter of the generating Circle, and hence 'tis 
trident, that the Evoluta begins in D, and ends in N, fothat BN is = BA. 
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C N S E C T A R Y II. 

The Evoluta DC N is a Semi-cycloid equal to the given Semi-cycloid DMA: 
Complcat the Parallelogram BS, and on the Diameter DS defcribe the Semi- 
circle D I S, and draw D 1 1| M C 1| E B^ tl en is the Angle B D I = E B D, and confc- 
quently the Arches D I, B E arc equal » but E B = M G = G C ; ct-^o G C = D I, 
and if I C be drawn, it will be equal and parallel to DG : Now by the Nature of 
the Cycloid D G is = Arch E B = Arch D 1 ; therefore 1 C is = Arch D I, and 
confequently the Evoluta D C N is a Semi- cycloid , whofe Bafe is S N = i the peri- 
phery of the generating Circle D I S, that is, the Evoluta is equal to the given 
Cycloid, and the lame with it, only placed in a contrary Pofition. 

C O N S E C TA RY III. 

The Length of the Curve of the Cycloid DCNis =2AB (= twice the Di- 
ameter of the generating Grcle, ) and any portion of the Cycloid as D C is = 
2CG = iDl= twice the correfponding Chord in the generating Circle. 

Another Solution. 

atf5. The length of the Ray of the Evoluta M C, may be determined without 
any Gilculation thus: Draw another perpendicular wC infinitely near the former, 
and another Ordinate m t parallel to M E, and another Chord B t, and on the Centers 
C and B defcribe the little Arches G H, E F j then the ReOangular Triangles G H ^ , 
E F f, will be fimilar and equal ; for G ^ is = E f (becaufe B G or M E is = Arch 
A E, and B^ or we is = Arch Ae) and H^orm^ — MG — Fe or Be — BEj 
and (47. Eltm. I .) G H = E F. Now the Angle M C m is = E B e (becaufe the per- 
pendiculars M C, w C are parallel to the Chords E B, e B, and G H, E F, the Ar- 
ches that meafarc thofe equal Angles are equal, therefore the Radii C G, E B are 
alfo equal, and confequently MG is =GC; whence 'tis evident that the Ray 
of the Evoluu M C is = twice the Chord B E = 2 M G. 

CON SECTARY. 

166. We have proved before that the Area of the Cycloid is triple the Area of 
the generating Circle, this truth may be proved from other Principles, as thus ) the 
Space M G g iw, or the Trapezium M G H w (the dificrence being incomparably 

little) is = iMM-f TgHxMG =:iGHxMG = i^EFxRE, that is the 
Trapezium MGjfw is = three times the Sector EBF or EBe, therefore the 
fum of all the Trapezia, viz.. the Cycloidal Space M G B A is equal to three times 
the fum of all the Triangles, vis. the Circular Space B E Z A j and the whole Cycloi- 
dal Space A M D B A is = thrice the Area of the Semicircle A E B A. 

1 now proceed to inveftigate the Evoluta of another fort of Cycloids, having Gr- 
cular Safes, and to inveftigate the Areas comprehended by fuch Curves (^Art. 1 1 j.) 
which I promis'd to confider in this Seftion. 



PROP. 
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PROP. XII. 

If the Carve AMD he a Semicyctoid deJcrHf*tt hy the Revoluiioa of the Semi-' 
circle A E B, on the Feriphtry cf tmother imrnevthle Circle B G O. T« 
reqttrrU to defcrihe the Evolata of thefsidCarve. 

7A 




i«7. The ooTaMe or ecnerating Circle, may be fuppofed to move either on the 
CoBTCX «r ConaTcSde ot the Pcnphcry of the immovable Circle ; and when the 

Semi- 
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Semi-circle A E B comes into the pofition M G B, in which pofition it touches the 
B.re BD inG, ar.d the defcribing point A, is in M, in the Curve of the Cycloid -, 
then from the Genfelis of the Curve 1 infer. 

I". The Arch G M is = Arch G D, and the Arch G D of the movable Circle 
is equal to the Arch G B, of the immovable Circle. 

j<*. M G is perpcndicnUr to the Carve AMD, for if we coafider the Semicii:- 
cnmfereoce M G B or A E B, and the Bale BG D, as being composed of an iuh- 
jiitc Nmnber of litile ftreight Lines, and every one in one eqital to the correlpon- 
ding one in the other, twill be maoifcft thai the Semi cycloid A M D is compo- 
ftd of aa infinite Nninbcr of Circular Arches y which have for their Centers, 'all 
the points of contaft G, fucceflivcly \ and are all defcrib'd by the lame point M. 

j": !f on O, the Center of the immovable Circle, the Concentrick Arch M E be 
defcrib'd. then the Arches of the movable Circle, w;X. M G, E B will be equal \ and 
air* the Chords MG, andEB; and the Angles OGM,'0 BE will be equal between 
themfelves ; for in the Triangles O K M, O K E, the three fides of the one are equal 
to the three fides of the other refpcdively , therefore the Angles M K O is = 
EKO. and the Arch MGis== Arch EB, and the Chord MG is =: Chord E Bj 
and KGMis = KB£, and confeqoently OGM is=OB£. 

Thefc things being prcmis'd. Let «■ C be drawn perpendicular to the Curve 
AMD, and infinitly near M C, draw alfo anotlicr Concentric Arch tn t, and another 
Chord Bc) and on the Centers C andB, deftribc the Arches GH, EF; then the 
Rectangular Triangles G H^, £ F e are equal and firailar ^Ibr GgorD^ — DG 
= E«orthe Arch Bf— Arch BE, and H^or w£ — MG is = Fe orBe — BE^ 
and confequently the little Arch G H is = Arch E F; whence it follows that the An- 
gleGCH is to the Angle EBF, asBE is to CG: it remains therefore to find the 
proportion between thofe Angles : Which we may do in this manner : 

Having drawn the Radii O G, O/, K E, K f ; fuppofe O G or O B = ^ K E = «, 
'tis evident that the Angle EBeis =OB« — OBE(orOBE — OB0=OG»» 
— OGM (or OGM — OGm) = (liaving drawn G L, GV, parallel to C«, 
O^.) LGM :f OGV==GCH-pG0^; therefore the Angle GC His— An- 
gle EB«iG 0_g; now the Arches G_g, E r being equal, it is, G Og : EKe or 

.iEBF::KE(#):00(i.) and confequently the Angle G O^ is =-^ EBF, 



(:: BEiCG) :: — r — : i, and conlcqueatly the unknown Quantity CG is = 
T-Ti — ; B E : which gives this 

CONSTRUCTION. 

Say, asOA (AJT^*) :0B (i) :: BE or MG: GC, then the point C, will 
he in the Evolnta reqiur'd. 

CoNSECTARY L 

kSS. The Evoluta begins in the point D, and touches the Baie B G O in D j for 
the Ch(Mrd G M (the third Term in the Analogy) vamlbes in that point 

C O N S EC TARY II. 

The Erolttta DON terminates in the point N, fo that tiien OA: OB :: AB: 
BN :: OAHcAB (=0B) : OBfHBN (=ON) that i»,OA, OB, ON 
are continually proportKmaL 
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CONSECTARY III. 

If the Arch of tlie Circle N S Q, be defcribcd on the Center O, I fay the Evo- 
luta D C N, may be defcrib'd by the Revolution of the movable Circle G C S 
(whofe Diameter is G S = B N) about the im- 
movable Circle N S Q, ; that is , the Evoluta 
D C N is a Semi-cycloid, fimilar to the given Semi- 
cycloid AMD (hecaufe the Diameters A B, B N of 
the movable Circles , arc proportional to the Ra- 
dii of the immovable Circles OB, ON; for A B : 
OB : : B N : O Nj and in an inverted pofition, ha- 
ving its Vertex in D \ for fuppofe the Diameters 
of the movable Circles to be in OT (drawn at 
pleafure from the Center O) it will pals through 
the points of contaft S and G \ then if we lay, 
ABorTG:BNorGS:;MG:GCithc point 
C, will be in the Evoluta (by Conftruftion) and 
in the Qrcumference of the Circle G C S (Prev, 
31. Ekm. 3. Frof. 6. Eltm. tf.) becanfe the Angle 
GMT being a right Angle, the Angle GCSis 
fo alfo; andbecaufe MGT = CGS, therefiare 
the Arch TM (= GB) : CS:: GT :GS:: 
therefore the Arch OS Is = Arch N S; trgcy &c. 




OG:OS:: GB: NS: 



CONSECTARY IV. 

Hence 'tis evident that the portion of the Curve of the Cycloid D G is = right 
Line CM, and confe<iucatly that DC : Tang. GC : : AB-fBN: BN :: OB 
-l^ O N : O N, that is, the fum (or dificrcnce) of both Diameters (of the mov- 
able and immovable Circles) is to the Semi-diameter of the immovable Circle, as D C 
is to the Tangent C G ; for the Triangles C M >», C G H are fimilar, therefore 
Mm: G H or E F : : MC : G G : : (by conftruft.) OA+OB (iA±2,.): 
(5« Ftg- 2. m fsg. 210.) O B ( t) and confeguently the fum of all the M i» or the 
portion of the Cycloid A M, is to the fum of all the E F or Chord A E or Tangent 
TM, asOA+OB:OBi whence 'tis evident that 0B:0A-t-0B(=20K) 
:: AB : AMD, and OB : 2OK:: AB — AE:DM:: twice the Verfcd Sine 
of i the Angle M K G or E K B : the portion of the Carve D M. 

And bccaufe it is A M : Tang. TM :: OAH-OB: OBj therefore in the vul- 
gar Cycloid, A M : Tang: T M : : a : i . 



CONSECTARY V. 



The Trapezium MGHwIs=iGH4-fMwxMG, butCG (= 

lb 



" i-t-2* 



MG) : CM (= ~^^^M G) : 

'it * « 

caufc GH is =EF, and MG= EBJ UGKmi%r=^—~~ 



H : M w = =—^— G Hi therefore (be- 



X EF X EB, 



that is the Trapezium M G H « : correfponding TrJang. EBF:: ^h-^ia: k, 
and becaufe the proportion univerlally obtains, 'tis evident that the Cycloidal Space 
MGBAM (SetF^.i.in Pag.iio') (comprehended under the right lines MG, 
A B, the Bale G B, and the portion of the Curve A M) is to the correlponding 
Segment of the movable Circle BEZAB :: 3*^-2*:*, and the whole Cycloidal 
Space AMDBAistothe Area of the Semicircle A £ B A as 3 ^ ±- 2 « is to *. 

CON- 
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C O N S E C T A R Y VI. 

If we imagine OB the Radius of the immovable Grcle tobecOmc infinite, the 
ArchBGD will become a ftreight Lioe, and the Carve AMD will be the vulgar 
Cycloid, and in this cafe, A B the Diameter of the movable Circle is = o, in relpeifl: 
Of that of the immovable Circle: Whence i". becaufc tdl i*is =^ it is MG; 
G C : : * : i i that is, M G is = G C, and confequently if B N be taken = A B ; 
and N S be drawn parallel to BD, theEvoluta DGN will be generated by the 
revolution of a Qrcle (on the Bale N S) whofc Dwmcter is = B N. 2". the por- 
tion of the Cycloid AM is to the correiponding Chord of the Circle A E : 2 * : f, 
this is evident from §. 4". j*". The Space M G B A is to the Segment B E Z A : : 
3 i : *, which is alio evident from §. 5". 

CONSECTARY Vil. 

The length of the Semicycioidal Carve is proportional totlie Rectangle BKO, 
if theSemidiameterof the immovable Circle be the fame ; let B A be the Diameter 
of one and > B d the Diameter of another movable Circle ; and let O B be the Ra- 
dius of the immovable Grcle common to both, then by §. 4°. 

OBiOA -|- OB :: ABiAMD 
And OB : Otf +0B :: aBiamJ, 

XV/rSot>OA + OB:0. + OB •, : .B « AMD : AB x .». 
thatis, xOK:2«i :: «Bx AMD: AB x «w</. 
Whence OKx AB: tk x sB :: AMD : am J. 
And dividingbyi, BKO:BAO :: AIAD:amJ. Q..E.D. 

CONSECTARY VIII, 

Becaufe the Arches G D, G M are always equal between themfelves, it follows that 
the Angle DOG: Ang. G K M : : G K ; O G, therefore if the point D (where the 
Cycloid begins) the Radii O G, G K, and the point of Contaft G be given, the po- 
fition of the point M, which deicribes the Cycloid, is found by drawing the Ray 
K M, fo ihatGK : G O : : DO G .- G K M, and all the points of the Curve A M D 
may be determined Geometrically, when the proportion between the Radii 0G> 
G K can be expre&'d in numbers, and confequently in that cafe, this CjdeiH it a 

Ceometriesl Cmtvt and the laid CtelotJ is a 'Trttn/attJent (or Mechanick) Cur-ve 

when the Relation of O G to OK cannot be exprefs'd by any finite number of 
Terms. 

CONSECTARY IX. 

t 

If in Concentric Spheres fimilar Cycloids be defcrib'd, their Pfrimetcrs will be 
proportional to the Semidiameters of the laid Spheres. 

CONSECTARY X. 

And becaufe the length of the Curve of the Cycloid A M D is proportional to 
the ReSangle B K O j 'tis plain, that in vulgar Cycloids, the Curve is propoi - 
tional to the Diameter of the generating Circle. 
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SCHOLIUM. 

By hdf of fach PriitcipUs ds thefcy the gregt M. Newton hds advan^ 
ced feverai wonderful comlufioas eoiKerniag the more exdi mtafurim of 
timeby PeBdi4lums;£if0rlaftdme. ^ 

2 69. 1 o- If within the Globe B G D, the Cycloid D A Q.be defcribM, being bi- 
frfled in A, and terminating in the Surfece of the Globe in DandQ., and if 
O A be prodoccd (bifeSing DQ. in B) unto N, fo that OA, OB, ON -^ 
and the Globe N S be defcrib'd on the Center O, and the Semi-cycloids N D 
N Q be defcribd within the (aid Globe ; then a Pendulum fufpended to the point 
N, and equal to N A, will Vibrate in the Cycloid DAQ, the fame beine def- 
cribed fcy the Evolution of the Cycloidal Cheeks N D, N Q., and thus a Pendulum 
may be made to Vibrate in any fuch giren Cycloid. 

2°. If the laid Pendulum Vibrate in the Cycloid D A Q., by the fole force of its own 
Gravity, and if thefiirce of Gravity in every point of the Curve DAa^ be as 

its diftance from the Center O, 
then the Vibrations (equal or 
unequal) of the Pendulum, will 
be performed in equal times, 

Let M T touch the Cycloid in 
M, and draw O X perpendicular 
to M X, then bccaufe the force 
of Gravity is as CM, it may be 
refolvcd into the parts O X,M X ; 
now 'tis evident that the force 
O X, being parallel to the Thread 
PM, has no other effeS but to 
diftend the lame, and is totally 
deftroyed by its refiftencc, there- 
fore the force M X only, ac- 
celerates the Motion of the Pen- 
dulum M, in the Cycloid ; and 
the acceleratbn of the Pendulum 
^ in the Cycloid is always prop(»-- 

tional to this accelerating force. 
Now the Trfengles O X T, M G T aK fimilar, and O T and G T are invariable 
Quantities, therefore M X, is always proportional to MT, and MT is {/roportio- 
nal to the Curve of the Cycloid M A, therefore if two Pendulums N P M, Hpm 
be demittcd from M, w, at the 6m.e Inftant of time, they win be accelerated in 
proportion to the Arches MA, « A, they have to defcribc-, and coofequently 
the portions ot the Curve which they defcribe in the beginning of their motion, 
will be proportional to the Arches MA, w A j and the portions yet to be dcfcri- 
bed or the accelerating forces will be proportional to the laid Arches MA, tuA; 
whence 'tis manifeft That the portions to be defcrib'd being always in the (amc 
proportion of M A to j*r A, mult vanifh at the fame time, that is, the Pendulums 
demitted from M, w, at the fame inftant of time, and defcending in the Cnrve 
MA, jw A, by the force of their own Gravity, will arrive in the point A together j 
and again, if we fuppofc the Pendules to afcend from A towards Q., with the Vc- 
locites which they have acquired wA, they will then be retarded every whereby 
the fame forces, which accelerated their Motions before, and confequeotly the Ve- 
locities ot the Pendulums Afcending and Defcending in the feme Arches, will 
be the fame, and the Arches themlelves will be defcrib'd in the fame time ; whence ic 
appears that the whole Vibrations as well as the Semi- vibrations will always be 
llochronal. 

3". And if O theCenter of Attraftion, be fuppofed at an infinite diftance from 
B, then the Curve D AQ, (in which the Pendulum Vibrates) will be a vulgar Cy- 
cloid 
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cloid, and the force of Gravity will always be the fime in all places of the Curve* 
and the Vibratio.ns in this alfo will be libchronal i for DBQ.will becomea 
ftreight line, and G T and M O will be parallel to B A, whence if M O be 
a determinate Qiiaatity, and reprefent the force of Gravity, then M X, or MT, 
or M A will reprefent the accelerating force in the Cycloid &c. ^.rgr. 

The Jume ExceBent Perfon hdt eariehed this Theory with mutj more fab- 
iime difcoveries, tvhich for brevities fake I omit ; This beinz fafficient 
to give the umfquttinted Reader a Tlfte of the ufefulnefs of the Do^rtjte 
toaeerniag the KeSiifc/ition of Carves. 

LEMMA. 
trt every Triatigle BAG;// the Angles A B C, A C B, sad CAD the 

complement oj the ohtuje Angle CAB, to two right Angles^ he infnitelj 

little; I fay they are froportiortal to their of fofite fides AC, AB, B C. 

170. For if a Circle be circumfcrib'd about the Triangle A B C, the Arches AC, AB, 
BAG, which meafurc double the laid Angles, 
wil! be infinitely little alio, and confequcntly 
they win be equal to thdr Chords or Subten- 
dents. 

And if the (ides A C, A B, EC of the Tri- 
angle A B C be finite Quantities, 'tis i)lain f 
that then the circumfcrib'd Qrcle mult be infi- 
nitely great, that fo the Arches A B, AC may be infinitely little in refpeft of 
the whole Circamferedce. 

PROP. xm. 

If A.}AX> be a Semi-cycloid deferiPd by the Semi-circle B S N revolving on 
the immoveable Arch BGN,7i that the Evoluts or Arches BG, BG if 
ahajs equal to one anothtry and if A the pint tphich dtfcribes the Curve be 
in the Diameter B N tvithin or without the Perifhery of the movable Circle. 
^Tis requird to inveftigate the Value of the R£j of the Evoluta M C. 

271. Imagine another Pependicular 

m g infinitely near M G, interfcctiDg M G 
■ produced ia C, the point requir'd j draw 
the right Line G «», and take G^ on the 
movable Qrcle = Gg on the immov- 
able Circle, and draw the Lines M^, 
^S> ^S* ^X' ^'^^ '* "^ confider the 
little Arches Ge, G^ as perpendicular 
to the Radii K ^, Op, then 'tis manifeft 
that the little Arch G^ of the mov- 
able Circle felling on the Arch Gg 
of the immovable Circle, the point 
M will fall on w, fo that the Triangle 
GM^ will exaftly cover the Triangle 
Gmg: whence it is evident that the 
Angle M G »» is = ^ G^ = (becaufe 
adding to both the lame Angles KG/, 
OGgy their fum will be equal to two 
right Angles) r=zGKg-\-GOg. 

Now if we fuppofe O G = i, KG = «, g Mor Gw» = r, and Gl or j/ = y, 
then it will be i"* OG : GK ;: GKgiGOg, and Oo (A) -- OG+GK (= 




OK = 



,-l-*)::GK|;GK^4-GOfor;tG^orMGw = ^±^ 



GK^. 2'. 



: MI :: GM^iM^ I, and by compofition I g -(- M I or M G (r) : 1/ (^) :: 

CMg 
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GMg-l-M^IjOrGIf = iGK£:GMg,orGw£= ^^ GK^. 3°- M Ci» or 
f r1 : G C = r -^ -,- , and conftqucotly the Ray of the Evoluu M G 

~ 2 a r '[' 2 hr — b f ' 

And if wc fuppore Og (^) the Radius of th? immovable Circle to become 
infinite, the circumference B G N will become a ftreight Line, and the Terms za rr 
and 2 cT^ will vaiiifh, in refped of the others, and the Value of the Ray of the 

Evoluta, M G, will be = - ,— — ,- = — . 

CONSECTARY. 

172. Hence to find the Area of the Cycloidal Space MGB,the QjadratHre of 
the Grde being fuppos'd, becaufe Seftors of Grcles are in a Ratio componnded 
of the Duplicate Ratio of the Radii, and thelimple Ratio of their mcluded Angles ; 

it is. Angle GM^ (-^^gK^J: AngleMGw^"-^ GK^) :: the little Tri- 
angle (or Sefior) MG^ (whofe Bafe is Cgm the movable Circle) : to the little 
Triangle or ScQor G M w, whence the Seftor G M m is = ~ x ^— MG^ = (ftip- 

pofmg Ml =t, and confequenUy r = s-{'f,') =?-^+— MG^-hliiJ"— - 

M G^. Now the little Triangle or Seftor K G j^ is to the little Triangle M G ^ , in a 
Ratio compounded of the Square of K G to the Square of M 6, and the Ratio of 

the Angle G Kg tothc Angk-GM^, that is, aStf^xGK^is torrx -'- GK^v 
and confeqnently the little Triangle MGgis= — ■' KG^, and fubftituting this 
Value in place of the Triangle MG^ia— ^7^ xMG^f, we (hall have the 

Seflor G M i» = ^^y^- MGi+ ' tab ~ ^^S'l but by the Property of the 

Orcle, GMxMI (»r)=BMxMN= (fappofing K N = c) *7^"7>, which 
is an invariable Quantity, and is always the &me in whatfoevcr point of the Curve 
the defcribing point M be fonnd, whence GMm -\- MOg^ or mG^, tl&t it the 

Trapezium gMw» tz -^^ — MGg-j — — j KG^, now becaufe 

GMMjf is the Fluxion of the Cycloidal Space MGBA and MGj-, that of the 
Orcular Sj-ate M G B (comprehended between the right Lines M B, M G, and 
the Arch BG) and KGg, that of the Scftor KBGj it is manifeft that the Cy- 
cloidal Space M G B A is = i^^:-iiMGBH-^±i^^^~-l^ X KGR 
Q.. E. I. 

L E.M- 
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LEMMA It. 

Tbajimt things hting fajf^fed; if on the Ctnter K, with the RAdiits K A, the 
Semicircle A E V W dejcribedy and if on the Centtr O, with iny Rddius between 
O V And OA, the Arch EM ^f defcnb^d. and the Radius Y^SEhe dr*wn. 
Jfy the Arch E M is to the Arch S N ; : OE : O B. 

27;- Soppofe the movable Circle BSN to come ioto the pofitionBGN, then 
the point A which defcribes ihe Curve wilt be in M: connect the Centers of the ge- 
nerating Circles with the Line OK, which will pafs through the point of con- 
uft Gj then 'tis evident that the Triangles M O K and E O K arc equal and fimilar, 
becaufe the fides of one are equal to the Refpedivc fides of the other; therefore' 
the Angles MK O, E KO are equal i and the Arclies that mcafiire thofe Angles, 
W&. G N, B S »nid their complements to two right Angles B G, S N are alfo 
eqaalj and becaufe the Angles M O K, and E O K are equal, therefore the An- 
gle MOE is = Ang. GOB, and Arch E M : Arch G B :: O E the Radius of that 
: O Bthc Radios of thisi but it has been demonftrated that the Inferior Arch 
G B t= Superior Arch G B is = S N ; therefore, the Arch E m : Arch S N • : 
OE:0B. a. E- p. 

CONSECTARY. 

.174. tf -the Radius OB be fuppofed infinite, then 'tis evident that the right 
Lines O B and O E will be Parallels, and the Concentric Arches V D, B N, and 
E M .will degenerate into the right Lines V T, B X and E H perpendicular to 
the Axis V A, and conftqueotly the right Line EH will be = S K, becaufe O B 
and O E being infinite, are equal. Whence the Arch EM: EH :: OE:OB. 

SCHOLIUM. 

The Semi.cycloid AHT into wrhich the other Semi-cyloid AMD degenerates, 
when the Radius OB is infinite, is the fame with that generated by the Revolution 
of the Semi-circle B S N on the right Line B X, the defcrlbing point A^ being 
in the Dismeter B M [voduc'd. 

PROP. XIV. 

The [ime things being fafpofed^ ht it be rtqai/J to Iwuefiigate the Area cf 
the Cjcloid^t Spate A E M, comprehended under the Arches A E, E M, 
dnd the Portion of the Cycloid A M- 

i7f. Imagine another Concentric Arch M e infinitely near to the Arch E M, and(i 
parallel and infinitely near to E H> and the Lines £ F and E P, perpendicub^ to the 
Arch M E and the right Line E H (produced if need be) then are the Angles F E *, 
O EK equal, becaufe each added to the Angle KEF makes a right Angle , and 
the Angle P E * is = complement of O K E, to two right Angles, becaufe P E e + 
#EK-f KER is= two right Angles =KER + EKR-i-ERK, therefiwe the 
Sine of the Angle F £ < is to the Sine of the Angle P £ e as the SiAC of the An- 
gle O EK istotheSineof the Angle ORE. Tbatis 

F«:P« :: OKiOE, 
And by the Corollary x £M:EH :: OE :0B, 
of the preceding Lemma, /^ "=■ •=•"■• ^/c . vw, 

therefore FexEM:P>>t EH :: OK: OB. 

Kkk And 
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And becaufe the infinitely little Spaces EMiw<, E Hie are equal to the PrO- 
diiifts or Reftanglcs FexEM, PexEH refpeSivcly, and the faid Reftangles arc 
always in the fame proporcion to one another, that is, the Space EM we is al- 
way to the correfponding Space E H i * as O K is to O B^ 'tis plain that the Sum 
of all the E M w e, is to the Sum of all the E H A f, that is, the Space A M E is to 
. the Space A E H as O K is to O B. 

t R O P. XV. 

To IffvefiigMte the Relations hetvKtn Curve-lints sttd their Axtit 

±16. Deicribe the Curve A M nv to the Axis A B, and draw the Ordinates P M, ^ «« 
and the perpendicular M Q., and the Tangent M T ; then fuppofe A P = r, Pf == 

xy PM =>, RM =/, A M = X., 

MM=i, PT=r,MT = /,PQ.= », 
M Q. =r M ; then by flmilar Triai^es, 

■ _ "* _ 15 _ yi _ ^j^ 

Whence *tis manlfeft that the Catvt 

Line A M is = S, — , and becaule * 

Oiay be fnppoled always equal to it ttVL, 
if ^ were fuch alTo, then it would be, 
as all the /: is to the all the M :: all 

the i : all the i = to the Curve AM; 
but becauie the Denommatorjr is a va- 
riable Quantity, affiune r an invariable 
Qpantity, and » variable, and fuppofe 

— = — , then — = !15 = i . now if » be laid from P to N, and the Curve 
•■7 y ^ 

ANS defcrib'd, then PN («) = -^ ; and if AG be =r, then 'tis evident, that 

all the r or the Redangle AGSB : all the « or the Space AKSB i : all the 

x or the Axis A B : to all the "t or the Curve A M. 

Now the Natuiv of the Curve AMD being known, and r an invariable Qjian- 
tity, the Locus qf » is alio known, and conlequently the Curvilineal Space AN SB 
being given, the Ratio of the Curve A M to its Axis will be given alio. 

And becanfe K X is = ri. therefore — =»; that is the Omre-line AM oral! 
^ r 

the 10 is = to the Space A N S B divided by the invariable Qjiantlty r. 




E 3£ A MPL& 
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EXAMPLE. 

Let AM m be a ftmsry Cyebidy *ni the ^enerttiw Circle A SB, AB the 
JxiSt Mti BD -itbe Bdfe. *Tis required t» find the Ratio between the 
Curve-line AMD Mttd the Axis A B. 



l77.Lrt thcAxis ABbe = 2r,AP =*,PS =/*, BS =4, MQ= « perpen* 

dicular to cbe Cycloid in M^ MP=^, and Mm=%, cben the Triangles MP Q,» 
SFB, MRiv^ are fimilar, therefore iw: ; :i 
h'.f 11 i.i it :: (afluming r invariable) u:t\ 

whence all the m'x= all the rai; let P Nbe 
always = «, and let the new Curve be in that 
ways generated to find the property thereof. 
Secaole h: f :: u'^r '-i ASi AP, thercfiwc 
»«:rr ::ASf:APf:: (bccaufc ASf = 

APT+PSj) Irx i XX if t£erefore a r» = 
» M X, which Equation denotes L N « to be an 
HypcrboUlbnn Curre^ and to find the CurviU- 

neal Space K.ABL>f= all the«ir^thc Eqoa- 
tion exprcfling the Nature of the Cure is 2 rs 
= » « x, therefore when A P becomes = A B 
= 2r, and BL = «, th« 2f> =mux-=^ 
xruu, wbeoce r =«= BL, and conlequently 
the Redangle A B L F = 2 r r, and the Cur- 
viUneal Space KABLm is == 4rr = all the 

H^;butall theMJr is =aUthe r'x.-, and all the 




= the Curve-line A M D = twice A B the Diameter of the generating Circle. 

COROLLARY. 

17S. If all the MX, or the Cnrvilineal Space KABL» be Squarable, then a 
right Line may be afligned equal to the given Carve A M O. 

Another w^f. 

279' The Proportion of the Oirve-line AMD to the Axis A B may be invefti" 
gated in this manner : Refume the Symbols 



V2rx — ** 
, = *, and confcquently Mwf = Sa» j-|- 
MSj = *i + 



_ 4r»*» 


— lr»»" 


ar* — ** 


«V4,'_ 


2r* 




Vir«- 


** 




(dividing by 1 r — *) 



x^xr 
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' X i therefore the Flowing Qi amity A M is = i x 2 r 



X ^ir _^ — ;l 
^x ~ 

=:^zy/irx-=:2AP the correfponding Chord in the generating Circle, and con- 
foqueiuly the Entire Curve AMCis =»AB the Diameter of the generating 
Grcle. 




PROP. XVI. 

Jtiy S^udrMe Curvilified Spdce^ gs A O G B, and the Equ/ttion txtnSing 
the Relation ef the Ordinate P N, rt tht i/aercepted DiMmeier A P, being 
given ; to find the Property of another Curve AMD, applied to the fame 
Axis A P ; /(J vphich an equal right lint mx) he ajfigned. 

280. Let the Curve requir'd be AMD, and fuppofe A P = »■, P M = ^, 

MR=::r, Rw» = 7, Mw=a;, iVIQ=w, P Q.= « \ then it wi)l be (fuppofing 
« an indeterminate Quantity) y- m : : 

r : « : : X : £, and confcqucntly r s^ is 
= K ;^, and » =: — i now if « be al- 
ways applied from P to N, and the 
Curve O N G be defoib'd, f including 
a fquarable Space by fiippof,) 'tis requi- 
ted to find the Relation of A P to P M, 
the Area and ]jrOf-erty of the faid 
Space AOGB being given. 

Becaufc y'-m : : r : », therefore « y -. 
m m — jy v. muu — rr-, and making 
MM — rr ■= qq^ it will aifo be, ^ : » : : 

r: J : : * ; jr, therefore ly jt = r/iand 
if ^ be laid from P to X, and r trom 
ItoK, the Cilrviliufcal Space AXXB 
will be r= S y A-, and the Reflangle 

4 ' S«i 

D F L B will be = S r/ = Reftang. r/, whence the Ordinate P M or y is = -?— 

Space AXXB .. ., .„,. 

= . And now to refolve the Problem. 

r 

IftheSqoarable Figure A OGB, and the Ordinate P N = « be given, to the 
iame Aiis A P, apply the fecond Figure AXXB, and let the Ordiuate P X = *, 
be fuch that liu — rr be always = ? j ; then if a third Figure A M D be defcn- 
bed, whofe Ordinates PMor^ are fuch. that any Ordinate^ mutciplyed into 
the invariable Quantity r, viz^ ryht always = to the adjacent and cotrelponding 

Carrilineal Space A X X P = all the ^ jr, then a right liae may be afiigned equal 
to the Curve-line AMD; and the laid right line will be _ !^S^ABGO _ 
Carre -line AMD. 

E X AMPLE. 

381. Let AOGB be a parabolical Trapezium, and the Equation exprefEng 
the Nature of the Curve rr +r* ■=hu (the invariable Quantity r being = 
Parameter, and to the Portion of the Axis intercepted between A and the Ver- 
tex of the given Curve) then is f f = r * ; whence the Curve AXXB is a Para- 
bola, and the Vertex thereof is in A j now the Area of the Parabolic Space AXXB 

U 3^ f Vr«5 = all Che 5 x ^ and bccanfc all the j x = all the r^ = r/, therefore 

# fVr*i 
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» Vr xi :± f jr, and Jrjr' = »■» 7*, andA-» — ;J ry', which is an Equition ef- 
prefling the Nature of the Curve AMD, and the Curve A M D is — J- r » -[ - *■ » 

J- -J J u * r+ A~B xBG — frxAO 
— ; m divided by r, — ^ ' . 



PROP. xvir. 

To iavefiigste the Uwgth of Carve-i/aes, refpecfiag (not *» Axisy bat) a 
certain determinate fointfach m$ Spiral lines. 

182. Refume the Symbols (^Art, i itf.) and fuppoft the Periphery of the Qrcle 
BFNB=*, BFN = *, N» = i, AN =r, and AM=>, then becauTe the 




6cdors A M », A M R are fimilar, M R is 



_ y* 



and if the Angle M A m be 



infinitely little, the Portions MR and Mm will be equal; therefore the Spiral lint 
AKMB is = S - , now the Eqtiatlon of the Curve Is (becaufe c" ix' :: r" : 

y'^) f =r —£-•, therefore the Flution of the Curve yx is = '. x, and the 

c" r f 

Flawing Quantity or the Length <rf the Spiral line AKM is — — ^ ; 

and the svhole Spiral line AKM B is = (becaofe then * becomes = t) — '" - x c, 

and where iw = i, and » = 1 1 the Spiral-line A K M B = — ;— x c is = ie 
=: i^ the Periphery of the Cirele BFNB. 

LIJ "" And 



Djgiljzed by 



Google 



222 Fluxions : Or an IntrodnUion 

And to find the Leng,tli of the Tccond Spiral line g G C D, if the Angle G A « 
be infinitely little, then the Arches HG, g G will be equal, and the fum of all 
the infinitely little Arches HG is = to the fecond Spiral line BGCD, now 



■ = { becaufe y = -^^ ) ~ ~ 



x^- 



Flouii'.g Quantity is = ^^.- = to the Portion of the fecond 

TC 

Spiral line, B G ; and confcqnently B G C D is = (becaufe then xz^c) c-\- ^^7^ 

1 m4-ip 

n c ■=. i — X e. 

m~\- n 

Hence in the common Spiral line, BGCD is = ic = tBZNB=: (becaufe 
the Peripherics of Circles are proportional to their Diameters) i the Periphery 
D P L, D. 

And becaufe the firft Spiral line is = i «, and the fecond Spiral line = i e, there- 
fore the whole Spiral line AKMBGCD is —ic= twice the circumference . 
B 7. N B =r the circumference D L. P D. 

The Periphery of the Circle B Z N B is = e, and that of the Circle D P L D 
is = 2 f, and the fum of both is = ; r. and the whole Spiral line is = a e, there- 
fore tlic fum of the Peripheries of both Circles is to the whole Spiral line as 3 is 
to 2. 

The fecond Spiral line B G C D — i «, and the Periphery of the fecond Qrcle 
D P L D is =^ I ci therefore that is to this as 3 is to 4, and the firft Spiral line 
A K M B is = i e, and the fecond Circle is — %c therefore that is to this, as 
J r? to 4, and the firfl: Spiral line is to the fecond Spiral line as i is to 3. 

And to find the Length of the third Spiral line D S O X, S * or Y S, the Fluxion 

iTxA- j'x /. - 2rAr-\ 

of rhe Curve is = ^-^- — ( becaufe j = — — j = 

^rc- x-^-^Tx^^ ^ ^^^ ^^^ Flowing Quantity thereof is 

4 r c"' X -\- ^^ "- r ar~ "^ ' 

, = to the Portion of the Spiral lincDS; and confc- 

2 re" 

queatly the whole Spiral line DSOX is = \T:~ ^'= (in the common 

Hypoth. fuppofing w = i, and » ^ i) — i c ; now the firft and fecond Spiral 
lines arc — ft, therefore the firft, fecond and third Spiral lines are — J c, and the 
Circle XTV (— Jc,) is to the whole Spiral line AM BC DSOX as 2 is to 3. 
The fum of all tlie three Spiral lines, -viz,, the entire Spiral line A M B C D O X 
is — I c, and the fum of all the Peripheries of the three Circles is = -f c, there- 
fore the u hole Spiral line is to all the three Circumferences, as 9 is to 12, or as 

5 is to 4. 

The Periphery or length of the third Spiral line being =: j f , and the Peri- 
phery of the third Circle being ■= J r, therefore that is to this as 5 is to 6. 

The firft Spiral line is ■= -; c, the fecond — i c, the third t= i < ^ the Periphery 
of the (irft Circle is = * «, that of the fecond — J e, and tbat of the third = J c 
Whence 'tis evident that in a Series of Numbers beginning with Unity and 
cncrcating in their natural Order, as, i, 2, i, 4, 5, d, &c. If the firft Num- 
ber (or leprefent the length of the firft Spiral line, the fecond n mbcr (2) 
will reprcfcnt the Periphery of the firft Circle \ the third (3) the length of the 
fc\,ond Spiral line; the tburth (4) the Periphery of the fecond Circle j the fifth 
( 5 ) ihe length of the third Spiral line; and the fixch ( rf) the Periphery of the 
^iiiid Circle, &c, in Infi'iitum. 

283. And 
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183. And to invcffigatc the length of the Logarithmctial Spirjl line, icfumc 
the Symbols (_An. 119.) §, 1'. And fuppofe M »> = ^ and M T = < ; then by 
the Property of the Curve, i, -.'y: : I, : ,, and ,i = *}, and finding the Rowing 




Qi&ntities }»is=-t/; b™ *:«"«•»:: <;i,therefore} (is =4^ = o. an4 
confequcntly < — « ; and if 11 reprefent the infinite Spiral line, then is t B = » 
= u— the infinite Spiral line B M K A ; that is, the line fl B touching the Spiral 
line in B, is equal to the &id Spinil line. 

PROP. XVIII. 

tn the Circle AMD, if the right SiiK PM fc rhren. Til reqiiir'J to in- 
mpgtte the Ui^tb of the Arch AM. 

184. Snppofe AP=*, PM = j, AC = r, MR = *, RM=^, andMi« = i 

= to the Fluxion of the Curve AM; by the Property of the Curve ir x xx =1 

yy^ therefore zrx — ixx ^^xyy, and (dividing by _,; 

,noff Miivf = MR7 
r (becaufe Irx — 




-'■"■' rr~~yy 



KbyRednflion) 



rr — yf 




therefore Mm is ; 



V,V^ 



, but - 



'r _ . 



rr 



•i,,- 



Jl 



v,-73r: 



rr — yy\—'!xry; therefore \i rr—yy—i be reduc'd to an (Art. 93.) infinite 
Series, and all its Terms multiplied by r'y^ we (hall have the Fluxion of the Arch 
AM; and finding the Flowing Quantity of every Term, there will arife a new 
Series exprefilng the Value of the Arch A M. 
And in like manner if the veried Sine be given, to find the Arch j refume the 



Equation irx-^xx-^yy., then rx — xx ^=^y y and - 
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x^ + y" 



■ zrxx - -r*_J: 






' — ZT X X^ 



zrx- 
r X 



; therefore M m is 



. = i*"^ — ■«*i X r X, which being reduc'd to an infinite Series 

V2 r X —" X X 

and the Flowing Quantity of every Term found, we fhall have a Series expreC- 

fing the Value of the Arch A M. 

PROP. XIX. 

Let it he requir'd to invepgate the length of arry Arch AMt of the Psrsh* 
lokal Curve AMD. 

285. If it be requir'd to find the length of the Arch A M ; fuppofe the Para- 
meter of the Curve = *, A P — jr» P M = ^, then the Fluxion of the Cui ve M « is — 

y/x ' --\-}!' ; now by the property of the Curve ax —y ^^ 
whence x^ 112 andi* = --^^andby fubftitution 

the Fluxion ofthe Curve \/i' 4-/ is = Xii>Li:-fl?.' 

^ it. 




vy= _|- A ^ J ^ now the Fluent of this Fluxion Is equal 

to the Arch of the Curve A M- And to find the lame, 
. Draw MEN parallel to A P B, and take E N = 

V^7-F~4 «« and defcribc the Carve BNQ., then the 
little Redanglc E N » e is always = y "^yy-Yi ■* "» ^^ 
cqnfequently the Space CBNE is = the fum of all the 
y 'Jjy + 1 « o, whence if the whole Space C B N E b« 
divided by — (« being the Parameter of the given Para- 



bola) the Quotient = 



isj' Vry +i*^ 



is = to the length of the Parabolic 



Arch AM. 
And to find the Nature of the Curve BNQ; fuppofe EN = s, then ai = 

VJT^Ja^j, and s t = j^ + 4 « * ; and when 3 is = o, then «. is = V J « « 
=;ia, that is CBis = t»; and when *is =0, then o =: V?.?+4 " «. and 
confcqucntly 33— — %*»\ which being an impoflible Equation, (hews that the 
neareft diftance of the Curve Q,N B from C D is = C B = i «, and that afterwards the 
Curve Q.N B recedes from D C produced. 

Hence it is manifeft tliat C B F may be taken for the Axis of the Curve BNQ., 
and becaufe PM is = FN=/, and EN = CF = a;, and x. = /TJ-Fi^J 

therefore CF? is r= FN y H-CB?, and FN j— CF9^CBj= zCB-^-BF 
X B F i which is the property of an Equilateral Hyperbola. 
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CONSECTARY. 

285. Hciicc Lo find the length of any Arch (jv.g. AM) of a Parabolic Curve 
AMD. A(lumeaiin«>intmthe Axis A P, as C, andtake CB = i « = f thePara- 
meter of the given Curve A M D, and fiippoling C B =:; to half the Tranfverfc Ax- 
is, defcribe the Equilateral Hyperbola B N Q., and draw M N parallel to A C Bj then 

, ,. . . . „ - 2 the Space C B N E , , . . 

the Parabolic Arch A M is = ^ , and the Arch A M D is = 

the Hyperbolic Space C B Q,D divided by half the Parameter of the Parabola 
AMD. 

And thus it appears that the ReftiScation of the Curve of the Parabola, depends on 
the Qyadrature ot the Hypwbola, 

Prop. xx. 

To Meafure Curve Lines hy Circular Liaes. 

'The dejign of this Profoftion is tojbejVy hm to drtw £ Curve fo related 
to any given Curve, that their fum or difference, fbaS fte equal to a 
determinate Arch of d Circle. 

387. let ABC bea given Curve, on which foppofe the inflexible Line or Rik 
ter DAE to move, fo that the parts of the Ruler be fucceffively applied to the 
parts of the Curves I fjy, the tvpo Curves 
D L G, and E M F defcrib'd by the ex- 
treme points of the Raler, D and E, or by 
any two other oppofite points of the lame, 
arc equal to the Arch of the Circle E O, 
dcfcrib'd with the Radius D E, and fubten- 
ded by the Angle EDO = Ang. EPF, 
formed by the two Tangents A P and C P, 
touching the Curve in the extreme points 
A and C. - 

Let the Ruler in any potltion as L B M, 
move into the next infioitely near /Bm, 
and draw the Lines D N and D n parallel 
to LM and /», then the Triangles LB^ 
M B M, and N D » are Hmilar, be^ule L M, 
} m are perpendicular to the Curves DLG and 
EMF. and the Angles LB/, MBm^ ND« 
are equal, therefore BL:BM :: L/iMw, 
and by compolition L M : B L :: L ^ -j' ^"^ • 
L/jandby permutation, LM:L/-)-Mnr:: 
B L : L /, and becaufe L M is = (^tx l^fetb.) 

DN, therefore L / -f- M w is alfo = N »», and all the L / 4- m m, or the Corves 
DLG and EmF taken together, arc eqoal to all the N*. or the Archcrf the 
Circle ENO. 

If either of the deJcribing points as £, be between A and D, it may in like 
manner be demonftrated, that the difference between the Curve DLG and EMF 
is equal to the Arch of the Circle ENO, dcfcrib'd by the point E. 
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CONSECTARY I. 

Hence rve hxve a resdy wiiy to draw an injimte number cf Curves^ Jo related 
to antthr given Curve ^ that any one of them added to the yiwe, jbiul be e^aal 
to an Arch of a Circle. 

288. Forinftance, if DLG be a Curve, or any portion of a given Curve, from 
every point thereof L, /, &e. draw perpendiculars L M, / w, all equal to one ano- 
ther v then their extremities M, »;, &c, connected, will form the Curve EMF 
rcquir'd. 

The Curve EMF may be delcrib'd more eafdy by the continued motion of a 
Thread, if we involve the Curve A B C, the Evoluta of the given Curve DLG. 

C O N S E C TA RY 11. 

Hence we are enabled to judge, whether a given Curve can be compared, or has a- 
ny Connexion with the Diraenlion of an Arch of a Circle: for every Curve, whofe 
Evoluta ABC has two parts B A, B C equal and fimilar, may be compared with 
an Arch of a Circle, for if in fuch a Cafe, C F be = A D, the Curve F M E will 
cxadtly agree with DLG, and confequently DLG will be = J the Arch ENOj 
and contrarily, every Curve generated by the Evolntion of a Curve confifting 
of two equal and llmilar parts, is reducible CO the Arch of a Circle. 



SECT. 
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SECT. IX. 

The Ufe of Fluxions 

h finding Caujikks hy ^flexion, to aU forts of Curves. 



\ 



DEFINITION. 

IF we fuppofe an infinite number of Rays B A, BM, B D, &t. iffuing from the 
Luminous point B, to be refleaed by the Curve Line AMD, fo that the Angles of 
Incidence be always equal to the Angles of Reflexion ; the Curve Line H F N 
which touches the Reflefted Rays (produced on the oppofite fide if need be) A h' 
MF, DM is called the Caafiiek by Refitxm' hence we may cafily deduce thefe Confeaarjt^ 

CONSECTARY I. 

289. If HA be produced to I, fo that A B = AI, and if the Cauftick HFN 
be Evolved, and the Curve defcrib'd by fuch Evolution begin in I, the Curve 
ILK will be defcrib'd, and 
the Tangent FL will al- ,^ 

ways be = to the portion ' ; dj 

of the Cauftick F H -|- the ' 
right Line HI. 

And if we conceive two 
Rays, the Incident B m, 
and the Refleded m F, in- 
finitely near B M, M F,and 
if F w be prolonged to /, 
and on the Centers F, B, 
be delcrib'd the little Ar- 
ches MO, MR, then 
the Reftangular Triangles 
MOw, MRot will be fi- 
milar and equal; tor the 
AngleOwM = F/»D = 
(« Hjfetb.) RtoM, and 
the Hypothenufe Mm is 
common to both, therefore 
the fides O w, R m are e- 
qual between themfelves: 
now O m is the Fluxion or 
momentary Increment of 
L M, and R w is the Fluxi- 
on of B M, and this pro- 
portion of Equality holds 
in whatever point of the 
Curve M be taken, there- 
fore the relpedive fums 

of thefe fluxions mult be I// > "^V^H 

equal, viz, M L — I A = 
AH4- HF— MF (= 
fum of all the O w) =: B M — B A (= the fum of all the R ») and confequent- 
ly by Tranfpofition, HF (the portion of the Quftick HFN) is = BM — 
B A^-MF— AH. 

CON- 
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C O N S E C T A R Y II. 

If on [lie Cciucr H, tlic Arch A P be defcrib'd, 'tis evident that P M is = M B 
'— A U, ;n:(l if uc fuppofc the Lutninou? point B, to be at an infinite diftance 
from the Curve A M L\ the Rays of incidence B A, B M will become parallel, 
and the Arch A P will be a ftreight Line, cutting the faid Rays at right Angles. 

CONSECTARY III. 

If we imagine the Figure BAM D to be reverted on the fame Plain, fo that 
the point B fnll on I, and that the Line touching the Curve AMD in A, touch 
the fame in the reverted polition in the fame point, and if we imagine the Curve 
AMD immovable, and that the reverted Curve 4 Mi/ revolves on the fame, 
fo that the portions AM, aM be always equal between themfelves j I fay the 
foint B (or I, by fuch a motion) will defcribc a fort of a Cycloid ILK, whofe 
Evoluta is the Cau^tck H F N. 

For from the Genclis of the Curve, ic is evident, i", that the Line L M drawn 
from the defcribing point L, to the point of cootaft M is perpendicular to 
the Curve ILK. 2". La or 1 A is = B A, and LM=BM." j". The Angles 
made by the right Lines ML, B M, and the Tangent in M (common to both 
Curves) are equal, and confequently if LM be produc'd to F, the Ray MF will 
be the refleded Ray of the Ray of Incidence B M \ whence 'tis evident that the 
Perpendicular L F touches the Caultick H F N i and becauft this holds true ia 
whatever point of the Curve I K, we take the point L, it follows that the Curve 
I L K is generated by the Evolution of the Caultick H F K + H I. 

CONSECTARY IV. 

And hence it appears that the portion FH or FL— HIi5= BM+MF — 
B A — A H, as I have ah^ady demonftrated. 

CONSECTARY V. 

If the Tangent D N be drawn infinitely near to the Tangent M F, the points 
of contaft N, F, and the point of interfcftion V will coincide \ fo that to find the 
point F, where the reflcaal Ray MF touches the CauIUck HFN, is the lame 
thing as to find the point V, in which the receded Rays MF, mF (infioicely 
near each other) concur. 



PROP. 
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P R O P. I. 

The Niture of the Curve AMD, the Lumimus fomt B, mi the Rt) (4 
Imiieme B M hting min ; to fni in the rejUSed Rdj M F, given 1y to- 
jition, thefoiitt F, vhereit toaches the CmuJUcIc. 

290. Find the of length M C the Ray of the Evoluta, to the point M, and 
Arch Urn infinitely little ; and draw the right lines Bw, Ci», i»F 
ters B and F defcribe thfe little Att:he« 
MR, MO V and draw the perpendiculars 
CE, C<, CG, Cg, to the Rays of inci- 
dence and reflexion ^ and foppole B M = ^ 
and M E or M G = tf. 

Then 'tis evident that the Triangles 
M R iw, M O w, are equal and fimilar, and 
conlcqncntly MR is = M O ; and becaufe 
the Angles of incidence and refledion arc 
equal, therefore CE = CG, and C» = 
Of, and confcquently CE— Cr, orEQ. 
is = CG— CjOrSG jand becaufe the Tri- 
angles BMR, BEQ., FM«, FOSarefi- 
milar, it is, BM-t-BE (27— «) : BM 
(^) :; MR-1-EQ.orMO-l-GS: MR 

orMO::MG(.):MF= -?L. 
^y—a 




fcONSECTARY I. 



191. If the Luminous point B fell on the other Cde of the point E in itf.' 
pea of M, or (which is the fame thing) if the Curve Line A M D be convex 
towards the Luminous point B, then y inftead of being PoCtive wilt beonne Ke- 
— »7 _ '} 

-!}—• !)■ + «■ 



gatire, and confiquently M F will be : 



C O N S E C T A R y II. 

If wefuppoley to become infinite, that is to lay, if the Luminous point B, be 
at an infinite diftance firom the Curve AMD, the Rays of incidence will be pa- 

rallel between themfelves, and M F ^ 'Z. will become = i < becanfe a is 

equal to nothing in refpeu of 7. 

C O N S E C T A R Y IJI. 

The Curve A M D can have but one CmficJt by Kefemn:, ««. H F N; (or ono 
and the lame Curve can have but one Eveluu, and the Ray or Tangent thereof, 
enters into the Value M F , fb that there can be but one value of M F. 

CONSECTARY IV. 

When AMD is a Geometrical Curve, 'tis evident that its Evoluta is lb allb^ 
(becaufe in that cafe, we can find the Relation between the Aljfcifla and OitUnate 
of the Evoluta) that is, all the points C, may be determined Geometrically : whence 
it is manifelt, that all the points F of its Caultick, may alio be deteimined Geome- 
trically ; that is, the Caulticic H F N will be a' Geometrical Cnrrc, 

N no C O N- 
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C O N S E C T A R Y V. 

A rij'lit line may he aflkniccl equal to any portion of the Hiid Ciufiickj if the 
given Curve A M U be a GcometiJcdl Curve, as appears from ^r;. 209. 

C O X S E C T A R Y VI. 

\i the Curve A M D be Coovex towards the Luminous point B, the V^lue of 

M F r --' \ '- I will always be Pofitivc. and confequently we muft take the 
\ly -\- a J 

point F, Oil the fame fide of the Curve with the point C, ia rcfpcft of M, as we 
have fiippcFcd in the preceeding Odcnlation \ whence 'tis evident that tlic Rays 
of RcticiHou, ijifiniLcly near one another. Diverge. 

CON SECTARY VII. 

But if tlic Curve A M D be Concave towards the Luminous point B, the Value 

of MF { -^■'— J wilt be Pofitive, when y exceeds J,*; and Negative, wh(nji» 

lefs than ■; « ^ and infinite, when/ = f « i whence it is manifeft, that if aGrclebc 
defcrib'd , whofe Diameter is — i MC the Ray of the Evoluu, then if the Lumi- 
nous point B. be without the Circumference of the liiid Circle, the Refleftcd Rays 
will Converge^ if within, they will Diver^ei and if the fald point happen to 
be in the Circumference, they will be all paraUcl to one another- 

CONSECTARY VIII. 

If the Ray of Incidence BM touch the Curve A MD in the point M, then is 
M E (*) = o, and confequently M F is — o, becaufe the Reflefted Ray is in the&me 
direftion with the Ray of Incidence, and the Nature of the Cauftick being fuch, 
chat ittonches all the refleded Rays, it follows that it muft alio touch the Ray of 
Incidence B M in M j tbat is. B M will be a Tangent to both Curves io the point 
M. 

CONSECTARY IX. 

If the Ray of the Evoluta M C be t^ o, thei is M E = o, and confequently 
W F = o, whence 'tis ^lain, that the given Carre and the Cauftick make an Angle 
in the point M (which is common to both) equal to the Angle of Incidence. 

CONSECTARY X. 

If C M the Ray of the Evoluta be infinite, the little Arch M iw win be a ftreight 

Line, and M F = —^^=- will be = (bccaufe M E or « being infinite, » is = to 
2y^a 

Bottling iH refped diereof ) ^y ; and if the Luminous point B be on the fame Me 
of the Curve with C, then the Value of M F will be Negative, and conTequently 
the RefleAed Rays will Diverg« *, and if the Luminous point B, be ob the conirai^ 
fide of the Carve ia rcfpeS of C, then the Value of M F will be Pofitive ; that is 
the point F will be on the larar fitSe erf the Curve with the point C, and confequent- 
ly the Reflefted Bays, in tbis cafe alfo, will Diverge. 

Whence it is plain, that Rays iflUing firom any Lumioous point, and r^flp^ed 
Iby any pUia Surface, will after reQe40O, Diverge. 
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CONSECTARY XI. 

If any two of the three points, B, C, F be given,, the third nay bp found: 
for inftancc. 

If the Oirve A ^ D be a Parabola, and the Luminous point B, in the Focus, 
{Atu 41. n53.§. 3.) 'tis evident that all the Reflefled Rays will be parallel to the 
Axis % and confeq;,ently (bccaiifc tlic point F where 
two Rays of rcfleftion interred each other, is at 
an infinite diilance) MF will be infinite, wherever 

M be taken : but M F is = — = infinity : 

ly r- a ' 

JIberefore zy — « (bccaufe in fuch cafes the Deno- 
minator muft be =0) =0, and « = ij-, whence 
if M E be taken t= 3 M B, and the perpendicular 
f C be drawn, it will cut M C (the perpendicular 
to the Curve in M) in the point C, which will be 
in the Evoluta of the Parabola. 

Again, if the Curve AMD be an Ellipfis, and if the Luminous point B, lit in 
one of the Foci (^rt. 47, 163.S. 3-) then 'tis evident that all the refleded Rays 
MF will meet in the other Focus F5 whence 

if M F be fuppos'd = j^ then is s; = — _^ , 

and confcqucntly ME (<) = — ^ — ", but 

if the Curve AMD be an Hyperbola, then the 
focus F, will be in the oppofite Seaion j pr 
on the other fide of the Curve, the reflefted 
Rays themfelves will Diverge ; but being produ- 
ced they will nnite in the Focus of the op- 
poCtc Seftion, therefore MF will be Negative, 

and— ai = —^-^-, that is ME (*) is= ^ =-i^ , wluch. gives flus 

Cpplhrt^ioii, fenring a{£b for the Ellipfis. 

CONSXaUCTlON. 

Let M £ be taken a fourth proportional to \ the Tranfverle A^ the flay 
of Incidence, and the Refleded Ray, and draw the perpendicular £ C, it wiU 
cut M C (perpendicular to the Ciffve in M) ia C the point Ja the Evoluta j?hicK 
was requird. 
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Prop, it 

•r^ Kadiant point B, and the (Plain Sarface or) right Line A D ieing givin j 
todefmhe the Cdufiick ly Refietiion to the fame. 




29a. Imagiae the right Line 
A CD to be a Curve, Concave to- 
wards B, the Radius of whofe Cur- 
vature is infinite, then is « infinite, 

and confequcntly M F = —^- — 

is = ^=— 7= BM, whence 
we have this. 



CONSTRUCTION^. 

Oraw B C perpendicular to A D j and in B C produced, take C F = C B ■, th4n f 
fay all the reflected Rays MN, MN, being produced, will Converge to the poiitt 
F i for the Triangles BC M, F C M, are fimilar and equal ^ therefore M B is = M F. 

CONSECTARY I. 

293. As in the Grcle the Evolata is contrafled into one fingle point in the Cen- 
ter; fo here, the Cauftick by Reflexion to a ftreight Une, is contraaed into th« 
point F. 

CONSECTARY II. 

Since the Eye placed any where as in N, receives the refleded Rays M N, MN i 
&t, as if they ifliied &oia the Radiant point F, 'tis evideoc that the Imt^Qi B 
*ill appear iii F. 

CONSECTARY III. 

And becaure the Ray of Incidence is the reflei^ed Ray to the reflefted R^ 
confidered as a Ray of Incidence ^ 'tis evident, that the Rays of Incidence N M, 
N M, &c. Converging to die point F, will be reflefled to the point B \ that is, if 
the Rays of Incidence Converge to a point ( F ) beyond the Sarface A D, there- 
flcded Rays will Converge to 3 point on the lame fide with the Rays *k Incidence. 

CONSECTARY IV. 

If A D be a plain Speculum, in an Horizontal Pofition, and if the Objed B ibe in a 
"wrdcal Pofition, then 'tis manifeft that the Image of B will be in F, and that (rf 
iin/, &c, and confcqiiently the Objc£t will appear in qn inverted Poficioj, orup- 
fide dowiL 

« C O N- 
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CONSECTARY V. 

If Btbe a radiating Plain, then 'tis evident that the Image F/" made by a plain Spe- 
culum, is iimilar, and equal to the fame, tho' not in a like Poiition \ the Difference 
between the Obje^ and its Image being the fame as betneen the Image on the Seal, 
and that which it Imprints on the Wax. 

CONSECTARY VI. 

BecaoTe BM = FM, therefore NM+MFis = NM + MA; that is, the 
Dilbmce of the Image from the Eye, is equal to the Ray of Incidence, and the Ray 
of Reflexion taken together, 

PROP. III. 

^ A M D hesn Arch of s Circle^ &ni B the humintm Point. Tit required to 
fnd the Points F in the refieSed Rajs, in which they touch the Cdufiick F K. 



a94. Through the Luminous Point B, and the Center of the \ 

Arch C)draw the Right Line BCD perpendicular to the Arch ^ 

in D^thCQ 'tis manifcft that a'.l the Rays of the Evolutaof \^r, 

the Grcle are equal between themfelvcs, and that the faid \! E 

Evolata is the Center C, whence E M is = *, and B M = ;-, ^.\, /\ 

and conftquently the value of M F is = — - — ; whence we '•■'■■'- .Al-t 

^ 2| — *» V I y/ 

have this "^-:,"'^ 



Produce B M to O, lb that M O = 2 y — #, and take M F a fourth proportional 
to O M, B M, E M, then the point F will be in the Curve requur'd. 

CONSECTARY I. 

2pf. If the point M be infinitely near the point D, then BM ij ) will be = 
BD, and EM = « will be =GD, and the point K ia whidi the reflefled 
Ray touches the Caaftick by Reflexion F K, is foundj laying, » B D — C D : 
BD :: CD :DK, and by DivifionBC: BD :; CK:DK. 

CONSECTARY IF. 

Hence 'tis evident that if ADM be a Spherical Glafi, and C the Center, and 
B the Radiant point \ all the Rays B M falling on the concave Surface of the Glafs 
near the point D, (the Vertex of the Glafi) and being Reflcftcd, will Converge 
to the point K, nearly. 

CONSECTARY III. 

And if the Radiant point B be at an infinite diftancc from the Glafs, then the . 

point K, to whi«ii the Rays Parallel and near the Axis C D, Converge after Re- 

O o o flexion 
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RcBcxion, is the middle point between CanclD, for in that cafe MF, OrDK 15 = 



^j|— !• ly 



= JEM = f CD. 
CONSECTARY IV. 



If C K be = D K, then Rays iiTuing from the point K, will be Refiefted by the 
Spherico-concave Glafs ADM, parallel to the Axis DC. 

CONSBCTARY V. 

If the diHance of the Radiant point B from D the Vertex of the Glafi, be left 
than i the Diameter of the Glafs, then the reileaed Rays 
will Diverge , and the Focus K will be on the oppofite fide 
of the Glafs in refpeft of the Radiant point 15, for M K 
or (fuppofing M but at a fmall diftancc from D) D K is = 

; and becaufe B D or/ is lefs (ex Hjp.') than?*. 



/ 



ly — a 



"T 



^Tr^" -' therefore is Negative , and confequcntly the re- 

j / flefted Rays M N Diverge and the Focus K may be de- 

■j-:/ termioed as before, -viz.. CD — iBD : BD : : CD; 

DK, and by compofition, CB : BD :: CK: DK. 

CONSECTARY VI. 

Hence if Rays Converging to a given Focus K, be rcflefted by a Spherico-coa- 
:ave Glafs, the Focus B, whereunto the reflected R^ys Converge , may be found. 

CONSECTARY VII. 

If the convex Surfece of the Glafs A D M be towards the Luminous point B, 
then the Focus of the reflefled Rays will be on th« 
Concave fide of the Glafs, that is, the reflefted 
Rays will Diverge, for in that cafe y is Negative 

and confequently MF or DK is = — !^^*_ = 

—^, — , and becaufe B M or B D is = », and the 

Ray of the Evoluta, invariable, and MEorDC=: 
« C M therefore the Focus K may be determined, laying, 
2BD + DC:BD:: DC: DK, andby Divifion, 
BC:BD::CK:DK. 




CONSECTARY VIII. 

If an infinite Number of Rays NM falling on the Spherico-convcK 
Surface of a Glafs, Converge to a Focus K, whofe diJtance DK from the Ver- 
tex is lefs than i the Diameter of the Glafe, then the Focus B to which there- 
fletftcd Rays M B Converge, may be found. 
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SCHOLIUM I. 

296 We have fuppofed the jjoint M to be very near the Vertex of the Gbfs 
(D.) For the Eye being placed in the Axis D C, "tis evident that ihofe Rays on- 
ly (SftFig. "t Tag. 2;3, ) which arc Refleaed from the Surface of the Ghfs 
near D, affea the Sight, and that they entring into the Pupil of the Eye irore 
dircdly, and in great numbers produce the ftrongeft and moll diftina Seiiia- 
tions in us. 

SCHOLIUM II. 

297- If the Parabola D M be defcribcd to the Vertex D, Axis D E, and Parame- 
ter D E; then the Circle E M D infcribed in the iamc, will (Art. 155.) touch the 
Vertex of the Parabola in D ; and it will be the grea- 
teft that can be infcrib'd into the Parabola, fo as to 
touch the fame in Di whence it is evident that the 
Curvature of the Qrclcand Parabola, near the point 
D, is the fame, and confequently the Ray B M paral- 
lel to the Axis D C, being Refleaed to the Focus of 
the Parabola K, by the Parabolic Surfece, it will be 
Refleaed to the fame point K, by the Spherical Sur- 
face^ and becaufe C D is =: i Parameter of the Pa- 
rabola, and K the Focus, therefore G K is = D K, 
and confequently Rays parallel to the Axis and Re- 
fleaed by a Spherical Surface (and by that portion ju 
thereof which is near to D) will Converge to the 
Focus K, fothat CKIhall be ^ DK. 

Again if D M R be a Spheroid, and B and K the Foci ; then if B be the Lu- 
rrinous point, all the Refleaed Rays will Converge to the other Focus K, and if on 
the Center C with the Semi-diameter C D = J Para- 
meter of the Ellipfis, the Sphere A D M be defcribcd 
(-^rf. 156.) the Curvature of both in D will be the 
time, and confequently Rays ilfuing from the point B, 
will be Refleaed by the Spherico-concave Surface D M, 
to the Focus of the Ellipfis K ; whence in the Spheri- 
co-concave Glaflej» if the Radbnt, point B be given 
the Focus K to which the refleaed Rays Converge^ 
may be found, faying, BC:BD :: CK:DK. 

For if the conjugate Diameter H R and the right 
Lines B R, K R, be drawn ; and H L perpendicular to 
K R, then L R is a third proportional to K R, 
and HR, and confequently is = i Parameter of the 
Ellipfis = C D : whence KL =JGD — i Pa- 
ram. is=CH= ^ ; again K L is a third 

proportional to KR,and K H ; therefore. 

DH:KH::KH:- 
andmukip!yijigby2,GD:BK :: BK:BC— CK. 

thatis, BD + BG:BD — DK : : BC-^-CK : EC— CK; 
And by compofition 2BD:BD+BG :: 2BC:BC-t-CK. 
And dividing thei3jj.3p^gQ..g^..Bj,_^(^^ 
Antecedent by 2, J 

Andbydivifion BD:DK :: BC:CK. Q.. E. D. 

The like Coincidence might he demonfirAted in the HyperbolicAl Conoid^ 
but that I jbaS Uive to the Readers oa/n Jfpliedtion. 

PROP. 




BC— CK 
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p R o P. IV. 

Let the Curve A M D *e -i SemieircU, A D the DUmetefj and C the Cen- 
Hr, dnd let the R^s <f Incidence PM he perpendicular to the Diameter 
A D. T;> repair d to deferibe the Caujiick A F K. 

2p8. The Evoluta of the Circle is its Center, and MC the Ray of the 
Evoluta is always the fame, therefore 

M F = = J 4 = ~ M P, whence we 

have this 

CONSTRUCTION. 

Bifeft the Radius C M in H, and draw 
HF perpendicular to MF, and the point F 
will be in the Cauftick A F K i for the Tri- 
angles MFH, MFC are always fimilar. 




thereforcMHtMC :: MF:MP. 



CONSECTARY I. 

299. When the point P falls in C, then the point F will fall in K, the middle 
point of B C. 

CONSECTARY II. 

The portion of the Cauftick AFi$ = 3MF, for the portion AF is = PM^- 
MF = (becaufe PM = 2MF) 3MF, and the Cauftick A F K is = 3BK. 

CONSECTARY III. 

If the Angle A C M be = J right Angle, then is P M C — C M F, and die re- 
flected Ray being all Parllel to the Diameter A D, touches the Cauftick in the Su- 
preme point F. 

CONSECTARY IV. 

The Circle whole Diameter is M H, pafies throngji the point F, for the Angle 
H F M is a riglit Angle. 

CONSECTARY V. 

The Cauftick A F K is a Semi-cycloid deftrib'd by the revolution of the little 
Circle M F H on the Periphery or Bafc K H G ; for the Circle M 1- H is defcrib'd 
on ■i M C, as a Diameter, and the Angle CMF is= CMP=:HCK, and confe- 
quently the Angle HNF is =2HCK, therefore the Arch H F is = Arch H K, 
and the CurveKFAisaSemi-c)doid,whofe beginning is in K, and Vertex in A- 



PROP. 
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PROP. V. 

Let the Carve A M D fc < CireU^ A D the Diameter dttd C the Center ; mi 
kt the Lamifieur point A (from which a& the Rays cf InetJence A M ijfaej 
he in one of the extremities of the Ditmeter' ^Tit required t» dejcrtbe the 
Caufiick AFK, 



360. If CE be drawn perpendicnlar 
to A M, then A E will be = E M, and 
coofequently A M (/ ) =^is\ therefore 

M F =: -^ — is = f r, that is, we 

maft take MF =f AM; whence 'tis 
tvideflt that DK is =f AD, and CK 




CONSECTARY I. 

^ot. Tlie Portion of the Cauftick AFis = f AM, for the Portion AF is = 
AM+MF=: AM + iAM = f Am, and the whole Cauftick A F K =f AD. 

CONSECTARY II. 

If A M be taken == A C, then the reflcaed Ray M F will be parallel to A D, 
ai^ confequently the point F, will be the Supreme point of the Cauftick. 

CONSECTARY III. 

If C H be taken = j C M, and if H F be drawn perpcndic. -lar to M F, the 
point F will be in the Cauftick ; for drawing HL perpendicular to A M; 'tis evi- 
dent that MLis^fME— iAM=MF, and the Circle defcrib'd on the Di- 
ameter MH will pafs through the point F. 

CONSECTARY IV. 

If another Circle K H G be defcrib'd on the Center C, with the Radius C K 
orCH, the Circle KHG will be equal to the Grcle MHF, and the Cauftick 
AFK will be a Semi-cycloid, defcrib'd by the Revolution of the movable Cr- 
ete MFH, on the immovable Grcle KHG^ for the Arch HKis = Arch HF; 
becauie in the Ifofceles Triangle CM A, the external Angle KCH= zCMA 
= AMF =HNF-, therefore the Arches H K, H F meafuring equal Angles in 
equal Circles muft be equal. , 

CONSECTARY V. 



If the Radiant point A be hi the Surface of a Sphere, then the refleded Rays 
(uis. thofe which are neareft the Axis A D) will Converge to the Focus K, diftant 
from C the Center of the Sphere, \ iu Semi-diameter. 

And thus I think, I h»ue hrieflj difnonjlrsted the Principles of Catoftricks 
from one generd Theorem, which I have done ihjt the Reader majf he 
tonvinced fuch Speculations are of more Univerfal ufe than geaera&j 
they are thought to be. 

Ppp PROP. 
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PROP. vi. 

Let the Carve A M D ^f « pjirdoU, and fappofe the Rays of Incidtnce P M 
to he perpendicbUr to the Axis A P. T/j requird to d-Jcribe the Caujiick 
by Reflexion A F K. 

302. If the Ray of the Evoluta MC, and CG perpendicular to the refiecied 
Ray M G be drawn, then 'tis evident that MF = iMG=i«, or thus : Draw 
M N parallel to the Axis A P, and 
the right Line M L to the Focus L, 
then the Angles L M P, F M N will 
be equal (bccaufe L M Q.= M^. 41.) 
Q M N arid P M CL is =, (« H;pof A.) 
.Q.MF) and if to both be added the 
Angle PMF, then LMF = PMN 
= a right Angle ^ now the perpen- 
dicular L H (^Art. ifii. §. II.) bileas 
M C in H, and L H is = t M G, 
therefore if M F be drawn equal and 
parallel to L H, it will be the reflea- 
ed Ray to the Ray of Incidence P M, 
and it will touch the Cauftick AF K 
in F. 

And to draw the greateft Ordinate 

FR, applied to the Cauftick AFKj 

'tis evident that when the refleded Ray M FG runs parallel to the Axis AP, 

then the Ordinate F R, will be the greattfi ; and in that Cafe the Angle P MQ. will 

be = P Q, M, and P M = P Q. i therefore in that point * = }, 

Now let the Equation expreffing the Nature of the Curve AMDbc ax ^yy-, 

then is r = *-■ = -^-^ = Jc, therefore ^ a; 




: 2 "^ax X x^ and conftqaently « = 



2 V « *» whence x = i *, Which ihews that when the Ray of RefleftTon M F, runs 
parallel (o the Axis A P, and touches the Cauftick in the Supreme point, then A P 
is =: i Parameter of the Curve A M D =^ J « •, that is, the point P will fell in the 
Focus of the Parabola, when the reflefted Ray M F is parallel to the Axisj- and thea 
M P coincides with M L, L H with L Q,, and M F with M N ; whence 'tis evident 
that in that Cafe, M F is = M L, and that if F R be drawn perpendicular to the 
Axis, A R, or A L ^^ M F will be = i «, and in this Cafe, the Portion of the 
Cauftick A F is ~ P M 4- M F = the Parameter of the Curve AMD. 

And bccaufe the Canftick by Reflexion A F K may be infinitely prodnccd beyond 
K, let it be rcquir'd, in the next place, to iaveftigate the point K in the Axis A O, 
where the Cauftick interfefts the lame. 

*Tis evident in this Cafe that M F becomes = M 0, therefore the Value of M O 
miift be inveftigatcd, and put e= M F ; let the unknown Quantity M O be = », 
then becanfe the Angle PMO is bifefted by the Line MQ., itis M P (y) : MO 

(») :; PQ.(^\ j :Q.O= ^ ) and confcqucntly O P is =-?^^^-^ = 

V« « — ^ y, and dividing both fides of the Equation by w 4- 7, we have '- = 

%/- 



tl — y?- = \/—-r-'j whence — = — ,-'' , and confequentlyw*'- 

■■ — '+} ■ •-!-) 



•/■ = 
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^—ITULj therefore — ^yy** — ^yyj* = ** — jr^janddividingby jr^^-jiSwe 

— »>' 
(lave — iyj'^ar* — j'^that is;i' — ij-f — *', which is a general Theorem,' 
ferving to find the point P, fo that drawing the Ray of Incidence P M, and the re- 
fleaed Ray M F, the latne will touch the Cauftick A F K in the point K, where 
it interfeas the Axis A P. For Inftance, 

In the Parabola y = jr •, and 7 = i x~~ ' jt, andy = (fiipofing x imraria- 
ble) —}*"**' ' it», and iiibftitoting thefe Values in the preceeding Theorem *' 
i_ ^» _ jjry,thcrewinarifei'=}*~^ i*-|-Jjf~' *', and by Divifion 
and MoltipUcation 8 j? * = 6 « ; that is, A P ( * ) is = i the Parameter of the 
Carre, 

P R d P. VII. 

The fione thtnes bting fupPofed ds before j iet it he required to ttrvefiigate the 
Nature of theCdufiUk AFK. ■ 

303. To invcftigate the Nature of any Curve , is to find an Equation which 
exprcflcs rfie lUIatioa between the Abfcifla AR, and the Ordinate RF; to do 

which : SOppofe AR = /, andRF=:&, then becauTe, M O («) = ^'', '*~^^ 



therefore P O = (v'M O 5 — P M 5) :^^— f" ^=' (by the preceding Article y 

x'—y* 

VL&J'J-^ aid (becaofe the Triangles MPO, MS F are limilar) MO 

X 

\ x*—j' J V —%y J ~2jr 

fllLL^ :SForPR (i— jf) = ^i and flow we have two Equations » =y 

4- ^— ~ * - , and * = * + -~r » which by the help of the Equation exprefling 

the Nature of the given Cdrve, winfenre to find a new Equation (cleared of the 
flowing Qpantities x and y) exprefling the Relation ofAR (i) toFR (z») 

For Inftance, if the Curve AMD be a Parabola, then jr =*,» ^ = J *""* 

*, and/ =—{*■"» *», therefore the Equation z.-=y-^ — *^ ■ becomes « 

— »>' 

a _i_ 4 J>^~" x* — x* i «"" x'^ '\- X 



a X ' = I x^ ~ 2 dr *, and Squaring both Gdes of the Equation, there will arife 
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- — 2--^ r =*H-i*=3*, whence the Nature of the Caullick AF K is ex- 

prefsdby this Equation, Jii = ,?i' — t «<<+ i ««>, and it may be obferv'd 
that PR (=— 2 ATj is always = 2AP(*) becanfe A R is = 3 j;, and this 
obfervatioa aflords us a new Method for dcfcribing the CatacaufticJt AFK. 

PROP. VIII. 

}/ the Curve A M D if the Logarithmeticd SfiirdI, mU if the Rajs of Int't- 
dime A M <7/at from the Center A. 'Tis requir'd to Jefcrike the CtuUct 
hjRefkaton AFK. \ 

304. Draw M C perpendicular to the Curve, and A C perpendicular to the Ray 
of Incidence A IW, then the point C will be in the EvoL.ta of the given Curve, 

and confequcntly AM =7 
"" «, whence M t 

and the 




Gt^J- 



Triangle AMF ban Ifo- 
fceles Triangle; and becaofe 
the Angle of Incidence 
A M T is equal to the An- 
gle of RefleSion FMS, 
therefore the Angle, AFM 
is = AMT; now the An- 
gle AMt is invariable, 
by the property of the 
Curve ; and conFequcntly the Angle AFIVI is inTariablc, and the Cauftick by Re- 
flcaion AFK will be a Logarithmetical Spiral, differing from the given Spiral 
only in PoQtion. 



PROP. IX 

Let the Carve AMD ie d viUgur Semicyehid, defcrit'd if the Revolution 
of the Semicircle N G M on the right Line B D ; and let the Rajs of 
Incidence P M fc faraUel to the Axis A B. T« required to deliriht the 
Ctufiick bj Repaton. 

305. Bectufc MGls=itheRayofthe Evoluta, and G P perpendicular to P M 
therefore MF=i<=PM, whence ifGFbe drawn perpendicular to the Refleaed 
Ray M F, the point F will be in the Curve 
requir'd. 

If the Rays HM, HG be drawn from 
H the Center of the generating Circle, 
to the defcribing pomL M, and the point 
ofContaSG, 'tis evident that H G will be 
perftnditular to BD, and that the Angle 
Gii H = MGH = GMP; wheiiccitap- 
pears that the Refieclcd Ray M F paUcs 
throiij;h the Crater H i now the Circle whofe 
Diameter is G H palles alfo through the 
point F, becaul'e G F H is a riglit Angle ■. 
therefore the Arches G N and -, O F, which 

pordonaltotheDiametersMK, G„, ^ftrr^fpe^^e ^^t^nd"clf^ue^n^ 

the 
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rte Arch GF = Arch GN = GBi whence it is manifcft that the Cauftick 
D F B is a Cycloid defcrib d by the Revolution of die Circle G F H on the right 
Line B EX . * 

Corollary. 

%o6. Hi? Space D A B F D is equal to thrice the Area of the Orclc G F H; fot 
the Semicircle M G N is = a the Area of the Circle G F H, therefore the Cy- 
cloidal Space AMDBis = tfx Area of the Circle G F H ; and the Cycloidal Space 
B F D Is = 3 the Area of the Qrcle G F H, and confequently the Space D A B F D 
is = 1 the Area of the Circle G F H ; and the Curve D F B divides the Space 
A M D B into two eqoat parts. 

t k O I*. X. 

tbt CMufiiek iy Refie^ioft H F being gi-vea, with the Luminous Point B ) 
To dejcriht ait Infaite Number of Curvesy fueh As A M, to which it is the 
Cdujiiclt. 

367. In any Tangent as HA aflumc the point A (at pleafure) fixe one of the 
pointsof the Curve A M requird -, on 
the Center B with the Radius B A, def- 
cribe the Arch A P^nd on the fame Cen- 
ter B, with any other Radius B M, def- 
cribc another Arch : then take A H 
4-HE = BM — BA=PM, and be- 
ginning at the point E, Evolve the '^TiS^^^S 
Caufticic HF; then the point E will 
defcribe the Curve Line EM, which 
M'ill interfeft the Arch of the Grcle ' ^b 
defaib'd with the Radius B M, In M, 
one of the points of the Curve requird. 

For AH + HE = PM, andEF = (from the Nature of Evolutions) MF, there* 
forePM (BM — BA) +MF = AH -^-HF, and confequently the Curve HFis 
the Cauftick by Refleaion to AM. 

Another vii), 

%K>%. If BMF beaThreaclffhofe extremities are made faft in Band F, and if the 
faid Thread be kept at its fiill extent, with a Pin in M, then if the Pin be fuppofedto 
move from A to M, while the Portion of the Thread M F touches the Cat^cauft- 
ick in F, it win defcribe the Curve AM requir'd : for it is evident that PM-+-; 
MF is always = A H -^- H F. 

Anotfxr wsJ* 

309. Having drawd ttie Tangent H A^ draw another Tangent F M at pleafure, and 
takeFK=^BA+ AH + HF-, draw BK, andbifcftthe fame in G, and draw 
G M perpendicular to B K, and it will cut the Tangent F K in the point M re- 
quir'd : for B M 4' M F = B A + A H ^V" H F, therefinv ±e point M is la the Curvf 
AM requird. 



Q.q^ CON- 
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CONSECTARY I. 



310. If the point B be at an infinite diltance from the Curve A M, that is, if the 
Rays of Incidence B A, BM, be parallel to a given right Line i the firfl: Conftriiction 
will alfo ferve here, if we imagine the Arches 
of the Grcles defcrib'd on the Center B to be- 
come Ilreight Lines, perpendicular to the Ray 
of Incidence. 

Or the Curve A M may be defcriVd thus : 
Take FK — AH -|-HF, then if the point 
M be found, fo that drawing MP parallel to 
A B, or perpendicular to A P, the Lines M K, 
M P be equal ^ then 'tis evident that the point M 
win be in the Curve A M requir'd ; for then P M 
-|- M F = A H '1- H F. 

Now the point M may be found in this man- 
ner.: Draw K G , perpendicular to A P, and take K O = K G ■, draw OG, and 
draw K P I! O G, and P M II G K, then M will be the point required ^ for bccaufe 
the Triangles G K O, P M K are fimilar, therefore P M = M K. 

CONSECTARY II. 

,If the Curve line D N, and the Luminous Point C be given ; to find an infinite 
Number of Curves fiich as A M, which (hall make all the double reflcded Rays 
M B, A B, Converge to a given point B. 

If we imagine the, Curve HF to be the Cicacawftick of the given Curve N D, 
C being the Radiant Point, 'tis evident that the fame Curve H F muft alfo be the 





Catacaufticlc to the Curve (A M) required, the Luminous Point (or rather the Fo- 
cus to which the double refleded Rays Converge) being in'B ^ wficnctf FK = B A 
H- AH-h^F» and NK = BA -i' A H -HH F-l- FN = (becaufe HD + DG 
= HF-l-FN + NC) BA-i-AD-t-DC — KCi whence there will ai-ifc this 

CONSTRUCTION 'I. 

AfTume the point A (at plcafiire) in any of the firft rcflefted Rays, for one of 
the points of the Curve (A M) requir'd ; and in any other reflefted Ray as N M, 
take NK t=BA^-AD + DC— ON; then draw BK. and bifeft the lame 
ill G i and draw M G perpendicular to BKj and the point M will be ia the 
Curve requir'd. . . _ ■ . 

C O N S T R U' C T I O N II. 

If the Cauftick HF be drawn, the Curve AM mayeafily be defcrib'd, if weaP- 
fume the points B andC astwoFoci,andin them fix the ends of the Thread B'MNC^ 
and with two Pins in N and M defcribe the Curves N D, MA, fo that the Por- 
tion of the Thread M N, AD, &c. always touch the Cauftick in H and A, &t, 

CONS T'R U C T I O N Ilf. 

And by this Artifice, Rays ilTuing from any point may be made to Converge 

to any other given point, after one fingle, double or triple, &c. Reflexion. 

* SECT. 
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S E C T. X. 
The Ufe of Fluxions 

InfinJini CmfiUks ij 9{efr4fim, to all forts 0/ Curycsl 



343 



DEFINITION. 

IF we imagine an infinite number of Rays B A, B M, B D, &c. Ifl'uing from th* 
fame Luminous Poinc fl, to be Refraded (from or to the Perpendicular M C) 
at the Curve A MD, fo that C E the Sines of the Angles of incideuce CMEbeal- 
waysio CG, ■the Sines of the refiafted Angles CMG, in a given Proportion, as 
w is to « ; the Oirve Line H FN which touches all the refrafted Rays is called the 
Dwamfiiek or Ctnfuk by Rtfradion. 

CONSECTARY I. 

311. If theCanlHckHFN belnvolved, beginning at the point A, the point A 
-■will defcribccheCurre A LK,.fo that. the Tangent L F -J- th6 Portion of the Cauft- 




ick F H, will always be equal to the iame ftreight Line A H ; and if we imagine 
another Tangent Fm/ infinitely near FML, and another Ray ot Incidence Bmy 
and if on the Centers F and B, the little Arches MO, M R be deftrib'd, the Red- 
angular Triangles MRw, MOw will be fimilar (becaufe if from the right An- 
■glesRME, GM«, we fubtraft the Angle EMw, there will remain, R M « = 
E MC •, and-if from the right Angles G MO, CMm> we fubtrad the Angle GMm, 
there will remain O M » = G M C) to the Triangles M E C, M G C, refpeSive- 
ly: therefore Rm: Ow ::'C Ei GO ;: m:n. 

And becaufe R m is the Fluxion of B M, and O m that of L M, 'tis evident that 
thefomof alltheRw, that is BM — BA, is to the fum of all the O w, that is 

ML, or AH — MF— FH :: »w: », and coofcquently »x BM — BA =i»)e 
AH— "MF— FHi and by Divifion'— B M— ^ BA = AH — MF — FH, 

andbyTranrpofidoD, FH=AH— MF-H- BA— — BM. 



C ON- 
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C O N S E C T A R Y II. 

!f the Arch of a Circle A P be defcrib'd on the Center B, then P M = B M — 
B A \ and if we fuppofc the Luminous point B to be at an infinite diftance from the 
Curve AMD, the Rays of Incidence B A, B M, will be parallel to one another, 
and the Arch A P will become a ftreight Line perpendicular to thefe Rays. 

PROP. I. 

The Nature of the Curve AMD, the Lumimus Point B, and the Ray of la-' 
cideitce B M, bein^ given ; to find the point F in the Refraiied Raj M F, where 
the [aid Rmj touches the D(4-(dufiick H F N* 

3ii;'In the foregoing Figure, find the length of the Ray of the EtoIuu mC, 
anfwering to the point M, and fuppofe the known Quantities B M =/, M E = j, 

M G = A, and the infinitely little Arch M R = a:, 

then becaufe the Reaangular Triangles MEG, MRw, MGC, MOw, BMR, 

t'x 
BQ,f, arefimilar; it is. ME (4) :M G (i) := MR- (*) = M O = ~ , and 

BM (,) :BQ,or BE (y+»):: UK (x) :Q,e = ^^~^— . and by the pro- 
perty of Refradion, Ce: C^ :; CE:CG :: »>: w, therefore w:» :: Ce — CE 
„Q_,^fk3zlly,Cg-CGorSg = '-^+y^ , and becaufe the 
ReSanguIar Triangles . F M O, and F S ^ are fimilar, it will be, M O — S ^ 
C"^''"'rj'/~'"^0 : MO (^j :: MS «r MG (*J : MF := 



Inn J —aan — mhjf 



, whence there arilcs this 



CONSTRUCTION. 

Towards MCj maie the Angle ECH = GCM, and take MK(towanIsB) = 

f:?, then I fay, if HK:HE ::MG: 
r 

MF; the point F, win be in the Dii- 
cauIlickHFN. 

Becaulethe Triangles CGM, CEH 
are limilar jitis, CG:C£::m:m;; 

E H = — ,' therefore 




MG (*) 

HE — ME = 



HM =ii!^=^", and HM - MK = HK = *!!!2n.'J?Zr:il!' ^ ^ „„. 
fcqnently, HK (*"^— .;^—" ) : H E (^) :: MG (») : MF=: 

Hmf 

iavjl — ilffjr— ««•* 

S CON. 
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COMSECTARY I. 

313. if rte Laminoos Poiot B beoathefidc of the Curve (AMD) towards E, 
.or which Is the fame thing, if the Carve be Goacave towards the Lumiaom Foioc Bj 




Uien y of being Poiitive will beciMne Negative, and conftqoently M F will be == 

• — ; — ^^ — ^ or -, —^-t , and the Conllruaion will be the 

>~-bmy-\- sny^tmn kmy-^smy ~\- »sn 

laiiK as before. 

C O N S E C TA RY II. 

If we foppole y to becotne infinite, then the Rays of Incidence will be parallel to 

one another, and MF= 7 will become = (becanfe the Term 

0my — sny — ssm 

s*n is iacomparably lefs than either of the other Terms hmy^ ot Mnjy and conlC'^ 

qnently may be rejeded) -7 ^—— =■ (dividing by *) 7 ; and bccauft 

* My ~^- an y v m ^4 ■ 

in this cafe ~ is =: o, the points M and K coincide, that is M R vaniflteSj and cohfe- 
quently the point Fb found by this Analogy, HM:H£ :: MG:MF. 

CONSECTARY III. 

The firne Curve AMD can have but one Canftick by Refraftion, the Ratio of 
w to » being given : and the Canftick is a Geometrical Curve, and may be Redi- 
fied^ the given Curve AMD being GeometricaL 

CONSECTARY IV. 

If «» be infinite in refpeft of n, then 'tis evident that the refrafted Angle C M G is 
infinitely little, and confequently M F and the Ray of the Evoluta M C coincide, and 
the Caoftick by Refradioo coincides with the Evoluu of the given Curve A M D< 

CONSECTARY V. 

If the Carve A M D be Convex towards the Luminons point B, and if the Value of 

M F f = -, ^ ■) be Pofidve, 'tis evident that the point F muft be 

\ * my — sny — * « »/ 

taken on the fame lide with the point G, in refped of M (as is fuppos'd in the Calcu- 
lation). But if the Value of M F be Ne^tive, then the refraded Ray F M muft be 
R r r producd 
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produced on ttie fide towards B, and the p6iiit F mull be ukea on the fame fide of the 
Curve with B. Whence 'tis evident, that in the firft cafe, when the VaUie of M F is 
Pofitive, the refrafted Rays Converge, on the fide of the Curve towards G (be- 
caufc it is on that fide that the rcfraded Rays interfeft one another, in order to deter- 
mine the points F ) But in the laft cafe, when the Value of M F is Negative, the re- 
fraftcd Rays Diverge, l>ecaufc being produc'd, they interfeft one another on the fanvc 
fide of the Curve with B, in order to determine die points (F) of the CauftJck. 

CONSECTARY VI. 

In like manner if the Curve A M D be Concave towards B, then is M F by CmftQ. 

I. == - , -^^"^ ^ ^l^y . Whence the rcfrafted 

— bmy -y anj — ««» pmj — any^-aan 

Rays, being infinitely near, Converge when the Value of M F is Negative ; and Di- 
verge, when Pofitive. 

CONSECTARV VII. 

If the Curve A M D be Convex towards the Luminous Point B, and if « be lefs than 

«, then the Value of M F ( 7 j is Negative, and confcquent'y the 

refrafled Rays Diverge. And in like manner, if th€ Curve A MD be Concave to- 
wards the Luminous Point B, and m greater than », then the Value of M F is Pofitive, 
and coufequcntly the refradted Rays Diverge (§. 5. tf.) 

CONSECTARY Vllt 

If the Rays of Incidence B M touch the Curve A IM D in the point M, then is M E 
( a ) =0, and confequently M F = * ; which fljevrs that the point F will then Co*. 
incide with the point G. 

CONSECTARY IX. 

And if the Ray of Incidence B M be perpcndicnlar to the Curve AMD, then thtf 
Refraftcd Ray M G, will Coincide with M C the Ray of the Evoluta* and the right 
Lines ME («> and MG (^) will each become equal to MC j therefore MF = 

^?=-i— y which will become , when thcRaysof Incidenceare para- 

my — nyf-bn m — »' * 

Icl between themlclves. 

CONSECTARY X 

If the RcfraSed Ray M F tonch the Curve A M D in the point M, then is M G 
(i) =0, and eonlcquently the Diacaoftick will touch the Curve in the given 
point M. 

C N S EC TA RY XI. 

And if C M the Ray of the Evoliita, be = o ; the right Lines ME ( « ) MG (A) 
will alfo be equal to nothing, and confequently M F =:^ o, and the point M will 
be common to the Caullick and the given Carre. 

CONSECTARY Xir. 

If ttie Ray of the Eroluta C M be Infinite, then the right Uo^ M £ ( « ) and 
MG (O willalfo be infinite, and the Taxsakmyt »nf will be iofimcely little 
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_ htmy 



and beaQfe this 



iarerpe^of hhmy, «>«, and coaTeqnciiUy MF wUlbe 

Quantity is Negative (S i .) when the point F falls on the oppofite fide of the Curve, 
iu refpoft of B ; and Pofitire, when B and F are on the Gime fide of the Curve ; 
it is plain, that the point F tnuft alwayiS be taktn of the fame fide with the point B, 
and confequcntly, that the refraftcd Rays will Diverge, And in this cafe, it is nianifelt 
that, the Arch M m is a Ilrcight Line. In which cafe, the preceeding ConfiruSion can- 
not be applied i and therefore this which ftrves to determine the points (F) of the Caa- 
ftick HFN, when the Curve AMD becomesaltreight Line, may befubftitutcdin its room; 

Dtaw B O perpendicular to tlie Ray of Incident B M, until it interfcft the righE 
tincMC (perpendicular to AD) inO, anddraw OL perpeadicalartothertfraited 
Ray MG, and make the Angle BOH = 
LOM. Then fay, BM:BH:: ML:MF. 
I lay the point F will be in ihtDUcMufiUk. 

For tic Reftangultr Triimgles MECj 
M B O, M G C and M L O art always fimilar, 
JMw grett Ibcvcr M C be fappos'd •■, and con- 
ieqaeotly, when CM is infinite, we have thii 
Analogy, ME (-) :MG (*) :: BM (>) 

: ML = — , and becanfe the Trhogles 

OLM, OBH art aUb fiifiliar, itls, OLI 

OB ::.:»:•• ML (^') :BH ='-^! 

Whence itisevidtnttlutBM O) iBH f^^ :: ML Q^'^ :MF=t^; 




PROP. II. 

tf iht Cutve Lim AMD fc < Sgtdrint d i Cittki ni D tk Umuieai 
PaiM. Tu rijuir'd to dtjcritc til Diacauftick HFN. 

3I+.IfAMDbea Qpadrant a! a Circle, then M C the Ray of the Evolula is an 
invariable Quantity. N0« fuppofe the point B at an iafinite diHancc from AMD, 
then the Rays of Incidence B A, B M, B D, &c. will be parallel betueen themfclvesj 
taadpetpendicvlarto CD; and let the Ratio of » to « be as 3 is to i. TheaUcaufe 




the tfolma of tfie Qtcie , 'Is cOnfrafttd into 6ne point C, Wiich is the CentW ; it is 
widmt ttaTt if we defaibe the Semi-circle M E C, on the Diameter MC. an* tal» 
Se S,ri C G = f ct 5.C Ray M G wM bt the reftaded Ra, to the Ra, of Inc.. 
deaeeBM, andthepointFiliayl>efo«iidl)J.*'-3iS. ^ ^> 

CO bJS ECTAR t t. 

31S. And to M the point H* where the Ray B A perptadioikr to the CbttS 
AMDj tooches the DUcanftick HFN, we have AH = (.Jn. jij. $ 9-) -j^zT^ 
= »♦-»*& COS' 
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CONSECTARYil. 

And if we dercribe the Semi-circle C N D, on the Diameter C D, and take tde 
ChordCN = fCDj it is (*<w. 3x3.58.) evident that the point N willbeiiuh« 
DiacauiUdc 

CONSECTARY III. 

And if A P be drawn parallel to C D, then the Portion of the Diacauftick F H 
.ls= {An. 311. $a.) AH — ME— tPM, and coofequcotty the entire Catiftick 
HFNis= |CA— DN. 

C O N S E C T A R r IV. 

If the Parallel Rays B M fall on the Concave fide of the Qjiadrant of the Grcte 
A,M D, and d the Ratio of w to a be as 1 is to 3* then on CM (the Elay of the' Evo* 




luu of the Circle) defcribe the Semi-circle GEM, and take the Chord C G = i C E, 
then will G M, produced towards F» be the RefTaflcd Ray to the Ray of Incidence E^l 
and the point F may be determined by Art. 31 j.§ 2. 

C O N S E C T A R Y V. 

- And to find the point H, where the Ray B A pfiTendicuIar to the Carve AMD, 

tenches the Diacauftick i AHis = (^rf. ipJ-Sp.) — ;^ = — 1*. Thatis, the 

point H falls on the Convex fide of Curve AMD, and A H the diftance of H from 
the vertex Ais = z AC =Diameterof theCircle AMD. , 

C O N S E C T A R Y VI. 

And if we fiippofe CGoriCE = CM, then *tis maniftft that the Refrafled Ray 
M F will touch the Circle A M D in M -, becaufe the points G and M coincide; Whence 
it is evideat, that if C E be taken = f G D, the i>oint M nill &U in N, the point 
in which the Cauftick torches the Qpadrant of the Circle, 

CONSECTARY VII. 

If C£ exceeds* CD, then the Rajre of Incideace fi M cannot' (be rtfradedor) 
pa&outof the GU/i OT dtnftr JUtJiumt into theAir or a thimur Atei^tim, becaafeitis 
unpofiible, that CG perpendicular to the refraded Ray MG, can be greater than 
C M J and cot^cquently all the Rays that fall betweea N and D mult be Refleded. 



CON- 



Djgiljzed by 



Google 



id iSKiatbemdical 'rhitofifbj. 249 

CONSECTARY VIII. 

AmiloSndthelengthof theDUcaoflickHFN. Draw A P paijillel to C D, tlieii 
the Portion of the Curve FH= AH— MF + JPM; and driwiug KKparalleltd 

CDi theCaiiftickHFN = 2AC + iAK = ^!^^^'cA. 

B^m i Ukve this Pnfcfuim, 1 think it ail not it Imftoftr to flmt few 

TheDoSritteaftbe Vbd of Spherical Glaflcs of all farts, 
exfos'd either to Diverging, Converging, or Parallel 
Kays, may bt deduc'd frorn the Principles here de- 
liver'di 

CONSECTARY IX. 

If AMD^ he Revoh'd about the Axis AC, the Qjiadrant AMD C will generate 
u Hemifphere, and if this Hemifphere infinitely producM towards ^ r, be fuppos'd 
*t Glafi ; and the ambient Fluid, Air. Then all the Rays B M, parallel to and in£- 
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K 
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i pm/^N 




..^ 
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^■^ 


~Ji r 



nitely near the Axis A C, will (being refraaed at the Sphcrico-convex Surface of the 
Glafs) converge to the point H, three Semi-djamctcrs of the Sphere diltant from 
the Vertex A. 

C G N S E C T A R Y X. 

And if an infinite Nambcr of Rays Diverge from the point H, diftant three Semi- 
diameters from the Spherico-concive Surface of the Air, and be Rcfrafted at the 
iaid Sphericorconcave Surface ; they will (after Refrafiion) run parallel to the right 
line H Aj drawa thrragh the Luminous point H, and C the Gmter of the Sphere. 

CONSECTARY XI. 

If an infinite Namber of Rays B M, be parallel and infinitely near to the Axis AC, 
and pafling out of a Medium of CV' uito a Mtdmm of Air, be rcfraded at the Sphe- 
rico concave Surfiice of the Air, they wiD Converge to the point H, whofe Diftancc 
from the Vertex A is = the Diameter of the Sphere, 



Sff 
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CONSECTARY XII. 

If the Ray H M Diverge from the point H (in AW) diftant one Dianjct?r frpm the 
ycrtcjc of the SpJicre of Glafs, bctefraflcd at the Sphcrico-convex Surface of the 
Glafii all the rcfriiiaed Rays will run parallel co the Line HC, drawn throngh the Lui 
tninous Point H, and C the Center of the Sphere. 

CONSECTARY XIIT. , 

In a Mt^ium of Glafs, if the Rays of Light be parallel to the Axis, and if they be 
rcfrafted at the Spherico-convex Surfece of the Air^ the refrafted, Rays will Con- 
verge to a fxjuit in the Axis (and in the i4idmm of Glals) diftaot one Diameter of the 
Sphere from the Vertex of the Glafs. 

CO N S E C TAR Y XIV. 

In a MeMum of A'tr^ if an infinite Number of Rays Convcrgfc to a point (beyond 
the Spherico-convex Surface of the An) diftant one Diameter of the Sphere from 
the Vertex, and be rcfrafted at the Spherico-concave Surfecc of the Glais, the rc- 
frafted Rays will run parallel to the Axis of the Sphere. 

CONSECTARY XV. 

In a MtMitm of Air^ if an infinite Number of Rays parallel to the Axis, be refra- 
ftcd at the Spherico-concave Surface of Glafs, die rcfrafted Rays will Converjge to a 
point in the Air^ (and in the Axis) whofe Diftance from the Vertex is cgiul to three 
Semi-diameters of the Sphere. 

CONSECTARY XVI. 

In a Medium of Glals, if an infinite Number of Rays Conrerge to a point diltaut 
three Semi-diameters beyond the Spherico-convex Surface of Air^ and be rcfrafted 
at the faid Spherico>convex Sur&cc of Air^ they will after Refraftion, run parallel. 
10 the Axis. 

SCHOLIUM 

/» DioptrickSj it is necefptry bulj tp (Offfi^ thafe ttdyit which cm enter into' 
the Eye in Mxrf given Poftion'j And therefore at we hrve fu^fofei the Eje 
fo^ed in the Axu H C, j^ the Dtmonjlrationj csnfiri^fy 4gree with noge 
hut thofe Rtjftthat are infniHly near the [aid Axis : But inPr/Ufice they 
maj ie aScmed a grester Latitude i and the faate Propartions rmj he ufedf 
tven ivhen the Point M is at fome little Difianee from the Fertex A, 
withattt froducittg anyfenjible error. 

tefort 1 fretted further cm thit $uhjtlfy it will he refitififi tifrmife another* 



P R 0?. 
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|r the Carve AMD ^ a S^aJrdat of d Circle, , ds l>efare, and .C the Centrr, 
iimi ^ the Rt)s of Imidenet B A, B M» B D, &t. Diverge from a given 
feiM B. ^it rvf aired K defirOe th Ctitfiick by Refraikion H F N. 

3irf- Through tJie Luminous point B, and C theCenter of theCirclc.draw the 
Indefiiiite Line B C H» and let die Sine di the Angle of Incidence be co the Sine 
of the refraded Angle^ as w is to « ; then bccanfe the Ceater C Is the Evoluta 
bf the Qrcle, the Lue M G will be a Ray of the Evoluu. 




bn the Diatneter M C deicribe the Semi-drcle M E C, and produce BMcheRnf 
faf Incidence, until it interfed the iame in £, draw the right Line C £, and tak* 

CG = — CE, then ic is evident that MG will be the Refrafted Ray to the Ray 

of Incidence B M, add the point F id the CauAick HEN may be found by uking 



MF= iArt. 311)- 



J^mj_ 



b my — »»n—'0ny 
And to find the point H, where the lUy B A perpendicnlar to the Curre AMD 

touches the Diacaufticfc H F N, wt have A H = {Art. 5 1 3. S *■) tr — — '•* 

my-^ * ** ~" rty 

Whence allies thi< ■■ ' 

CONSTRUCTION. 

To find the point H ; through the pcunts A and C, draw the right lines A Q. and 
CN parallel to . ach other -, and from the Luminous poiflt B, draw BN »t plcafure 
Interrefling A Q,in F ; then take C M : C N : : 
■ : M, and draw F M, and produce the ikia» 
to Hi I fay His the Point requird. 

For if the right One H N be produced to 
tj , and if F P be drawn parallel to Q,H, then 
BCO-f-^): BACy):: CN(w):AF 

-y^^ an<i CM(i»): CN (w) :: 




* !•/— »/ — *»* 




eoH^ 
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conseCTAry I. 

317. If B be a Radiant point, A M D a Lens Sphcrico-conver towards B, and H 
the Focns, whercunto the refrafled Rays MH Converge, then the Refiftences of 
^e Mediums are ReciprocaDy ia a Ratio compoimded of the Ratio of B C to C Hj 
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and of the Ratio of A H to A B j for the Ratio compoanded (rf the Rationes of B G 

(»+,J toCH (ii^+-ii^^).dof AH (^/^) toAB (,) 

is as b^my-l'bmy/ is to bhnjr-^bnyy, that is, as m is to », or as the Sine 
of the Angle of Incidence is to the Sine ot the Refra^ed Angle, or (A-;/ 162 ) re-i 
ciprocally as Oon&ties of the Mediums^ 



F 



ONSECTARY II. 



In a Medium of Air, if tlie Rays of Incidence B M, BD Diverge from the peAnt 
B, and be refi^fted in M^ at the Spherico-convex Sur&ce of a Medium of Glafs, 

then is A H = -^^ , and confequently the Foctis H may be found by this Analogy 



i6C-Ac('-^=~^y. AC 



(») :: BH — AHor BA 0) : AH 






G O N S E C T A R T in. 



If the Foci B and H, and A the Veftix (or Pole) of thi GlalS, te given ; die 
point C, and confequently A C the Semi-diameter of the Rcfiading Sphere may be 

found, by this Analogy 

AC O) :AC = J. 



ly A C the Semi-diameter of the Rcfiading Sphere may be 
^3BH-AH4if^:AH(^.^BC... 



C O N S -E C f A k y" iv. 

If the Foci B and tt, and C the Center of the Refrading Spbert be given, the 
Semi-diameter of the faid Sphere may be found, by this Analogy -, 3 -B H — B C : 
BC :: AH — ACorCH:CA. 

CONSECTAkr V. 

In a Medium of Giafs, if the Riys of Incidence H M Diverge from the Radiant 
point H, and be refiraded in M, at the Spherico concave Surrace of Air, the re- 
tTKltcd Rays M B will Converge to the Focus B, whofe diftance B C fi:om C the Cen- 
ter of the RefraOiDg Sphere h a fourth proportional to ^' A H — A C, A C, and 
. CHi 
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CH;foriAH-AcC-^J:AG(0!:CHorAH-AcC^^^-) 
.BC- -^^ -t-^y. 

CONSECTARY Vl. 

. In a Medium of Air, if the Rays of lacidence B M be Re&aded in M at thi 

Spherico-convei Sar&ce of a Mcdiuin of Gla^ then is A H = -— "l^ » ^^ ^^ 

ve ima^oe C the Center of the Sphere to be at an inElBtcc diftaace frofii A . (the 
Pole of the Glais) then the Refirading Surface will be a Pkin, and A H will become 
= — iy~Aby whence 'tis maoifeft that b the Focus of the Refracted Rays is on 
the lame Ikle of the Plain with the Radiant point B ; the Focus may be found by 
this Analogy, as the Sine of the Refradcd Angle (a) is to the Sine of the Angle 
of kicideoce (3) fo isBA (;) toAA = i^. 

CONSECTARY VII. 

In a Medium of Glafi^ if the Rays of Incidence B M be Re&aded in M, at th« 

Spherico-conTex Sm^fece of Air, then is A H = ;;^— r^ = — ~ ' lJ^ ~ > "o** H 

the Focus of the Refraded Rays is on the fame fide of the Re&adiog Sur&ce with 

the point B, and the laid Focus H may be ibund i &ying, 3 A C -h -^ ^ (3 ^4~/) 



:2AB(2>):: ACCO^AH: 



^h 



CONSECTARY VIII. 

In a Medium vf CUb, if the Rays of Incidence BM be Refraded in M, at tbc 

SphericoKX>nTez Sur&ce of Air, then is A H = t Jj i ^'^^ *^ ^ Center C 

be at an infinite diftance from the Vertex A, the Refradlng Snrfiice will become 
a Plain, and AH =— f 7=:A&^ and the Diftance of the Focus A from Aisto AB, 
ms a is 3 i whence in tMs Cafe the Focus of the Refraded Rays &Us between A and 
B, and ia the Cafe of $. tf. the Focus b &Us beyond the Radiint point B* 

C O N S E C T A R y IX. 

In a Medium of Air, if the Rays of Incidence H M Diverge irom the point H^ 
ud be Rcfraded in the pomt M, at the. Sph»-ico-concav« $ur&ce of Glals, tbcji 
the diftance of the Focus of the Refrafied Rays frcqn A (the pole of the Glafs) is 

= ~xS » ""* confcqoently the pomt or Focus, unto which the Retraced Rjiys 

Converge, is on the fame Cde of the Carre with the Radiant p(ttit H, aod i»ay bc 
found ifiying, AH+z AC (j'+iA) :AC(*) :: 3 AH C%y) :the diftance 

of the fiiid Focterfrom A = -Vri ' 
y-\'ib 

CONSECTARY X. 

Tn any Lens or Profpefttye Glafs, the Nature bf the Glafi and the Pofition of the 

Radiant point being given, the Focus whereunto the RefraAcd Rays Converge, may 

cafily be found. For 1°. find the Focus of the Rays Refradcd at their Entrauce into- 

T 1 1 the 
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the Glafs i if the Surface of tiic Glif^, expoftd to rlic Radiant point be plain, 
or if the Surface of the Glafs be Spherical, and the Rays of liicidcine 
parallel to the Axis of the Glafs; cr if the Surtaccof the Gi;ifs be SpliciiLal. and 
the Rays of Incidence cither Convcruc or Diverge. And as we thus find the focus 
ot the Kays Refrafted at the Surface of llie Glafs, expofed to the Radiant poinr, 
fo in like manner may wc find the Focus, called the Focus afttr Emcrlioii, of the 
Rays Diver^inj; from this Focus, and Refradtcd by the an blent Medium, as they 
pafs out of the Glafs, &e. if there be many GUfleswc may proceed ia fuch mimier from 
one to another 

SCHOLIUM. 

Marj more Coroffaries might he deduced from the for ef aid PrimipUs which 
for brevities fake^ I have here omitted ; for he th*t mil cotjjjder all the 
Cafes, arijing from the diverfities of Mediums, their various asd dif- 
ferent Pofitions in refpeB oj one another (or in refpe£i of the Refrailing 
Surface) the different Pofitions of the Refraciing Sphere ii* rejpeii of the 
Radioing foint, and even the gnater or lejfer dijlance of the faid Radi- 
ating point from the Refracfing Sphere may eaftly extead this Speculation 
to an infnite Number of Cafesy which I have not mentioa'd. 



PROF. IV. 

The Caaftick hy RefraBton H F, the Luminout point B, ttnd the Ratio of mto » 
heimg given \ to find an in^nite Number of Curves, fuch as A M, ^o whith 
the given Curve H F {ball be the Diacaujitck. 

318. Draw any Tangent at pleafure as H A, and alliimeany point therein as A, 
for one of the points of A M the Cnrvc required \ on the Center B with the Radius 
B A) defcribe the Arch A P, and with any other Radius B M, defcribe another ob- 




fcure Arch •, then take A E = — P M, and delcribc the Curve £ M by involving 

the Cauftick H F, nndl it cot the Arch deicrib'd with the Radius B M in M ; then 
(by Conftruaion) PMorBM— BA:AE or MLorHA— FM — FH :: w:*, 

andconfeqnently FH=HA — FM+— BA— — BM (^rf. 311. §. z.) and 

the poiat M is in the Curve required. 



Another 
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Another Soluthn^ 
519. In any other Tangent FM find the point M,fo that HF+FM + — BM = HA 
-V- " B A, in this manner : Take F K = — B A 4- A H — F H, and in the Line 

FK find the point M, fo that M R = — 

B M, then M w ill be the point requir'd. 

Now this may be done by dcfcribing the 
Curve G M futh that drawing from any 
point thereof M, the Lines MB, MK, to 
the points B and K, they fltall always 
be to each other as m is to n. 

Draw M R perpendicular to B K, and fuppofe the known Qjlantity B K ^ « ; the 
indeterminate Quantities BR=:Ar, RM —y\ then bccaufc the Triangles B R M^ 

K R M, are ReSangular, therefore B M = 'Jxx'-Yjj and KM — ■ 
^aa — iax-Yxx'\-jyy and to anfwer the Demands of the Problem it is 5 
^Kx-\-jy 1 '^aM — 2Ax-\-xx-\-yy :; m:n, whence there arifes this Equation 
1 ttm mx — 

•"= m,n- 

io Che Petiphcrj of a Circle, whence there will arife this 

CONSTRUCTION. 

Take B G = —^ , and B Q.= 
Semi-circumference GM Q,, I lay it will be thcLocus required ; for becauft Q.R = 

Ba— BR= -^ — AT, and RG = BR— BG = *■ "^ , by the pro- 

perty of the Qrcle Q,R x RG = MRj, and confequcntly /y= 



COROLLARY. 

If the Rtys of Imidetut B A, B M, ^ fMr«Bel to * right tinty whofi feJhio» 
is givf/t ; the frfi Solution tPtS dvti^s [erve^ or in flut <f the fecondy tht 
foSoming> 

320. Take FL=:AH — HF, and draw LG parallel to ABand perpeadicni 

larto A P ; then take L O = — 
m 
L G, and draw L P parallel to 
O G, and P M parallel . to 
, G L, then 'tis evident that M 
is in the Curve requir'd ; for 

L0 = — LG, and ML = 

-IPM. f 

JM 

PROP; 
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P R O p. V. 

The Curve Line A M, the Lumnous pint B, and the Ratio (^ m to n being 
' given ; to §ni in infinite Namher of CarveSy facb ms D N, which (bsll re- 
fra3 the refra^tA R*js M N, *ad mdke them Converge to *rty given foi^ C. 

321. If we imagine the Cnrvc FHtobe the Cauftickby Rcfraftion to A M, the 
Radiant point being in B^ 'tis evident that the fame Curve F H ought to be the 

Cauftick by Refraflion to 
the Curve D N, the Lumi- 
nous point being in C, there- 
fore i^Art. }ii. S 1.) -" 

BA+AH=— BM + 

=^ MF-fFHi and NF4- 
H n 

FH NC=HD — 

-?^DCi andcoDrequ6iiiIy-^BA-t-AH=£-BM + MNH- HD— —DC 

^ — NC;andbyTranfpoCtion — BA — -^ BM-h — DC-^rAD = MN+ ' 

— N C ; whence wc have this 

CONSTRUCTION. 

la ao7 RcfiraAed Ray A Hi take the point D at pleafure , for one of the poiats 
c^tlifrGtrTt DM required} audio a^ other Reiiraded Ray as M F, take M K = -^ ' 

BA — — BM + - DC^ADj and find the point N by Art. ji^h foUat NK 

be = — N C J then the point N will be in the Curve D N reguir'd. 

Gtnvrtd Confiifarj. 

Jii. Itis erideat that the fime Corve has bot one Evokta, one Cauftick by Re- 
flexion, and one Cnftick by Refradion, when the Luminou; point and the Ratio 
of M to K is given; and that when the laid given Curve is Geometrical, they an!- 
Ib alfo ; and confequently may be Redified, and any Curve may be an Evoluta, 
C«ftl^ hj KeBexioD or Re&adion to an infinite Number of Carves. 

SCHOLIUM. 

Btfore I ctnclude this SeHiom, I think it mSnM it snufi to Mfuaimt the 
Toung Student further, that it mty be reguir'd te eQitjiru^ Carntty wkick 
Jhiii nudie Rofst ij[«i«g /rom Mtrf given pint Comnrg» to Another given 
point J after one fi^le Rejkxiou or Refrmi(m ; Mnd hecutfe the Speeuiation 
thus enldrged nt^be of mtre uatwrftlmfe: J/bsS brief j /bew hoa> fmb 
Curves maj be deferibd, 

« 323- Let 
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3 1 ;'. Let B be the Lmniaous point, &om whidi tlie Rajs B M, fi w Diverge ; and 
fowofc the DiTergtng Rays to be Refraaed at; the Cnnre AM m, awj th8t.?Uthe re- 
fn&vi Rays M H, M H Ooavrrge to aof point H ^ec the Rays B M, Bm beinfinitely 
near each other, anddrawtbeTangCDcMw^and MH perpenaioilartothelaiiieia M; 
and let the Sine of the Angle of Incidence FMN be to the Sine of the Re6:aaed An- 
gle HMNasMiscosidraw MR, MF, perpendicidartotbeRay<tf iQcidoiceBMF, 




md the rt!n&cA Ray MH, then the Angk M « F is = Angle of Incidence tM^i 
faecaufe each bcmg added to the Angle mM F makes a right Angle and (for the IIlM 
reafon) M at R is =: the Refraded Angle HMN j therdore if wM be made Radios 
M F wiD be equal to the Sine of the Angle of Incidence, and M R = Sine of the Re^ 
framed Angle \ and CQnf«iuently M F : M R : : ■ : » ^ that is^ the Incremenc of th* 
Ray of Incidence (B i« — B M) is always to the Decrement of the Refrafted Ray (H M 
— H w) as w is to ■ ; and confcquently the Sum of all the Increments of the Rays o^ 
Incidence, or B M — B A or M P = A O, is to the Sum of all the Decrements or the 
Rcfrafked Rays, or HA-~HM or AE*»Mistoi^ nbence if both the Foci B 
and H, and A the Vertex of the Curve A M reqnir'd, be given, the Curve A M may 
Ve delcrib'd th«s. 

Take AG atjieafure, then fey w :»: : AO: — AG=AE, then fin the Cea* 

ter B with the Radius B G, delcribe the Arch B M G, and oa the Center H, with lite 
Radius H E dcfcribe another Arch E M, ioterTeaiog G M ia M, and the point M 
IviH tte in the Carve A M requird. 

324. Asd becnfe the Velocities of the Tanklt of light, hekn and after Re^ 
frai^oa (^frv. itf}. S 1".) are ntwrnrtiooal to the re<i>ediye Facilities of the Me- 
diums, and that the tsnes are direeUy as the Spaces, and redprocally as the Veloci- 
ties ; the times w blch the particle of Light ukes to defoibe B A and A H, may be re- 
preftnted byBAxf»4~AH)t»s and the times which any other particle of LjghC 
takes to dclcTibe B M and M H, w)U alfo be reprefoited by B P X » -)- P M X a 4- M it 
xiff = BAx»4~PM"" + AHxM—A£xw= (becaele PM: AE ::«*:«, 
and PMxii=AExm)BAxii-1-AHxm; whence it is maoifirft, that parti- 
des of li^c Diwging iraai B and Gnaveigiae to any giveoi pMoc H, wiQ dmibe 
the Uses BA, AH; BM. MH; Bw,«»H,<^. ineqnal tines i and hcnoencfaavfl 
another Meciiod for defctibing foch Corves. 
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Make AC = — AH, and baTing defcrlbM.OQ the Center Bany.Arch MG intef- 
Jeflnj A H in O, on the Center H, and with the Semi-diameter H E = — GC,det 




tribe another Arch E M interfeding lU C in M j I iity tlie point M is in the Currc 
requir'd. 

For if A B reprcfent tbe time that the Particle takes to more from B to A, then 

AC = — AH will rcprefent the time the Particle takes to move from AtoH, 

andconlcquently BC will rcprefent the whole time the Particle takes to move fitjm 
B to H i in like manner, B M or B C will reprefent the time which the Particle takes 

to more from B to M, and G C (being by Cpnltniaion = " M H> will reprefent 

the time from M to H, and confeqnentl; B C will reprefent the time which the Particle 
of Light takes to defcribe B M -^ M H i therefore the point M is ia the Curve requir'd. 

125. The point M may alfo be fbund,ifAB be divided in S,fo that AS = - AB ; and 

MP 

if on the Center H with any Radius, the Arch M E be dcfcrib"d, interfe^ng A H io 
£, and on the Center B with the Radius A G = — S E, another Arch G M be def- 
icrib'd interieding the Brit Arch in tbe point M requh-'d. 

326. It is alfo manifell, that if » be = 3, and it = 2, then A G = i A E and the 
Carve A M m is one of Ctfrr«/;«/s Ov^ii ; and if we fuppofc the point B or H to be 
at an infinite diihnce from A, or both to be on the lame tide of [he Curve A M w 
then we Ihall have all thofe Figures which the forenamcd Excellent Perfon has IreateJ 
of (in Relation to Refradions) in his Geometry and Dioptricks. 

For inftaoce; if the Rays of Incidence B M be parallel to one another, then the Arch 
G M wiU become a ftreight Line perpendicular to the Alis A H, and the Curve 
A M D may be confiniaed by any of the prccceding Methods. 

And the fiid Curve AMD will be a perfeft EllipCs, defcrib'd fothat the Tmt 
Ttrfo Aiis A D is to the Diflance between the foci, as (foppoCng »• = 3 and » = I) 




J 1$ to J ; that IS, as the Sine of the Angle of Incidence is to the Sine of the Angle of 
Emergence : for if we fuppofe the known Quantity A H = «, the perpendicular A P 
= MG=/, PM = AG = «, and GH = < — », tbea MH=^ _ 
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V*j*a-i*ir-|- xx-^j^; now the Nitnre ^f the GnrTe is fudi tiiat f P M -^ 

MH = AH, whence we hive this Equation jx-^Vsa — i «* + **+/> 

= 4, aod by TranfpoGdoo, *'*« — 2«ar-f-**-i-/7 = « — f jfj and by inVolotU 
on«« — 2«*-^*j(r -|-^jf = j< — fdx — fxxj and confcquently j»_f = f j* 
-^ J jr V, and f >> = f * * — *xi thit is, if A D be made == f A H, then the 
the Redangle A G D is = | the Square of the Ordinate G M \ whence it is evident 
that Lhe Carve AM D is an Ellipfis, and the TranTverfe Axis A D is to the f ararne* 
ter as 9 is to i, and confeqxxntly the Square of A D is to the Square of the DtftaoAe 
between the lod, as 9 is to p -^ 5, that is as ^ is to 4 j and the Tranfreiie Axis 
A D is to the Difiance between die Fod, as 3 is to 2. 

Aodif«cfbpp(^tttepcnntH to be at an infinite diltana&oin A, thentbeeorve 
A M win he an Hyperbola, and the 
Luminous point B wiQ be in the Foctis 
of the oppofite Sedion ; or if we fnp- 
pofe the Rays of luddencc H A> H M 
parallel to Oat another, to be Refrad- 
cd at the Concave Sotfice (fa that the 
Sine of the Anjgle of Incidence be to 
Suie of theRefraded Angle as 2 is 3) 
of an Hyperbob AM, they will Con- 
verge to the Focus of the oppofite Sefti- 
ou', and the Tranfverfe Axis is to the 
difiance between the Foci, as the Sine 
of Che ABgltOf Incidence (2) is to the fin: of the Angle d Emergence, (3)' 




SECT. 
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S E C T. XI 

The Ufe of Fluxions 

h £t1r^^«iiiig th Cmm (f GraVttjf ^ Lims, Sur/aees and SM* 



31). Thcoi^i^tttm^ tktClHtvrafGyiwity^idSMlitd^fshientftemtdMtof 
the Nobiefi' Speealatioas i/t Geometry, sad the Dignity ef the StMtH has 
fo influenced the Minds of the befi mi tsteft Geometer s, that their firth 
duihoMS harve heen MffwerahU ; and indeed fince the admirable Oifiovtn 
of a more Sublime AnalyHs, the advMeemtntf this jpoj have teem fath^ 
that m can hatdly expeS greater, the vehoie tti^ redutM to we general 
Fropofitioq, which defends on a few fmple Metbamtk Friiuifiesy/uehdtf 

I. 3 D, C, 4 D, Reprefent a BaQance, and C tHe pcont of Sufpeofon, and if the 

^^ Burdens 4 B and tf B, be fo applied to 

SD 2~D '^T D aP 4P ^fw Ballance, that tbetr Mallcs be rcci- 

I j C I ! '1 procally proportional to their diftan- 

1^ JL • A *« ^ ^"^ ^"^ ^ ^^^ F^'°^ of SufpenGon ; the 

4^ 3B B ^:r ^"^^9 Burdens will reft in EtjuiUbrte, or ex- 

aftly poize each other i thus if D re- 

prelent theDiflaDceofBfromthe point of Sufpcnfion, 3Dthatof4B,aDd aDchatof 

6 B, then the Burdens 4 B and (ffi matoally poize each other, for 4B:tiB::2D:3D. 

II. The Momentnm of any Burden is equal to the Rcflangle comprehended under 
its Velocitiy, and the Quantity of matter in the lame •, thus the Momentum of the Bur- 
den 6 B is = <S B X 2 D, its diAance from the point of Sufpenfion = 1 2 B D. 

III. And if the Momentum and Weight of any Burden (or Quantity of matter la 
the iame) be given, the Diftance of the point of Application from the point of SaT- 
penlion is found by dividing the Momemum of tlic Burden by the Weight or Qjian- 
tity of' matter in the lame \ thus if a given Burden be tf B, and the Momentum thereof 
= 1 2 B D, then the diAance of the point of Application ft^m the point of Sulpea- 

Hon IS = - „ = 1 D. 

P IV. If feveral Burdens be Snlpeaded on each fide of the i>oint of Sufpenfion ; mul- 
tiply every Burden by its refpedive diftance from the point of Sufpenlion, then if 
the Sum of all theRe^nglcs on one fide beequaltotheSumofallthofeontheother, 
the Burdens will be in E^utlihria ; if not, that fide will preponderate nhofe Sum is 
the greater ; thus in the Example, the Sum of all the Kedangles towards the left 
hand of C is = (the Sign — > denoting towards the left hand, and the Sign -|~ de- 
noting towards the right Hand) — iS'BD, and the Sum of all the Redangles tow- 
ards the right Hwd of C is = -|- 33 BD, whence it is evident that the prepon- 
d«rancy is towards the right Hand^ and is = 1 ) B D = to the Momentum ot all the 
Burdens. 

V. The Momentum of all the Burdens being = -f^ i y B D j and the Sum of all the 
Burdens =: 19 B ^ it is evident that if that be divided by this, the Quotient |^ D 
= (Princif. %.) the dtfignce tf the eorumtn Ctnttr <f Gravity of all the Bordeos front 
the point of S^colioa C. 



VI. And 
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VI. And if the Burdens B, 6 B and 5 B he fnfi-cndtd on the fame fide of C, then 
the film of their Momenta is = 33 BDi and the Sum of the Burdens is = 12 B, there- 
fuie a Burden = 12 B, and fufpendcd ii D dillant fnm C the point of Sufpenfion, 
will gravitate in the iame manner as the fepcrate Burdens do now at their rcfpedive 
dilUncesi that is the faid point is the Center of Gravity of the Burdens, for the 
cvmvioti Cttttrr of Gravity of many Burdens is that point in which all tiieir Forces 
unite, and whereat if they be all joyntljr fufpcnded, they will produce the lame efleft 
as before they did feperately. 

VII. If we fuppofe the Line A B to be fufi«nded at A, and if the Line be divided 
into an infinite Number of heavy points; it is evident, that the points, the fur- 
ther they are from A, the more they Gravitate, 

and the Momentum of every point is equal to the ^ -n 

Reftangle comprehended under itsdiftancc from *,- 

A the point of Sufpenfion, and it felf or Unity ; jf^ 
and confequently the Momentum of all the Votnii 
is — to all the laid Redangles \ and if the laid 

Total M^mtntum bc divided by the Ttul Gravity of all the points ; that is, by the 
Gravity of the whole Unc A B, the Qpotient will be equal (priadf. 3 , and 6.) to the 
dillance of a certain point from A, at which if all the points be fufpendcd, their Mo- 
mentum will be the lame as it is now \ that is, that point will be the tommon Center 
<f Gravity of the Line A B. 

VIII. If a Line or a Plain or a Solid be divided into two halves, by a Line or by a 
Plain, fo that all the parts in one Segment be equal to the refpeftive parts ot the other, 
and equidiftant from the laid Line or Plain, then 'tis evident tliat the Center of Gra- 
vity of all fuch Figures, muft be in that Line or Plain. Hence it naturally follows 
that, 

328. Tofind the Center of Gravity of any Line, Plain, or Solid ■, imagine Lines 
toconfift of an infinite number of Points, Plains, of an infinite Number of Lines,and 
Solids of an infinite Number of Plains ; and fuppofe all the (aid parts to be fufpendcd to 
the lame Arm of a Ballance common to all \ and let the point of fufpenfion be in the Ex- 
treme point of the Line, edge of the Sur&ce, or Surrace of the Solid \ find the Sum 
of the Momenta of all thofe parts, which divide by the Sum of the Weights, or the 
Weight ot all the parts; the Quotient is the diftance of the Center of Gravity of the 
line. Plain, or Solid, from the point or Axis of Sufpenfion. 

P R O P. I. 

To ^ad the Outer cf Gravity (f a Line. 

319. Let the Line A B be ■= x-, and one of the parts thereof, infinitely little 

i B = *, then the Momentum of the Portion B i is = * * (by Trm^. *.) that is, * * 
is the Fluxion of t^ Moments, and tbe Flowiog 

Qnantity or the Sumof all the Moments is = — 't^=^ i-i' 

which being divided by the Sam of the Weight t = x, the Quotient = ^ «-, is the 
diftance of tbe Center of Gravity of the Line A B, from A the point of SuQxnIIon ; 
tbatis, the Center of Gravity (h A B is in the middle point between A ancf B. 
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PROP. II. 
To find the Center of Grsvitj of the PdraSelogram A B DC. 

330. It is evident (by Prmeit. 8.) that the Center of Gravity of the Parallelogram 
ACmoft be in the Line EF,wnich divides the lame into twocqual parts, which is fur- 
ther confirmed, becaufc the Centers of Gravity of 
all the Lines MM, w », are in the points P, p, where- 
in the Line EF bifeas them ; now fuppofing the point 
of Sufpcnfion in E, and A D or EF = *, E P = *, 
P^ = «, AB or MM =i, the fifomentum of the 
infinitely little Parallelogram M m, or the Fluxion of 
the Moments is = * * *, and the Flowing Qpantity 
or the Sum of all the Moments is = , wluch be- 

Ing divided by i * = Parallelogram B M, or tiie Sum of all the Wrights ; the Qpo- 
tirat ^ X is = to the diftance ot the Center of Granty of the Parallelogram A M 

from E,that is — is = to the diftance of the Center of Gravity of the whirfe Pard- 

lelogram AC from E^ becaufe then x becomes = x. 

P RO P. III. 

To /foi the Center of Gravity of *nj TrUngle. 

331. Let any Triangle as ABCbegiven, and from the Vertex A drawthcLine 
AD (=<) dividing the Triangle into two equal parts; then 'tis evident (by Tta- 

eif. S.) that the Center of Gravity of the Triangle 
muft be in that line ; dfaw the Line A R (= A) pcr- 
pendicular^and MM ( jr) parallel to the Baft BC = ^ ; 
and draw m m parallel and infinitely near to MM \ 

and fiippofe AP = *, AQ,=:i6, aod Q.j =fc;. 
then Suppoling the point of Sulpenfion in A, the 
Fluxion of the Weights ; that is, the infinitely lit- 
tle Parallelogram M m is = 7 e ^ aikl becaufe the Tri- 
anglesAQ.?, ARD are limilar ; it is, s : x : : 




b : 4, and s = - 



, therefore the Flux- 



OKof the Weights jri is = -^, «d becade the Triangles MAM, BAC are 



firailar ; ; is = — , and conieqoently — ^ i 



hbx 



y which raultiplyed by A P 

= *, theftodoft — -^ is = to the FhiJjonrf the Moments; and the Hient tn- 

ib xi 

the Saqi of all the Moments is = : which being divided by the Sum of the 

its' ° ' 

Weights, or the Triangle AMM = — —\ the Qpotient = f * >s = to the dift- 
ance of the Vertex A from the Center of Gravity of the Triangle AM M ; and 
when P falls in D, then a: is = *, and the diftance of the Center of Gravity of the 
whole Triangle ABC from the Vertex Ais = t4. 

C O R- 
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COROLLARY. 

33X. If the Triangle A B C be an Hbfceles Triangle, then the Lines A D and A R 
win coincide, and the Diftance of the Center of Gravity of the Ifofceles Triangle, 
from the Vertex A is = f (be perpendicular let fall from the laid Vertex on the 
Bale. 



PROP. IV. 
To fad the Center of Gravity of sn Arch of a CmU, 

333. Let the Arch of theCircle EBF, wholeCenterof Gravityisrequir'd, beleJs 
tlnatbe Semi-circumference \ then 'tis cvideni:, that the Center of Gravity of that 
Arch, mult be in the Ray which bifeds the lame : For if an infinite Number of Chords 
be drawn Parallel to EF, they will divide the 
whole Arch EBF into an infinite Number of 
equal Arches,which we may confider as lb ma- 
ny Weights applied to the Extremities of the 
Oiords drawn parallel to EF, and bifeded 
by the Ray C B, whidh alio bHeds the gtven 
Arch. 

And to find the Center of Gravity of the 
Arch E B F, io the Ray C B j let the Diaine- 
tcr A D be drawn parallel to the Oiord E F, 
and draw the Ordinate M P, and another Or- 
dinate m p infinitely near the fiime, and dravr 
the RadinsCM. Then fuppofe AD = 2r, 
EFt=a*, the Arch EBF = 2*, tteOrdi* 

iuteMP=jf, CP — *, Pf = *i tbeArch 

BM^%,and Mm:=K. Then if wefappofe AD tobethe Axtt ef So^cttfiod, 
the Difluceof the infinicely little Arch Mm fi^im the fame is r=PM=/, aodowt- 
fcguently the Momentum thereof i&yi.. Now becanfe the Triangles C F M, UKm 

are limitar, & is ;= — « therefore j>«b=rjr =to the Fluxion of the Moments, 

in TcfyeQ. of A D the Axis of Motion. And conlequently the Sum of all the 
Moments is = r jt, which being divided by tiie Sum of all the Wei^s B M = x, 

the Qtiodeni: -^ givefChe Diftance of the Center of Gravity of the Arch BM from 

the Axis of Motion A D, and when the Arch B M becomes = BE, then z,^c, and 

x=4i. and— = — = to the Diihnce of the Center of Gravity of the Arch EBF 

z, e 
from the Axis of Motios AD. 




CONSfiCTART t 

|34- Hence 'tis evident, That the diflance of the Center of Gravity of an Ardi 
from the Center of the Circle, is to the Radius of the Circle, as the Chord of that 



Arch is to the Arch, for — : 



1 4> : c ; : 24 : 2 c. 
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;64 Fluxions: Or an IntroduUton 

C O N S E C T A R Y II. 

if the Ratio of the Chord of an Arch to the Arch it &lf be givei^ the Centq- of 
Gravity of that Arch may be found \ and contrarily, if the Center of Gravity of aa 
Arch of a Circle be given, the Ratio between the Chord-andthe Arch, andconfc- 
quently the Ratio between the Diameter and Semi-circumference may be found, 
which complcats the Quadrature of the Circle. 

PROP. V. 

To fnd the Center <f Qrsvifysf the Seitor of 4 Cirf&. < . 

This mi^k he ftrfornii hy Cor. Prop. ? , sni Ptopt 4, But I ifjafe' rgtbtf 
to do it indefendently of either ; in this msaner .- 

335. Let MCM be the SeSor of a Circle, whofe Center of Gravity is rcquir'd. 

Draw the Line C A bifeding the given SeAor *, then 'tis evident that the Center oC 

Gravity of the Sedor muft be in the feme. On 

^ the Center C defdribe any Arch Q P Q, and draw 

^^— ,"---. the Chords MM, CLQ.. Thentuppofe thcRa- 

] diusCQ.= -*i and draw, another Arch^^jy j,ia- 

-:';"' ^Ti finitely near Q.PQ^ and then Q.j = x. 

^(;'- — j--r> ^ \ Now (Art. ^ii.y the Momentum of any Arch 

- " "' '>■ ' '- " "'-'I \ M A M in refpcd of the Axis of Motion B £X is 

^ ^' O equal to the Radius trf" the Arch multiplied iato 

the Chord of the Arch, therefore the Momen* 
tnm of one Arch is to the Momentum of another Arch, in a Ratio compounded of the 
Rationes of their Semi- diameters and Chords ; that is, (becaofe the Chords areas 
the Radii or Semi-diameters) in a Duplicate Ratio of their Semi-diameters. Whence 
CM' (rr') : CQ." (**) :: Moment of MAM (%Mr) : Moment of Q:P Q, rf±^ 

, which being multiplied by * = Q,j, the Produft — is ajual to 'the 

MooiQit of the inSnitely little Annulus Q.PQ.?^f, and the Bowii^ Qjuatit^ it 
= = to the Sum of all the Moments of aU the Annuti that codipofe the Se&x- 

<iC Q, Which being divided by ^-^ = the Value of the Seaor QjC Q^ d* iQi»- 

tient ^-^ is = to the Diftaoce of the Center of Gravity of tbc Beftor QGO 

3* > ■ . i, ■ - 1 ■,- u — • 1: 

from the Center C, and when Q. &Us in M, then x will become = r) and — ^ = 

■ ■-"• ■ :;■:..■■■:'■.■ 3f.A 
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CO JJSE CTA Ry t 

53S. The diftance of the Center of Gravity of any Scfior of a Cirde fitJm the 
Center is to f parts the Radius, as the Chord of the Arch is to the Arch it felf : for 

CONSECTARY it 



Hence if the Center of Gravity of thcSedorofa Circle MC M, andof theTrian-^ 
gk M C M be given, the Center of Gravity of the Segment MAM may eafily be 
found ; for if the Momentum of the Triangle be Subtrafted from the Momentnrrt of 
theSeftor, the remainder is the Momentum of the Segment MAM, which being di- 
vided by the Segment M AM^ the Quotient is the diftance of the Center of Gra' 
vity of the laid Segment from the Center C 

Forinllance, tfaediftacceof theCentet ofGravityofthe Sector MCMB, fromtho 

Axis ot Motion DEis=r-i r 

2-^"^ — r< and the diAance of the Center 

6f Gravity of the SeclorMCMB from thtf 

Axis of Motion BT is =r -r= — - ~ - r. 

The Seftor MCM is = r<, therefore the 
Momentum tliareof in refped of DE is = 

' — '■ rxre= — ' — — r % and the Mo- 

Bientnm 6f the (jime Sedor, In refpeft of the 

Axis of Mouoa B T is = 11=^* r k r « = ^*—^* p.. 

The Center of Gravity of the Triangle MCM being in C V, u diftant fiom C» 
fCV=fr— fi> (fuppofuig B V =: o) and the Area of the Triai^e hrs—vs^ 
whence the Momentum of the Triangle M C M in relped of D E is = } r — { v x 

3 ~ 3 

= ^bccaufe ivx =>.' 4-*S «id w^^l±^'^ Illi^3*t>r-2>i^ 




f J — V4= - 



the Momentom of the Triangle MCM in relped ofBTis = fr-f-$trxr« — vs 

■~ , 3 ** i ~ I ' 

And the Momentum of the Seftor JUi»i» the Mcaneatom of the Triangles to the 
Momentum of the Segment MBM, in reTpc&of PE, is = ^^"^ ^* r* — 



Ifr-JU 



= *r*— jf'+jvf — }«', and ia re^ed^ BT th^ 



Momentum of the laid Segment MB M is = 



mr* — i»vf^lsi . 



rrt 
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Digilized by 



Google 



And the Momentum of the Semi-fegment M B V in refpeft of •{ g t V " 
■{|"'-|''*+4'Vr-f*> }-=i"a dividing the MoBtnram of the Segment 
MBM in lejpeS <if DE^byrte Se|inenlit felf, <3iat is diTigJing <i*— •r'4-j«r + 
I tf9 by c r — rj-t- vtf, ordhfidios %cr* — 3 'r*~~^ 3«*r-l-2*lby j«r--T! 

a r^+a ««, theitwiUariIer + ' i for the d&Unceof tfaeCear 

ter of Gravity of the Segment MBM, or the Semi-fegment M B V from D E v and 
the diftance of the Center of Gntvtty of the laid Segment or Scmi-fegmenc froin the 

Center C is = — — "^ ; — -^— , and the dilbncc' of the Center of 'Gravity 



of die Aid itaueM m Sani-figiaoit fion BT is = r ■ ' " ' ,- — 

i'r—i't-\-iVt 

and when V comes to D, then * =0, and amfegnently r * — ^ — -; 

jer— jr*+3i.* 

is icrzEcatlKdilbBGe'Of the Comer of Gravity of the Circto BMDM orllije 
Semi^de B M A D from B T. 

CONSECTARYUJ. 

And to find the diltance of the Center of Cavity of the SeScr HPMt dot 
DEorBT. 

Thediftanceof the Center of Gravity of the Triangle M DM bamVt'arstX 
— \Vy and thediftanceof the laid Center from BTis = 5»-t- t«'i whieh diltance* 
being mnltiplyed into the Area of the Triangle M D M = 2 « r r- v «, ttie Prodadi 
/ 8<r' — 4«yr — 4<-pr"\-2<»* __ g<y' — 8<yf|-2«o* J_"\ . ^ ^ 

,/4«r« — i»«r-(-4««r— 2<ii" ... " 

t««f — 1«'. andf 2 — A--!-^ ~— =}»r»+f««r — 

5#w»=: Jt«r' — frfwr-t-f'Sare eqoalto the Momeouof thcfiidTIi«s- 
(^ M O M ta ngieft of D E ind B T nifteafarclr. 
Now the Momentnm of tie Segment M BM in nlfeft of i P^ "^ 'a 

in reTpea of D E and B T, then the Momennmof theSeaorMDMBin refjieaof 

< Of > wiu be 4 ;;:4:|:;- :;♦•-' > «*^«'^- 

And jfthcMwescomof tbeSeaor MDMB, in rdpeft of D&fm- <r'-(- 
{ nr* — i«ve, bt divided by the Ai«a of the laid Scdor, v^ cr-^'fv c^Qvo?. 

tientr4- *"""** ],— totfae diHwce of the Center of Gravity of theSeftor 

' 3« + J« 

MDMB (vrof chcSeni-ftaorMOA) CroatbeAioof^siioa DE. 
Aodthe diitimee of the Cnta- of Gravity of the laid Sciter MDMB from die 

AArfMotion-BT B = r— iii=^. ■ '■ ■- '■-'''■"'"''''-■ 
3« + J« 
AcdthidiAiiMOf tkiCotnef Gmvitf of'thc ScSet MDMiiibnvtuCtaK 
t^ni^—''"THZ .■•„•*.-■ ,■■.■*;.-'•'■:" 

•"C^ITTm' .■■■•;:; ■; ■:■■': 



COK- 
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CO MsECTAJtr vr. 

: The Triaii^ * tt V Is = * « «, and the DUlance of th< Centw of Gravity 
thereof from BT is = f «, and frota D E = it — } >e, and therefore the Jfomtnta 
of the laid Triangle BMV, in relpedtrf BTandDEare t*"*^* — (hccaufc ir» 
**-*<=«•) ^Mvr-^i**, aod.«vr >*-f ««* = ^ jitr 4" i «*i relpeaively. 

And fubtraftui^ the Momenta of the Jaid Trijogle BMV froia the reftwaire Mo- 
menta of the Sesii-iegmeat BMV, there will r^auin the Moraecu of the Segmenc 

BOMB, >,"««rj«a «f {SI^«*■■{|;;.■Zi';;.'+|:^,> «i^'«'»6 *!»<. 

dcd b; the Atea of the Segment BOMB=icr — i<r, theiv wiQ come ia the 
C^est, die Diltaiiw «f the Ccatfr af Gniit; o( the Segnmt. BOMB, fiom 






and the DUbacc of the laid Cater fion AC is 



CONSECTARV V. 

AuJ to find the DUbm of the Center of Gravity of the Sedor M C B &om the 
Axis of MotioD B D ^ bifeft the Archer BM, BM, iam, andi«, and drav the 
Chord i*iri» — the Chord MB, which fuppole = y, tbatrng^iJ, aodthcCea* 
terofCraTttyof the'SeftorMCBninCm, and the DUbuce theteot Sa> tlK Cm* 

ter CiseCN = -, and becaale the Triangles CNP, Cm;, are Imlilar i 

Aerefore C<i W ••xf (Si<) :i CN C— ) :NP = — = -^^ Ktothelli. 

\ 3* • 3* 3 * 

fiance of the Center of Ctavityof theSeOor MCP from the Ails of MotioaBD. 

C N S E C T A R Y VI. 

And the DUantt of tlie Center of Gravity of the Qpadiant B A C fiom the Axia 
•flMknBCiss (beciuleiibecomet =r,) — s <liif{>oliag Ce die whol< 

8 r* 

Periphery of the Circle = — ■. 

And the pilbwe of the Center of Ctarity <■< tlK Semi'dccie B A D fi«m the A)ii« 
♦fHoAm BD is = (becanft » becomes = ir, and « = iC) 1^ . 

CONSECTARTf Vn. 
TteMomentmnof theSedor MCB In re^xftof BO la =jcrx — ^ aivr'i 

andtheNonditomof the Triangle KG V in teTpeft of BO !•=>}<>' itr—itv 
c= ir«* — i «<■*, andconlequently the Momentnm of the Semi-legment BMV in 
tc^ of BDi< =:ii"'— ir«*+>*<>. Which being difidid by itr-* 
i<r-j-i<v, the Area of the Seffli-legment MBV, there will arift 

i»r'^ *■■«' + *««' for theDiftanceof the Center of Gravity of the Semi- 

i«r— s«f 4-i«v - ' 

fegjaenc BMVfrootheAiisof MotiwAD. 

C N- 
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Fluxions : Or an IntrodiSion 



CONSECTARY VIII. 

In fimilar Scftors the Center of Grayity divides the Rays in which they are Stitu- 
ated, in tlie fame proportion. 

CONSECTARY IX. 

And becaufe Portions of Spherical Surfaces are Generated by the Semi-rerolution 
of an Arch about the Semi-diameter bifefting the fame, 1 chufe here to determine 
the Centers of Gravity of all Spherical Sur- 
faces V. J. If the Center of Gravity of tfie 
Spherical Surface MAN be rcqiiird, it is 
evident, that it maft be fomewhcre in theSed- 
or NAM C, which bifefts the fame^ and it mult 
bt in the Line A C which bifefts the SeQor ; 
and in the point tf^ which bife^s A P, becaufe 
all the infinitely little AnnuUoneach frdeof 
?, are equal and Equi-diHant from «^ and if 
the Center of Gravity of the Spherical Suf.* 
face generated by the Revolution of the Arch 
M B about the Diameter A D be requir'd ; by 
a like Argumentation it may be prov'd to be 
in the middle point between P and C, and 
the Center of Gravity of the Surface of aa 
Hemifpherc a DiAant from the Center t the 




Semi-diameter of the Sphere. 



PROP. VI. 



To fnd tie Centers of Gravity of li forts (f Psrtholiforfn Figures. 

337. Let the general Equation eipreffing the Nature of all forts of Pa- 
raboliform Figures be 7 ■ == ar, then is 7 = *■ , and the Fluxion of the 
Weightsj- a: is = x''x, which multiplied by AP or * (the Diftancc of the 
Weight Mw from the Axis of Motion AT) the Produft «""*'* is = 
to the Fluxion of the Moments, and confequently the Sum of all the Moments m 

the Parabolic Space M A M is = — ^r— *""*■*, Which being divided by the Sum 

of all the Weights — ^ *-"*'; the Quotient —^^ x Is = to the Diftahce 

of the Center of Gravity of the Farabolick Space MAM from the Vertex A, and 
confcqncntly when x becomes = k^ then the Diftance <^ the Center of Gravity of 

B A B from the Vertex A is = -^^— >. 

C O NS E CTA R Y I. 

3j8. Hence in the common Parabola, 77 = *, and w = 2, therefore - "' T_' ■ 

>=f> = |ADs=tothe Diftaacc of the Center of GriTii? of the Parabola BAB 

frwi the Vertex A. 



CON- 
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C O N S E C T A R Y 11. 

And in the Cobical Parabola, where^* = *, and w = 3, and — ^^r;- i = f ^ = 
? AD V and if » be =4, tlie laid diftaace will be := ^ i =JAD. 

CONSECTARY III. 

If w be = J, then the Equation exprefling the Nature of the Curve is y ' = *,' 
vt yz^ XX--, whence the Line A T which touches the Vertex, becomes the Axis 

of the Corve, and '- — * is 1= f * = to the diftance of the Center of Gravity 

' , a»4- I * 

of the Concave Sface A B T from the Axis of MotioB A O, taken ia the Axis A T. 
P R O P. VIL 

TV find the Centers of Grdvitj of aS forts of Ffjfperhlic S^acesy eompreheiidid 
hawten the Curve W the Ajjnff totes. 

339. The ftme things being fuppofed as in Art. 104. 105. the Fluxion of the 

Weights is ^ X- A", which being multiplyed by jt or CP = to the diftance of the 
infinitely little Parallelogram ?m from the Axis of Motion CE, the Produft 

x' X is the Fluxion of the Moments, and the Flowing Quantity orthe Sum of all the 
i which being divided by the Sum of all the Weights 

- " y ^'; thcQuotient — -^~ * is = to the diftance of the Center of Gra- 
w -V" I a w -|- I 

vity of the Hyperbolic Surface E G P M F from the Axis of fufpenfion C E ; «nd 
when P falls on B, thenCP = CB= h,-^^J- x is = -^^~ *. 

. . ZW-pI 2W-J-I 

And becaufe in fiich Cafes the Value of m is Negative, therefore the diftance of 

the Center of Gravity from CE the Axis of Motion is = "" ^ — h =: 

— zm-\-i 

2 m — I 

.Andif mbe = — r, then the Figureis the common Hypertola, and the diftance 
of the Center of Gravity from C E the Axis of fufpenfioo is 1= f i j that is, the 
diftance <£ the laid Center from C E is infinitely little. 

And if the Equation of theCurvcbe^-)= v, thenm = — 3 and Ais = 

* i = to the diftance requir'd. 
And if the Nature of the Curve be exprcfled by jp - « = ar, then « = — 2, and 

* is = J * = to ttie diftaiKC of the Center of Gravity from C E. 

N B. In Cdlculating the Centers of Gravity of HjperhoUcAl and Varaho- 
. IumI Surfaces^ wefitfpoje fmiUr snd equal Spaces on oub fide of the Linff 
wherein the Center of Gravity is found. 
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PROP. Vlll. 

Td ji»d tift Ctntetef Gnmty ef a Sthti-ftrtk^k* 

XY>. Let AMDB bea Semi-pat-abola. then If A Q. be taken = -J AB* and Q.0 

(irawn parallel to B O it is evident that the Center of Gravity of the Scmi-parabol* 

nnift !)e iu ( -n. 3381) Q.0 ; ic only remains to find the diftance 

^- ... of the fjid Center from A B , which may be done thus: Ima- 

/ 1 pine A B to he the Axis of Suf])cn[ioa \ and draw the Ordinate 

■"!' .„: — :p M p tr: r, and m p iiifiniiely neat- and parallel to the fartic ; ilnd 

dnw t!ie Uiits M N, >« n parallel to A B { then fuppofc A B == ^4 

DB — r, AP^a-, Po — *, and MR or N«=/i then the 
infinitely little Paiallelogram M », or the Fluxion of the Weights 

is = * ^ — *;r T= (becaufe by the property of the Cutrfc « * = 



/ 



77) h'y — '^—^i which being multiplyed by 7, the diftancer 



from the Axis of Sufpenfion, the Produd ij) — ^~^ is =: to the Fluxion oftfieMo* 
ihents i and confequeiltly the Sum oF all the Motnents is = -' - — ■— i which being 

divided by the Sum of all the Weights ij — - 1, the Quotient { ''-— rt-4- 

is equal to the diftance of the Center of Gravity of the Segment A M N B from 
AB. 

And when x becomes = ^, and y ^ r, then - — /— -„ -i- will bt ^ ...i, 
» ' ' 2ij.tfiy — 87* 

— - -^ - "~_ '— ^ = i ^ = to the diftance ot the Center of Gravity of Uie 8e|hi- 

2^ a by — Saxj" 
parabola A B D.from the Axis of motion A B. 

Whence if B T be taken — i B D, and T S be drawn parallel to AB, it will in- 
lerfcdt 0,0 in S, the Center of Gravity requii'd. 

Jnd in like maitnery the Center of Gravitj of the Semi-Jryftrholie Sfdce (if ir 
hss one) comprehended between the Curve and the Aj^mftotCf wrff ii >** 
ve/iigatedy whi:h I leave Jar the Hetders Exercijt, 
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PROP. iX; 

To iavep^Mte the Center of Gravity of a Cylmder. 
^41. it Is evidenc that the Center of Gravity of a Cyliader is in the Axis £ FJ 
|b(qxrfkfhniEF=tfiEP ^x, Y = the Area of one of tbe Ciretes of tbB GjrUlH 



def-jindADtlieAxisofSiirpeiirion, thrnis— * = 

to the Fluxion of the Weights, which mnltiplyed by .1: 
or £ F, its diftaoce from the Axis of Sufpenlion, the 



""" E "';-:::> 



and conicqueatly the Sum of all the Moments is = 
^ , *hich being divided by = to the 

Sum of aU the Weights, the Quotient — is = to the 
diftance of the point requir d from E. ^ 

And when * becomes = «, then is -^ == tb thedlft- 
wicectf^tbeCetiterc^Gravity of the whole Cylinder from the Axis of Motion A C)i 

PROP. X; 

To find the Center of Gravity of d Cone, 

j4i. The fartie things being fuppofed as in /irt. 204. the Fluxion of the Weighty 
(fbppofing the Axis of ftifpenfion to pafs through the Vertex A, and to be paralldl 

totheBafe BC) is ^'-U^z and the Fluxion of the 

1** 

Moments is =;: ? ; and conftquently the Sum of all 

the Afoments is = ^^ ; frhich being divided by the Sum 

of all the Weights ^ ^^ ; the Quotient = i * is = 

to the diihnce of the Center of Gravity of the Portion of the Cone generated by 
the Triangle AMP* from the Vertex A ; and confequently the Diltance of that of the 
whcdeCooe frootthe VertexAis =i« = J AD. 

And by a like Method ^e diftance of the Center of Gravity of a Pyramid froBi 
the Vertex Ai6=i«=ithe perpendieuUr or Axis of the Pyramid. 
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PROP. XL 

To ittvefiigtte the Center of Gravity of tSfherty or of any Segmtnt <^ t Sphere, 

34 J. If the line A K touching the Sphere ia A, be the Axis of Sufpenfioa, then 

'tis evident that the Center of Gravity of the Sphere, or of any Segment thereof, 

muft be in the Diameter A D perpendicular to 

the (aid Axis A K- 

Now ^le fame things being fuppored.;^s in Art* 

2o<J. the Fluxion of the Weights is = txx — 
, and the Fluxion of the Moments is = 



tx* X ^ and confcquently the Fluent or 

the Sum of all the Moments is = '—— — ^— ; 
3 Sr 

which being divided by the Sum of all the Weights 




ex^ 



- ixx 



— the Quotient r= - 

2 6r i2r ~ 4x 

is = tothediftance of the Axis of Motion. A K from the Center of Gravity of the 
Portion of the Sphere defcrib'd by the Revolution of A M P about the Aiis A P. ' 
And the diftance of the Center of Gravity of the whole Sphere from A is = r = 

" to the Semi-diameter of the Sphere ; becauft then will become = r. 

And the dilbnceof the Axis of Snlpenlion AK, from the Center of Gravity of 

the Hemifphere generated by the Revolution of the Quadrant A B C is = ^'** 

= (bccaufe * = r) Jr. 



CONSECTARYI. 

344- Hence the Center of Gravity of any Portion of a Sphere cut of by any two 
parallel Plains, may be found. 

C O N S E C TA RT II. 



And to find the Center of GraTity of the Sedor of a Sphere ; let it be requifd 
to find the Center of Gravity of the Sphe- 
rical Scftor M C M ; 'tis evident that this 
Sedor is compofed of an infinite Number of 
Cones or Pyramids, whofc Bafes cotnpoJe the ■ 
Spherical Surface M B M, and vfhofe com- 
mon Vertex is in C ; now the Center of Gra- 
vity of every Pyramid is dillant from its 
Vertex J of its altitude ; therefore if the 
Spherical Sur&ce i^<J be defcrib'd with the 
Radius = iCB, 'tis manifelt that the Cen- 
ters of Gravity of all tlie infinitely little 
Pyramids, which compofe the SeSor, aie in 
that Sur^ce {JhJ) and that all the pans 
of the fame are equally gravitated or loaded 
with their refpedive Pyramids, and hence 
it is plain that the Center of Gravity of the 
• Spherical 
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Splierical SeSor M C M is the fame with tjiat of the Surface dbi and the Center of 
f Jravity of the Sorliice d'oi is in jf, the middle point between v and ^, therefore 
tiie Center of Gravity of theScflorof the Sphere IVlCMisiag-, andbccaufeC* is 
t= i C B, therefore the Verfcd Sine 1 1- is = ^ the Verfed Sine B V j and *? = J A f 
ji r= JBV, therefore CB--Af = iCB~|BV=C£is = tO the diftance of 
the Cciiter of Gravity of the Spherical Seizor MCM from C the Center of the 
Sf>herci and confcquaitly the diftance of tlie Center of Gravity of an Hcmi-fphcre 
ft om the Ccaicr C is = JOB. 

PROP. xir. 

To Iftvefi}g*te the Centers of Gravity of aS forts of PardoUcMl Cenoidsj gtHe* 
rated h the Revoiution cf Aty Parahotic Space dout its Axh. 



345. The fame things being fuppos'd, as in 4rt. 208. the Fluxion of the \yeight5 
is = - — , andtheFluxion of the Momentsis (fuppofing 
the Tangent AT to be the Axis of Sufpcnfion) =: 
- j and confcquently the Sum of all the Mom eats 



2 r 



IS = 



— ' - , — - i 



Which being divided by the 



Solid or the Sum of all the Weights = 



im-\-^ 




i the Quotient ; 



■:— X ^ is = to the diftance of the Axis of Suf- 

4 W -l" 4 

peniion A T from the Center of Gravity of the Parabolical Conoid, generated by 
the Revolution of A P M about A P i and conicquently the diftance of the &id Axis 
from the Center of Gravity of the whole Solid generated by the Converfion of ADB 

about A B is = ^-~r-, " ^* 

Hence if the Equation of the Curve be axz±jy, as in the common Parabola^ 
then m is = ii and the diftance of the Center of Gravity of the laid Parabolical 

Conoid from the Vertex A = ~^ i is = ^ i = f the Altitude of the Solid. 

4» -Y 4 



PROP. XIII. 

I0 tHfutfi^tti the Center (f Gravity of dtty Portion cf a Paraholic^ CoMid, 
cut off hj one or more Plains faj^ng through its Axis. 

34tf. Its evident that thole Solids are compofed of Se^rs which are in the Skmt 
proportion with the Circles that compole the entire Solid *, and cocfequently the 
diftance of the Center of Gravity of the Portion of the Solid from the Tangent AT 
coofidered asthe Axisof Surpenfion, will be the iame with thatof tlie Center of 

Gravityof the entire Solid, that 15= — ^~- h- 

And the Center of Gravity of fuch Solids muft be in the Plain palCng through 
the Axis A B, and bifecling the Sedor of the Bafe, becauie that Plain will alfo bifStfc 
all the other Se^irs, and confequently the Center of Gravity of the Soli is in the 
common Sedioa of two Plains^ one whereof Bifeds all the Sedors, and the other paf- 
festhroi^h the point m the Axis determir.ed by the preceedii^ Proportion, and 
TOW paniUcI (o the Plain of the Bafe. 

Aafta * U, 
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It rmalmonl] to itiermlm thi dijltnce of the /.lidCeute- from the Jxii 
of Suf^enjioa A B, rvhith mayht ferformei in this msjtner : 

The fime things being foppofcd as in An. 208. the Fluxion of the Weights fto- 
pofuig the Arch Of the Scftor of the Bafe = e, and tl'.e Radius of the Bafe B D = r) 

K, '* ~ ~ iT" ' ""'' '^'^^"'"'^ 'his Fluxion is an inBnitely thin 

Scftor of a Circle, the diltance of the Center of Gravity 
thereof from the Axis of Sufpenjion A B is =1 (fuppofing 

a. the Chord =£) J^ , and confcquently the Fluxion of 

the Moments is = (mnltiplying -'•'' by '-I^—^Vi'— 
3 ' ir ^ ir 

^— , and the Sum of all the Moments is =i 



\! 



11 "-: * wliich being divided by the Sum of all the Weiglits = — '^— x 

^-, the Quotient ^+-* « f-f = ^^±J .^ = „ ,h, difta«, „r 

the Axis of Sofpenfion A B from the Center of Gravity rcqoii'd. 

Hence if the Equation of the Curve be » , = r r. «hoi the diftantt of the Cnj 
Center of Gravity from A T is = J t, and the diftance of the fame from A B is = 

,f t'-. • 

e 

And if ilie Eqmtioii of tlie Cnrve be «.« = .>, then the diianoe of rtie Center 
of Gravity from AT is =} t, and the dilance of the Jarae fton A8 is =5 

9' 

Prop. xiv. 

To irnxfiiitUthtCttitirs (f Qr^jty of Soliis gtnirtsti hj tie Revoktic, of 
H)ferithc Sftcei Jxut one of their JJ^mftotn BE. 

347. Thefime things being fiippofed as ia Ait. jij. the Fluxion of the Weights 
^ = —J- > ="'* beaufe the Centers of Gravity of the Cylindric Surfeces whicli 

compofe the Solid, divide them la 
the middle, we may take ? ^ for the 
diiliancc ofthcFUxioaafiJie Weight 
f from the Axis of Sulpeolioa CD v 
and coniequeulf tilt Fluxion «f Ac 

MomenB is = iiZi^ ' 




— t ud <]» fluent or tlie Sdo of aH the IvbaiKiin is ~ — ^_ 



Digilized by 



Google 



to i^atkmatkal ^hilofipfyl i^j 

X '^ , which being clivided by the Solid or the Sum of all the Weights 

- ? M — — — ■ — the Quotient — x* '= ■ Kjiis^: to the 

zm— I r 4'»l — 4 41M— 4 
Hiftance of the Axis of Sufpcnfion C B from the Center of Gravity of the indetermi- 
nate Solid, and 

Cravity oi th« Soljd^ 



nate Solid, and — x A = to the dtftancc of the laid Axis from thfe Center of 

4»i — 4 



COROLLARY. 

548. Hence in the Apollonian Hyperbola ;-' — *, or (fuppoling the Parame- 
ter* =')■•'' ^■^J'* '"'5 = i, and confcqiicntly xiis= J x A =: tothe 

• 4'» — 4 

diftance of the Center of Gravity of the whole Solid from the Axis of Motion B Cj 
which in this Cafe is infinite, and fbews that fqth 3 Solid has no Center of Gravity. 

Md as iFf proved (Art. 214.) in another Place , thaf an infmte Space mof 
generate a Solid of finite Dimenfwns s fo it new appears that a certairijort 
of Solids have no Centers of Gravitjy which is a/tothef Paradox fgua&j 
hrAifgt *nd ti0 Ufs true than tke f«rm$r. 

PROP. XV. 

To invefigate the Onifr if GfAvity of the lhperhol/c4 Conoidj ^enerattd bj thi 
Revolutipft of the HyperloHt Space A M D B. 

549. The fame thingi being fuppos'd as in Art. 1 16. the Fluxion of the Weightf js 

— ^^^TT J 1 - ^L— i and if the Axis pf SHfpeoCofl be ftppos'd PaR3el tA [M 

2 ad-^ 4 '*' 
(JSee Fig.i.infag. 173.) BafeBD, and to pafs thrO' the Vertex A, then the Fluxion 

of the Mometts b = ^^-^T' -p -^r^-^ ;' and the FJowiag Qjiantity or the Sum 

of all the Moments h = ^ J'^^^^ - y^ -\- j^/:^fji - (owUiplyiw the Nu- 
merator and Denominator of the hrib Member by 3, and thofe of Che fecond by 8) 

^'"^i ^A^TC-- Which being divided by the Snni of all the Weights = 
24 • « "P 4'' " * 

erx^ A- ibcrx^ 4efa:'-l- liter** , ^ txx-^-Zbx . 

~-^-r-,\" -TTi^— -'ii\ o . r ■ » the Qflotient ^ ;' rB = tothc 

64d-\- xldb ii^dd-\- 48 dh 4.x -)- 12 * 

Diftanceof the Axis of Sufpenfion from the Center of Gravity of the Solid generated 
by the Revolution of the Hyperbolic Space AMP about the Axis ADj and coi^e- 

qucntly - j T " l" 's = to the Diftance of the did Axis of Sufpenfion from the 

Center of Gravity of the whole Solidj becaufc then xh —d. 

And fience it is manifefl that the Diftance of the Center of Gravity of this Solid 
}Tom the Vertex thereof, is to its Axis, as i d -\- Z Ir i% to ^d^^ 12 b.i 



PROP, 
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PROP. XVI. 

To J/tvefiigate the Center of Gr/wity of thi Spheroid genergted iy the Revolution 
of the Semi-eUipfts AMD about the Jxis A D. 

350. The fame things being fuppos'd as in Art. 218. The Fluxion of the Weights 

is = -^— , and by the property of the EUip* 

tiSf yy'i*x-^xx : : rriaa^ theTeforc_yj'=: 

larrx — r* *' j r, .1 'yi*"- 

■ , and conlequcntly ^-i— is 




2. e ar xx — er x x 



, and if we fuppofe 

F the Axis of Sufpcnfion to pals through the Ver- 

tex A, then the Fluxion of the Moments is = 



; and the Flowing QiTaa- 



Icar X* X — er x'* X 



^ tityorthe Somcrf all the Moments b -^ 

i* 

— a — = , which bein^ 

divided by the Sum of all the Weights = — '*',7~ ^--~- » the Qpodent 



%\*» 



iax — ixx. 



~— is = to the Diftancc of the Center of Gravity of the PortioB of the 

I2« — 4Jf 

Spheroid generated by the Convcriion of AMP about the Axis AD, from the Ver- 
tex A -, and « t= to the Diftance of the Center of Gravity of the whole Solid ot 
Spheroid firom A- 

Now that the VfefaBaefs of tbit DoSfrim may in fame mtafare apfear, X 
fbaS jbem the ^f plication thereof in tht Menfuratton of Surfites and 
Solids ; which mliferve <cr a Tafie to jmdge of the Exeeltemy tf the Suh- 
je0, Mid horn mueh it defends our Study, 



P K O P. 
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PROP. XVII. 

if * Cylinder^ Prifm or &nj othtr Prifmatic StUd, he ereSied om dn) PUia, and 
if Mother Pldin ie fuppofid to cut the [Ante ohliqatlj im reffe^ of the PUin 
of the B*fe\ the Solid eomprehe/tded between thofetjvo PUins is equal to a Solid 
ej the (dmt Bife^ d/id whofe Altitude is equal to the Altitmde of thdt Line 
rvhich it draitnfrom the Ceater of Grtvity of the Bdfcf dad equally inclined to 
the J*me, with the Solid, 

Sji. LetBDrcprefcntthe plain of tlieBafc(whichwemayfuppofeeithcrReanmcaI, 
Curviliiieal or Mixc) and let the Eye be fuppofed In the lame (produced) at an infinite 
diftaoce ; and fuppofe B D E F to 
be a Cylinder, it the Plain of the 
Bafc be a Circle, or any other Prif- 
matic Solid i let C be the Center of 
Gravity of the Bafe, and draw C e 
panllel to DEi and fuppofe this 
Solid to be cut off by another Plain 
keJ inclined to the Plain of tiff 
Bafc, and intcdedlng the fame pro- 
doced in the right Line X ; I fay the 
Solid B D J i comprehended between 
thofe Plains, b «nial to a Solid of 
the fame Bafe B Dand Altitude Ce-y 
that is, the Solid BDdb is = to 
the Solid BD*f. 

Suppofe the Plain X B D parallel to the Horizon and the Line X (for in this pofi- 
tionof thcEye, theProjettionsot fuch Lines arc points) the Axis of Motion i then 
tis evident that all the points B,C,D, ponderate in prof ortion to their diftances from 
the Axis of Motion i that is, the Momenta of the points fl,C,D, areas XB, XC, 
X.D, &<. and bccaufe C is the common Center of Gravity of all thofe points^ there- 
fore the Sum of all their Momenta at their refpeflive diftances from X is equal to the 
Momentam of all the faid points, fufpended in the point C ; and confequently all the 
X B, X C, X D, &e. are equal to as many times X C i but the right Lines B t, C «-^ 
HJj&e are proportional to XB,XC.XD, &e. thereforeall (i2.£^j». ;-)theB^, 
C<,D</, &r. are et^ual CO as many times C c } that is, the FruftumorUngulaBDV* 
Is = to the Prifinauc Solid BD Af. 

CONSECTARY I. 

3^2. !f another Plain mfn cot tlie forefaid Prifmatic Solid, cither above or below 
the Phin iJ, then the portion of the Solid comprehended between thofe two Plains^ 
viz. mndkii eqnal to the Solid comprebeoded under the Plain of the Bafe B D and 
the ri^c Line /r 

C O N S E C T A R Y II. 

Hence all Plains bowfiKver inclined, which paflc through the fame point e, in the 
lioe Cc (which pafles through the Center of Gravity of the Bafe, and is parallel 
to the fides BF, D£) cuts of Segments or Ungula'Sj equal between themlclves, and 
CO Uk^ Frilinatic Solid B D i(. 

CONSECTARY lit 

And hence ic follows that the Sur&ce of the Unguta BDdb (excluding the Bafes) 

Is copdrto the Sar&ce of the Prifmatic Solid B D A ; (excluding its Bafes alfo) for if 

we fuppt^e C not the Center of Gravity of the Bafe, but that of thePerimeter of the 

B^fe J tbca it b evident that all tic p&ints of the Perimeter B^ D, &e^ ponderate ia 

B b b b pro- 
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proportion to their diftanccsfvom X the Axis of Motion ^ and becaule C is the 
Center of Gravity of the Per meter, therefore ali the Lines, X B, XD, &e. are 
equal to as many limes X C ^ and by limitar Triangles, the Lines X B, X D, XC, 
l^(. arc proportional to B i, DJ, Cc, &e. therefore all the Bb, D./, (^f. arc 
equal to IS many times Cc^ thatis, the Surface of the FriiltLim or Ungula BDi^ Is 
cu(ial to the burf^te of the Prifmatic Solid RD k^. 

C O N S E C T A R Y iV. 

And the Surfaces of all Ungula's cat of by Plains pafling through the latne point 
c in the Line C<, arc equal between themfeWcs, and to the Surface of the fame Hrif- 
matic Solid B D t jr, and the Surface of the Portion of the Solid comprehended be- 
tween -Any two Plains -v, g r. between >'4 and m n, is equal eo the Suitaee of a So'- 
lid whofe Baft is = B D, and whofe Altitude is = fc. 



PROP. xvin. 

tj d line or Surf aicy ReStUmai or Curvilmeal, Revotve urtiformly thout *n Axit 
in the fame i'Uia ; the SurfAce or Holid generated hy that Motion^ is equal to * 
ParaUelogram or ParaSeli^pipedon, whofe heigm is equal to the Periphery deferib^d 
hy the Center Of Gravity^ and rvhofe Bafe is a Line or ParalUlogfAtn equal to 
the Line or Surface given, 

J53. Let BC D reprefcnt any Rediliaeal Figure, and fuppoTe the fame to rcvolre 
about the right Line X in the lame Plain, 
and by fuch Motion to defcri. e the Solid 
BDJt (reprefcnted in this projeftion bjT 
a Plain) and fiypofe C the Center of Gra- 
vity of the Baft to dcfcribe the Arch c, 
orif BCD bca Une, then foppofe it to 
defcrtbe the Surface QDdk. 

On the lanie Bafe BCD raifc the Solid 
or Superficies, whofe Altitude C» is equal 
to the Arch Cc, defcrib'd by C the Cen- 
ter of Gravity, and tec Che PUin X » cut 
0fFthsUngulaBD9i. 

Nowbccaufe the Cmilar Arches Bi, Cci 
D J, are proportional to the Radii X B* 
XC; XD. 6fc, and theft are proportio- 
nal (by fimilar Triangles) to Bt, C«, 
D 9j &c. therefore thefe right Linesare pro- 
portional to thofe Arches : and becaufc by 
Conlhndion C» is = Or, therefore all the fight Lines Bi. Dl are equal to the 
Arches Bi. D/, &c. rcfpeftivelyi thatis, the Figure BD^* (whether Solidor 
Superficial) is = to the Ungula B D • t, which is (by the preccediag Propoiition) = to 
theFignr«BDrf*. 

C O N S E C TART I. 

354 Hence if the diibnce df the Centtt of Gravity of the Line or So'id B CD^ 
from the Axis cf Motion X, and the Magnitode of rfic Une or Surfece be gifea J 
the Value of the Surface or Solid generated by a Total or partial Convcrfion may be 
found, and in general, any two of the tbree being given , the third may be foimd. 




CON- 
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C O N 3 E C T A R Y 11. 

feqiwl Lines or Smfaces revolving at unequal Diftances, generate Surfeces or Solids 
Jiroportional to tlie Diltances of their Centers of Gravity from tlie Axis of Motion ; 
iind unequal Lines or Sur^ces whofe Centers of Gravity art equidillanc from the 
Axis of Motion, generate Surfaces or Solids proportional to the generating Lines 
or Surfaces \ and if neither the Surfaces (or Lines; nor the Diftances of their Centers 
of Gravity fix>m the Axis of Motion, be equal \ tlic Surfaces or Solids generated by 
them^retoone another in a Ratio compounded of the Ratio of the Lines or Surfaces, 
and the Ratio of the Diftances of their Centers of Gravity from the laid Axis of 
Motion. 

For Inftance, the common Parabola is to the circnmlcribed Parallelogram, as 2 is to 
3, and the Diftance ot the Vertex of the Parabola from the Center of Gravity of the 
Parallelogram is — ^ the Axis, and the Diftance of the laid Veitex from the Center 
of Gravity of the Parabolic Space is = i the Axis j therefore the Diftance of that is 
to the Diftance of tbu as 5 is to tf ^ and if we fuppole both Spaces td revolve about 
a Line touching the Vertex of the t^rabola, and tHirallel to its Bafe, then the Solid 
generated by the Parabolic Space, will be to the Solid generated by the Parallelogram 
ic a Ratio compounded of the Ratimes of 1 to 3^ aildof tf to 5, that is, as 11 is to 
Ij-, bras 4 is to j-i 

Wh^o has M miad to fee more of this Sahjeff^ msy conjult that Ledrmd 
Trestife mittt/t iy the ExttUent Dr. Wallis, snd Ir^criif'd de Calculo 
Cemri Oravitads. 



GONSECTARV III. 

If the right Line A B. revolve (in the lame Plain) on the point A as a Center, 
then the point B will defcribe ihe Periphery of a 0rcle 
and the Une AB will defcribe a Circular Saitacc BFGB ; 
and it C be the Center of Gravity rf the Line A B, it 
Will defoibe the, Periphery CD E = (bccaufe AC i» = 
CB) iBFGj aodtbcArea of the arde BFGBwia , . . 

be =: AB X Periphery CDE = iA B x Periphery , • ^ " )^ — ]Z 
fi FG \ whence 'tis mamfeft that the Area of any Circle 
U ^ ta Che Area of a ReAangubr Triangle, whofe 
Bale is equal to the Periphery, and Altitude equal to th* 
Radius of theCirck' 




C N S E C T A R Y IV* 

The Area of the Annnlus comprehended between tbc Peripheries D F G and CD,^ 
is = to the Redangle comprehended under CB dnd the Periphery defcrib'd by the 
Center of Gravity of C B ^ thus if AC be =CB, then the Area of the Anoulus 
EDCBFGis = CBxJBFG =i ABxiBFG, and the Area of the Cirtlc 
BtGBis=iABx{BFGj therefore the Area of the Annulns EDCBFGit 
= i the Arnt of the Circle B F G B i and confequenUy the Area of the Cirdo 
CD£Cb = itheAteaBFGB = f the Area of the Anntdns ^DCBFG^ 



Djgiljzed by 



Google 



379 



Fluxions: Or an IntroduSion 



A»i hence is appears that Circles are in a Duplieite Ratio tf their Did' 
meters. 



CONSECTARY V. 




If the Reflangnlar Triangle A B D revolve about 
the Axis AD, then the Line A B will de^ibe the 
Conic Surface A B C i and E the Center of Gravity 
ot the Line A B will defcribe the Periphery E G =? 
(becaufe AE=;iAB, aiidconfequentlyFE = i BD) 
i the Periphery B C ■, wlience the Conic Surface (ex- 
cluding the Bafe) ABCis— ABxEG =iABit 
E C i that is, the Surface of the Cone A B C is = to 
a Trbngle whofe Bafe is equal to the Periphery of the 
Bafe B C) and Altitude equal to the Side of the Cone 
(AB) 



CONSECTARY VI. 

The Surface of a Cylinder is to the Surface of its Bafe, as the height of the Cytio- 
der is to the Radius of the Bafe. 

CONSECTARY VII. 




If the Semi-circle ABC revolve about the Diameter C A* 
it will generate the Surface of a Sphere^ aadif E be cha 
Center of Gravity of the Periphery ABQ ic will defcribe 
the Periphery E F ; whence the Surfice of the Sphere deC- 
crib'd with A BC is =r ABCx £F jand if ABC befuppofed 

= f,andAD=r,thenDEwilIbc = Urt.33j.) — ,aodE^ 

= 4r, and confcqaently ABC x EFis = 4r)(e=:irx 
ae = {r>{i( = 8 times the Area ofthe Semi-circle ABC} 
that is, the Sur^ce of a Sphere is equal to four times the 
Area of one of its great Drdes. 



CONSECTARY VIII. 

AndifEbetbeCetterrfGravity of the Space ABC, thea the Semi-circle ABC 
win defcribe a Sphere, and E tbc Center of Gravity will defaibe the Periphery E F ; 
apd the Sphere generated by the Revolution of A B C about the Axis A C will be = 
totbe Area of the Semi-circk ABC x into the Periphery EF^ whence if AD be = . 

r, and the Qpadtanul Arch A B - e, then D E will be = -^ , and conftqucndy. 

the Periphery of the Circle E F will be = f r, which being multiplyed by r e = to 



the Area of the Semicircle AB C-, the Produft 



8rr« 



^frr X the Periphery of a 



great Grclc of the Sphere = to the Solidity of the Sphere ; that is, the Sphere is 
to Che <,ircam&rib'd Cylinder as 2 ii 3. 

CON- 
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CONSECTARY IX. 

And if the Parabolic Space ADB iCTOlre about the Axis AB, the Parabolical Co- 
noid (generated by fuch a Motion) is = Area ADB A x the Periphery of the 
Qrcle defcrib'd by the Center of Gravit J S = (the lame Symbols being retain d, at 
in/lrt. 340.) }*rx}t=,}*r«=t*r« = t the circmnlcrib'd Cylinder. 



PROP. XIX. 

The Cntir of Grnitj of mj Fitiire, FUin or Salii tring givm, mlh thtt (f 
OM of ill Pins ; la fni tkt CtMtr if Grmitj if the other Pat. 

35f. In the Parabolical Conoid, formed by the Semi-rcrolntion of the Parabolic 
SpaceBABabont the Axis AD; let C be the Center of Gravity of the whole Co; 
noid, and E that of the Segment or Portion MAM; 
*Tis leqnir'd to Bnd the Center of Gravity of the Por- 
tion BMMa 

Soppole the whole Conoid to be fufpcndcd by the 

rtint C and E the Center of Gra^ty of M A M, and 
[hat of BMM& Then 'tis evident that the Seg- 
ments being fiifpended by the point C, are in EjMiliira; 
and confequently the Diitance between C and the par- 
ticular Centers of Gravity E and F, are reciprocally 
proportiooal to their Malles. That is, as the Seg- 
ment BMMB : Segment MAM : : EC : CF, and F 
istheCenterof Gravity of the Segment BMMB. QsE.L 




iCCC 
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SECT. XII. 
The Ufe of Fluxions 

In Jn'veftl^atw^ the Centers 9f Tercuffm of Lines, Surfaces and Solids* 

35<5. T N Cakulating the Centers of Gravity, we fiippofe the" Figures to be Cmply 
\_ ii.tpcndcd to a Point or Axis^ but in order to Calculate their Centers of 
Pirci-jjir,, they are fiipposd actually to revolve about a I'oint Of Axis; and as in that 
Gate, we tonlldi.r thcfimple Atmeita, fo inthiswe conlidcr them alfo, !onIy with 
reUcity fiipcradded. And as the Sum of all the (imple Momenta^ on every fide of the 
Center of Gravity are equal i fo the Sum of all the Forces on every fide of theCenter 
of PiTCHlfion muft be equal, h^ttnce ibe Center ef Ftrcujfim cfa body in Mitnity u that 
Feint whtrtm ail the Feriei of tiitt Body ere ctnJiJet'J at u^iteJ into mt ; So thst tht Ferre 
vf Percujfitin in that Totnt-^ ti grtMtr than in any otbtr. And the Center of i'frcrj^w is the 

fame in refpcftot thcfwrtj^s the Center of Gravity is in refpeflofthe Wtifhtf. That 
is,one is the Center of the Moments or Efforts jBS the other isof the Center of theWeights, 
and as we find the Center of Gravity by dividing the Sum of all the Momenta by the 
Sum ofall the ^(igiri ; fo to find the Center of ffr(:ij^(;n,there is nothing to be dojie,but 
to divide the Sum of all (the Fluxions of the FbTtet, which are equ.il to all) the Red- 
angles comprehended under the Mammtt and their refpedive Velocntei (or lines pro- 
per lioiial to them) by the Sum of all the Moments. 

And it may he obferv'd. That the Center of Vtrcufficn may be found in theiamc 
iranner as tht Center of Gravity is found j if we fuppofe the Weights to beencreas'd 
in proportion to their V<toc:':ti at the Injiant cf eercujjlm-^ and find the Center of 
Gravity cf the Weights fo encreai'd. 

And bcc^iife (u hen a Figure revolves about an Axis) the VtUeit'm of the Parts, are 
pro] ojM; ;,j1 til their Dilt.intes from the faid Axis ■■, therefore to encreafcthe ffeitbtt 
in pio\ ortiou to their Veioatirist the Inllant of VtrcvQun, is to multiply every itwivi- 
daiHaii (,or Mouicnt) by itsDiftaiiLefiom the Axisof Motion^ and if we take the 
Sen: ■.'! ail the Kccbiigles for the Sura of all the iftightj at the Inftantof Perci^fttmj 
then the Center ot Gravity of the laid ffeigbit vvill be the lame with tbcCcQterof . 
TcrcuJJiim, Wiieuce in General, 

To find the Center of Tercuffion. 

J ^"j Multiply all the Infimtelj little PsTts which compofe the FigureJ^ the S^atres 
of thetr Uijttncts from the Point or Axis of Sufftnfioa, 4nd divide the Sum hy 
theS.imof all the Weights maltiflied into the DijtMce of their Center of GrMvifj, 
from the Fotat or Axis of Huffeafioa ; the ^otient it the Diflanee cf the Center 
of Fercu^on from the ftid Point or Axis. 
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PROP. i. 

To fffd th Center of Perea^on of 4 LtMy faff ended by one Extrmiijit tioa't 
which as s Center it it fufp9s*d to move. 

358. Let this given Line A B be fufpendcd by the point A ; If we fuppofc this 
Line to be divided into an infinicc Number of equal Parts, 'us evident that they 
will defcribe Concentric and limilar Arches of 
Circles in the feme time, which are proper- . 1 

tioniai to their Rays or Diftances from the ■^ 5_| 

point A- Now their Velocities are proporti- 
onal to the Arches they defq^ibc ; that is, their 
Velocities are proportional to tlicir Diftances from the point of Sufpenfion A ■■, and if 

we fuppoft the Line AB = *, B * = i, then the Fluxion of the Moments is = jf x, 
which being multiplied by x (reprefenting the Velocity of the Particle B h the ?xo- 

doEtxxx is the Fluxion of tht E/rctf : and the Sum cf all the Arc« is = — j which 

3 

being divided by the Sum of all the Moments — , the Qpotient j * is = to the Di& 

tance of the point A from the Center of PercalGon of the whole Line A Hi 



CONSECTARY* 



359. !n the Parallelogram AC, the Center of 
. tercnflion is in the right Line EF, which divides the 

Parallelogram into two equal Parts, and if the point 
of Sirfpenfion be fuppos'd in E, the Diftance of the 

laid Center from E is = f EF. 

A. M'n- t> 

P R O P. 11. 

To fnd the Ci/tter of Vercuffion of the JfofceUs Triangle ABC, revolving tboA 
the right Line E F fsrAHel to the Bafe, nod faffing thro^ the Vertex A. 

360. Draw the Line A D perpendicular to the Bafe B C, then the Center of Pcr- 
cainon is in the (ame. Draw the Lines MM (/) andwm parallel to the Bafe, and 
infinitely near one another ^ and fuppofe AD = 4, 

BC=i, AP = *, P^ = *i then the Fluiionrf the 

Weights M»is =7 x = (becaufe m: h :: x: y.) 

• , and the fluxion of the Moments is = 1 

a a 

and the Fluent or the Sum of all the Moments is = 

h X* bx* x 

, and the Fluxion of the Forces is = , and 

y ** 

the Sum of all the Forces is = — , which being di- 

**' 

Tided by the Sum of all the Moments — , the Qpotient 4: * is =i to the Diftance of 

the Center of Percnffion of the Triangle A M M from the Vertex A ; and when * be- 
comes = #, then the Diftance of the Center of Percullion of the Triangle ABC 
from the Vertex A is = 4 1 = i A D. 

* PROP, 
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aSj Fluxions: Or an htroduSion 



PROP. III. 

To fjtd the Oftttr of Ftrci^n of the ]f<fceUs Tri*ngU ABC revoiviag ghta 
it'sBsftBC. 

%6 1 . The lame Symbols beimg retained as in the precedent Art. the Fluxion of the 
Weights is = J- * := and becaufe D P is = « — jc, the Fluxions of the Mo- 

, and the Fluent or the Som of all the Moments is ^ 

, and if the Fluxion of the Moments hx'x — be muUiplyed 

by « — *, the Produft gh x'x—ihx* x-\ is the Fluxion of the Forces, 

and a>nfequently the Sum of all the Forces is = + , whidi 

being divided by the Sum of all the Moments — — , the Qjiocienc 

■ ** <* _ -T 3 jj __ j^ jjj^ diftance of the Center of Pcrcuffion of the Space 

6s — ^x ^ 

A M M from the Axis of Mouon B C -, and when x becomes — «, then 

— ^-^ becomes = i « i that is. the diftance of the Center of Per- 

cuflion of die whole Triangle ABC from the Axis of Motion B C is = j the Per- 
peadicubr A D. 

PROP. IV. 

To lavtfiigMte the Centers of Pereuf^om (f mU forts of PuTtholit Spdees, revehi/f^ 
dhut dm Axis fdrsM to the Bafe dad fd0ag through the P^ertex^ 

%6i. The lame things being fuppofcd as in <4rf. sn- theFluxioaof the Moments is 
5= *" Jfi which' being multiplyed by *, the Fluxion of the Forces is = . 
x**^ X, and coofequently the Sum of all the Forces or the Fluent is ^:^=z 
~ '* ' which being divided by the Sam of all the Momenta 



r— jr""^' the Qpoticnc ^-^^STLl xis = to the diltancc of the Vertex A^ 

3.m~\-i }m4~i 

irom the Center of Fercuflion of the indetennioate Space MAM; and confequently 

when X is = «, the diftance of the Center of Pcrcuffion of the whole Farabolu 

SpaceBAB, ftomthe Vertex Ais = tH^— k. 

Hence in the common Parabola, in which <■ * =1 y, n is = 1 and -"P- ^a 

= f > = to the diftance of the Ceatc^ of Fercuflion of the laid Parabolic Space 
from Che Vertex A. 



PROP. 
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p R o p. V. 

To fnd the Center of VmuBion of mH forts of Parshlic Spaees^ revolving tboia 
their Btjes. 

3<Sj. It is evident that the Fluxion of the Wei^ts M; is —jx =*"' ;r,which 
being muliiplyed by * — * the Diltancc thereof from 

the Axi8ofMotion,theProdu&f** x — *■ * i» 
equal to the Fluxion of the Moments : and the Sum 

of all the Moments is = — ;— hx-' — 
»»-)- I 



— ^5 — *-"^^vnow if the Fluxion of the Mo- 
zm-\-i ^ 



ibemultiplyedby k- 
- z bx' x'\-x'' 



E 


A. 


r 


./ 


p 


\. 






/ 


f 


\ 



B 



mcnts h X" x — *- 

the Product i h x' x — z bx~ a--)-*'" x . g 

is = to the Fluxion of the forces ; whence the Sum , 

of ail the FoKesis=— "— hhx-'^' ^.'^, ^^i^^^^i ^. 

which being divided by the Sum of all the Moments —r— **■"*"' ~ — 

m-f- 1 lm-\- 1 

x" . The Qpotient 

3~m-\^ I X a mm •■\-mhh'~%m-\~i x2mm--\~im hx "V" ^ "* " ^ ' *t ""* ~\-fux!t 

3 w -|" * ** ^ """ "i"*" if — im-^iKmm~\-mx 

is equal to the Diftancc of the Center of Percnflion of the Space MAM, from the Axis 
of Motion B B i and ivhen x becomes = k, then the diftance of the Center of Per- 
cufCon of the whole Parabolic Space B ABj from tlie Axis of Motion BB is = 



SM-i-i 



3 W' -|- «• M 

Whence in the common Parabola, where m is = 2, the diltance of die Center of 

Percuflion of the Space MAM from the Axis of Motion B B is — ~ 

-■- T — ■ , and the diftance of the Center of percufficm of the whole 

Parabolic Space BAB, from the Axis of Sufpenfioa BBi$:t=;f>=:^tbe Perpeir- 
dicular A D* 



Dddd 



PROP. 
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f^lKilfifS'- Qf iff lilfrodit0i</n 



A 

M 



^1 



:^ 






p R p f. VI. 

7 ojfW ;/j* ff^ffr ef fej[c^oa of ^ Cjli^de(y f{ff^^de4 h ^W ^ iff Extxtmititt, 

* • 'f*- ■■' • ' 4l/gut'mkh if ft )i(ffpjed to Revolve. 

364. Let the Cylinder E F be fufpendcd hy the Extj^cmity F, about jf bjcJl it 1$ fup- 
pgfetl to JtCTolve i"*tK eyiflel^ tlidtYhe" Velocities' of afl 't\ic infiniipiy Jjitlc ^(J j|qp?l 
parts are Jjroportional to the Spaces' (the times bfiing 
eauaj) whiclj fkcy defCTJb«i that js, prppPrtiQiial to 
their *djft?oc^s frppi tU point qf fijfpgnfifln. SgpRofe 
tHcii ET = *, E P =^ jr, the Circumference of the 
Bafe = c, arid' the Semi-diam«er of the Bafe' = r, 
iheo (^rf . 341 .) the Fluxion of the aioments is = 

'- ^ ■ ^ , and the Fluxion of the Forcc^ is ^ 

— ' — '— 1 and the Sura of all the Forces is = — ;- y 
which being divided by i\i ^n^ f>f aU th,e I^tt^i^ 
' , the Quotient t * is = to the diftanci; 4f th.c 

4, 7-1- - . -..„.„ 

poiflc E from the Center of Percuflion of the indeter- 
minate Portion of the Cylinder i^ H(l M D, and $ # == 
tpthe^aK^'rf '5>^^,**»* CwtWdf EcrculCoaoi the' whole Cylinder ABCD.' 

PROP. VIL 
To ffid the Ceirjer p[ P^eru^n, of. «. Cylindtr, rjsiohing ahcut- fhe points /t, 

3S5. SumoJ^eRF = «, B,E= t,^P i= *, ^,^,^. *, R,B = *-V-*,aiuLEE = 
4 — i ; then the Fluiioa of the Moments is = JlfLT^-J^ ^ which being nnilU^ 



Dlyed^bj^>.-ir*? tJie,^rod»Ja 



— i. -^^ —-^ » = to the HuxiOB 



of the Forces v and the Sum of all the Forces is = — '--^-\t — i^*-*- 
. - - ' ' 2. '2, 



^+^ 



w_hJ5h.,biui6dflri(le4^y,th&Snmof anthcMoffl«Dt» JS^4-^r^[£, the <^iK?t|eDK 

^ ,y_ is = tothe diffaoce of the Axis irf fulpenfion (paOing through 

the point R, and parallel to A D) from the Center of Percudion of tlte (xirtion of 
the Cylinder M A DM ^ and when x becomes ■=s'—b, then the diftanceof the 
point R from the Center of percuiBofl of the whole Cylinder is :: — :-" 

3 « j-tr 3 A 

COROLLARY. 

i66. Hence if RE reprefent a Mans Arm, and EF a Staff or Cane, itis catie to 
dctermiae the Point therein, which will ftrike with the greatcft; Force. 

PROP. 



DchvGooQic 



«» S^^atimtthil ^iibfofty. 



i86 



P R O 1". VIII. 

r» ImrHigtit tit CimiT <f Pmit^im if « Vat,R*i>i>lvitg Jhiu a Jbas}i^ 
ihrmgli th Vtrnx A, uti PattBii ti Ite Srfe BC 

3(S7. Tta Ikme things being foppos'd is ia At. 34»- Tlw Hwioa of flK Mb^ 



meats IS = 



«»«' 



, and tlie Floiion of the Rrcevis 

= ^-^— *, and the Sam of all the Forces is = , 

l»a ' lo«* 

whiish Uing divided by the Sam of aD the Memeots = 

'^^t the Quotient f » is = tothcDiftancc of the 

A»iief Motion from the .Center of Pcrcaffion of the 
Portion of iheConc generated by the Triangle APM i afld 
} t for the DiltaKC ofltic&idAsis turn tiK Center of 
Pei 



/ 

/ 


\ 

L. 


^ 


^K 


A 


i-'-:. 


D 


^^■*'''<i 



PercuSIot (^ cite whole Cooe. 



PROP. ff. 

r# /«i/ /Ae Cw/fr of Pereufon cf dSfbere^ m rejft0 of the Aids tf MottM 
A K, ^^eoMaUsr to the Dimtter A D. 



268. The Huxioa of cbe Moments is = 
***■—- — - — ^ xa^ the. FlBxioa of the 



forces is =: e*? * - 



- ^ aii4' the San of 



aBitl;oEwoc8is = ^.^: '—■. which beinff 

4, 10 P' 

divided by the Sam of all the Moments — 

^»*. _ %OTK XIXX . 

-Q — the Qpouent z=, «.= t* 

the Difhnce of the Axis of Mocien A K from 

the Ceatw-of PenmfflontoBthe I<tonioB-of tite 

Sphere generated by AeM:,, and coQfcqfiencli: the DiftaMCof A frotatheCfeater 

of. Eqr f i iflto n.of th« whole^Sphereis = f r. 



K Hu ,B , ,. ,,,. 


/ 






V 


iV 






G. OfR O Itn.A RY. 

Ifefig»^titca6e{torjindthe(Eatter-ofi ft t m g fai \)f aa Hea)iipliere,orofimySegmeM 
of a Sphere, in refpcd of the Axis of Mocioa . A R, or la reipta of aoy^oUKr pobl 
iftitheilfUDeter A P f^ficU' 
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Fluxions : Or an tntrodkBion 



PRO P. X. 

To Invejiigate the Centers of Percaffion of all forts of ParAhoUcd CoiuUsy m 
rffftti of AT the Axis cf Motion. 

359. Theliimc things being fuppos'd, as in Art. 345. the Fluxion of the Moments 

is = \ and confcquently the Flnxioo of the For- 









- -r 


* 




\ 


I> 



,and the Flowing Quantity, or the Sum 

— . Which being 
divided by the Sum of all the Moments = 



of all the Forces is = -~ . — 
m -j- 4 



: the Quotient j— J— 4 x x 
' o w -[- 4 






= to the dillance of the Axis of Motion AT from tlie Center of Pcrcnffion of the Inder 
terminate Portion of the Conoid,gencratcd by the Revolution of the Spac« APM about 

the Axis AP; and ~\~ h = to the Diftance of the did Axis of Motion from the 
3 w -I- 2 

Center of'Percunion of the whole Conoid. 
Hence in the common Parabola ax i:^jy, we huvc »w = 2, and conftgaently, 

*-^3-! i - 1 i = X the Axis A B. 
3m~\- z 



= »' , then » = 3 and ~ ~~~ b is 

3W + 3 

XI. 



And if the Equation of the Curve be * « a- 

P RO P. 

To Invejiigate the Center of fmuf^on of the Elliptical Spheroid ABDE, « 
refpe^ of the Axis of Motion A T, p^ng through the l^ertex A, snk 4t 
right Angles to the Axis A D. 

370, The lame things being fuppos'd as in Art. 350. The Fluxion of the Moments 

- , and confeqneatly 



A 


T 


^,' 


\^ w 


/ \ ...... 


tt. 


c 


7 


\ 


A/i 



trx^ 

XOaa"* 



zaa 
the Fluxion of the Forces is 

laerx^x — crx*x 

^ ^ * and the Floent or the 

Sum of all the Forces is = ^^ 
44 
which being divided by the Stfm of all the Mo- 

erx' 

3* 

30** — iXxx . 

-■ _ is = to the diftance of the 

^ Axis of Motion A T from the Center of Pcr- 

cnffion of the Indeterminate Portion of the 
Spheroid generated by AMP. Whence the Diftance of the faid Axis A T from 
the Center of Percuffionof the whole Spheroid is = |« = J AC 

* SECT. 
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SECT. XIII. 

The tJfe of Fluxions 

hhyfffii^at'm^ the Centers of Ofdliatmi 



3-ri.npHE Learned JOtrfeaiiui fo higHly clteem'd this piccft of Mathematical Phi- 
X. iofophy, and thought it a Subjeft of fo much difficulty ; that he propos'd 
the tonfideriuon tiiereof to the moft Celebrated Geometers of his Age. And to 
fffld the Ceotenof OfdlUtm of all Figures, appear d fo intricate a Bufincfs. that the 
Hluftrious Gsntfim a)uld oolf find them in Jbmc particuiar, and thofe the molt eallc 
Gak% Yea thc^Exccllent Mr. H^au was fo dilteuraged ia his firft. attempts (as he, 
fiimfelf wttnefleth) that he gare qp the Caufe, if not as defperate, yet until a more 
lucky ttiTii of Genius fliould offer. Which accordingly happened, ftw afterwards ,he 
not only rolidvd all JMt^/pww.'s Problems, but even oth.cr? mjKh more diffiqiit- 

Butnowtbatwearetanght (in relblring Problems) to OMitemplatethings in their 
firft Principles, and to follow the fteps of Nature in our Inquiries: The Diflicalties 
which appeai'd infuperable to former Ages, «re eaCly renwVd. Which will finther 
appear in handling the prefcnt head. 

I. The Nature of a Pendulum (I prefume) is obvious to every Reader : A Line, 
a Plain, or a Solid, fufpended either mediately (by a Thread, &t.) or immediately 
to an immovable Point or Axis, and Vibrating by the fble Force of its own Grarity, 
generally going under that Denomination. 

II. And thofe Pendulums, which have the lame Length, and are agitated by the 
fame Force, defcribe equal Arches in equal Times ; that is, their refpedive Vibra- 
tions will be Ifttbrtml & via vtrfa. 

III. Hence if the folid ABDE, be ftfpcnded to the Axis AT in A, then the 
Vibrations of the Solid will be Ifocbrmal to thofe of the fimple Pendulum, whofe 

-length is equalto.thc,Dift?ncc of the Axis of Motion AT, from the Center of Per- 
cuffioB of the Solid, and which is agitated by a Force equal to that of the Center of 
Percuffion. For it is evident, that all the Forces of the Solid are (as it were) united 
in the Center of Percuffion : And it we fuppofe the Solid to be contrafted into that 
point, and the fimc Force to remain, then 'tis manifeft that both Pendulums will be 
fimple ones ■, and becaufc they are equal in Length, and agitated by the lame or equal 
Forces, their Vibrations muft be i/oehtmsl. 

IV. That point of the Figure wherein all the Forces are united is but one, and con- 
fequently one only fimple Pendulum can be made, whofe Vibrations (the Forces in 
both bang equal) fliall be Ifwhrmal to thofe of the whole Solid, and becaufe the point 
iQ the Figure, wherein all the Forces are united, determines the length of the fimple 

■ tfochrwal Pfdulf^ -y and is that wherein all the Figure is fappos'd to be contraded 
with all the Forces, while it Vibrates ; therefore it is called the Cmtr cf O/cHUtim tf 
tbt Figitrt. 

V. Hence it is fflanifeft, that the Centers of OfdlUiiim and Ptrei0m in every Fi- 
gure are the lame ; and the Inveftigatiou of that is in every refpcft the lame witli 
that of this. 
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GenerAl Confe^Mrits. 

372. IfaUae A^Mftfpepd^by the point A, and,befuppos'dto Vibrate; the 
Di&oce of the Ooitcw OfiiI]ation.froin.A the poiQt gf SufpehGoa ib := t AB; and 
hence the Reafbn appears, why the Vibrations of a Rod or Vtrga, fufpeoded by one 
end, are Ifochroiul to Uioie of a finale Feadnle, wboft length is = f ports the 
length of the Rod. 

CONSECTARY M. 

If the Ifbfciles Triangle ABC^ be TupjiosTd to Vibrate about an Axis, palliag 
through the Vertex A, and in the fame Plain With the Triangle \ then the DJibuKS 
of the Center of OfcUlation of the Triangle froiH thi Vertex A is = ^ the perpen- 
dicular AD. In UlLe manner, the Centers of O&illation of the CYlinder, the 
Sphere, all forts of Farabc^c Spaces, and ParaboUcftl Conoids, &e, are utreOigatca 
md dctcroiihcd in the refpedive Examples of the prcceedin| Sedioa: And^tbt 
lame Method, the Center of C^Uatibd of anf figure xcaj be lATiftigited. 



SE Ct. 
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SECT. XIV. 

Tfce tJfe of FludtMB 



THE Stodyof t^icHeaVenlf MotiotisisfbrublimeapieceofHamaMKnowledge^ 
that tbc moft Veanied Meo of all' Ages have applr'd themJelres to the Ikme. 
Bdc notwithftaoding this,, the Syftems they have fram'd, aad the Caafes they hare 
sllign'd for dc! Celtfflial Mocioos are, for the moft part, fo inconfiftent with Reafon 
andfttrenotcfromTrDth, that itijfcange they flaould have bcea (for fo many Ages) 
io aniverlBttyi ncci/d> 

It would t^ imprdper b this place to titrable the Reader with an Account 6f the 
Aftronomj of the Mdma*^ and hy wbatmeans they endcavonr'd to falre the Celeftiat 
B(<pcarailcfts. 

I Oall only tell him,th3t tho' the Croud of AndeDt Aftiooomers (eem to hare had bob- 
Terr con^d NoQoin codcemmg thoft upper RegiooSfyet Ibme then were of a more 
tefiA'd Genitts, thtt: dtiubtcd aot to aficrt even that Syftem which now a-days palfts 
fortheb^ftj futhas ffth^arat and Pj^jp/dk/^ who ificitcd the Modoa of the Eartb 
asd Scaldlity of the S«n. 

But thb ftemed ib inciVdiUe to the wifeft of SuccerdiBg Ages, that not bcioe a- 
Ue to rendtfr auy Solid Reafon for this Opinloa, befideB the Authority of ati lUuftri- 
ous Sage, it vras exjploded out cf alt places, which feemed moft to c*imtenncc Ao- 
cient Learnings and fiarcc allowed a place in the rank of Pofiibilitics. 

Thia the Aneitnt Tpt^trum 8 f0tm if the HirU lay flighted and Mg^e^, untiU 
the excellent Coftnicus^ well perceiving the ddefts and ijKOoOftendes of all the other 
Hypotbefts, reftoi^ tt to U^L 

This Infiint of Ages thus again inipired widi anew Breath, quickly became known 
to l/rMMi's Sbns^ and among all thofe that approved ot the lame, none was more e- 
minent thfln the great Kefltr ; he not only dnendcd the Tytbsgo^tan Syitm pf the 
World, but advanced- yet farther, and found that every Primary Planet defcrib'd an 
Elliptic Orbit about the Sun, placed in one of the Foci •■, and that the Areas, which 
every Planet defcribes about the Sun^ ire proportional to the times of Defaiption. 
This excellent Perfon obrerved alfo,that their Periodic times are in a SelquipUcate Ra- 
tio of their mtan diftances from the Son : Which law the Satellites obferve alfo, in 
rcTpeA <^f their Primary Planets, as the Ltttrntd Cngm oMervcs. 

Theft are difeoveries wholly unknown to the AncieiK Aftronomers, and wheretrf 
even their iirft Audiors could give no demoaltrative dccoant ; they W that tbele 
proportions were cOnfirAed by the moll: accurate obfervatiobs, but to demonltrate 
the truth of them i p-mi., was a tadc too hard to be aittrnipted by any unacquainted 
ivith a Method fomewhat rcfemUing the gr^ and infinite Arcbited : 1 mean the 
Method or Analyfis of lAGnites. 

And fince his days, fevcral other great Perfons have appeared, who have made in- 
credible advances this way. 

1 {faall confine my felf at prefent to Ibrne of thofe which have been nude by help of 
Fluxions^ 
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PROP. I. 

The Aretes which Bodies Revohing dhouf an imit^ovAbU Center defcrihe hy Rajs 
drsxti/t to the ftme. Are frofortiPndl to the tiroes of dejcripion^ and Are all in 
the fame immovahle Plain. 



Bo^: 



,73. Let the Time be divided into equal parts, and fuppofe in one of them, a 
ly defcribes the Space A B (by a power which it has to move in the right Line 
A K from A towards k) in the neitt 
Moment of Time, if nothing hindred, 
it would move from B to «, dcicribing 
the Line B *. eqnal to A B, fo chat 
drawing tlie Rays A S, BS. » S to the 
immovable Center S, the Areas A S B 
and B S K defcribed, would be equal : 
But when the Body comes to B, let a 
Force in S attraft the iame, and by one 

^.- ;..,*-'- ....-.■.^ - / fingle but ftrong Impulfe, make the 

yv%S:-''-'"'' / ^*^y <i^viate from the right Line Bx 




and move in the right Line B C i draw 
• Cparallel to BS, interfeaUig BC in 
C, Uicn at the end of the fecond Mo- 
ment of Time, the Body will be found 
in C in the lame Plain with the Triangle A S B ^ joyn S C, and the Triangle SBC, 
becanfe of the Parallels SB andCx, will be equal to cheTriangle S B s, and confequent- 
ly it will alio be equal to the Triangle S A B: In like manner, if the Central Force (or 
yiiCmHpeta) aft fucceflively in C, D, &e. and make the Body in fucceffive Moments 
of Time delcribe the Lines C D^ E,&c. they will be iathc fame Plain, and the Trian- 
gleSCD will be e^ual to the Triangle SBC, and SDE will be equal to SCD=: 
SBC. Whence it is manifcfl- that a Body revolving about an immovable Cenrcr la 
an immovable Plain, defcribes equal Areas in equal Times j and by compofition, the 
Area S A C S is to the Area S A£S, as the Time which the Body takes to defcribe 
ri*f, is to the Time it takes to defcribe tbh. 

Let the Number of the Triangles be encreafed^nd their Breadth diminilhed/w i»(f. 
nituin, then the Perimeter ABCDE will be a Curve Line,andconrequently the r» Ctn- 
triftta which perpetually draws back the Body from off the Tangent of this Curve, 
a(ib continually ; and the Areas SAGS, SAES proportional to the Times of their 
^fcriptioo,wiUalfo in this Cafe be proportional to the fame Times. Q.. E. D. 

CONSECTARYI. 

374. If a Body revolving in the Curve A B C, be attrafted 
by a Central Force in S, and if the Body defcribe the inlinitely 
little portions of the Curve A B and B C in equal Times, then 
the infinitely little Triangles A S B, B S C will be equal : and if on 
the Center S, and with the Radii S A, SB, the little Arches 
A*. Bf, be defcrib'd, then the Triangle SABorSAi'is = 
iSAx A*, and the Triangle SBC is = iSBx Bf, therefore 
it is, ^SA:iSB :: SA:SB :: Be:A*i that is, the infi- 
nitely little Arches Kk, he, are reciprocally proportional to 
the Radii SA, SB. 

DEFINITION.!. 

The Center of Attraftion is that point to which the Revolving or moving Body is 
attrafted or impelled- by the Force or Impetus of Gravity ^ Thus the Sun is fuch in 
the refpeft of the Primary Planets, and the Earth in refpeft of the Moon. 

D E F I- 
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DEFINITION. II. 

.-; Taramtrk'A'Bthm cf imMui is fo iTinch as the revolving Body approaches nea- 
,■ ier to or recceds farther nom the Center ot Attraflion •, thus if S be the Center of 
Atcraftion, aad if a Body in A move to B, then SB — S A = B^, it calltd the Para- 
centric Motion of that Body. 

DEFINITION. III. 

Chcnlsr PeUtUy of a Body is meafured by the Arcti of a Circle ; thus if a Body in 
A inovc to B, or b. its Circular Velocity is njeafured by the Arch of the Circle A *, 
defcrib'd on the Center of Atcraftion S, and the Circular Velocity of a Body mo- 
ving fiom B to C is meafured by the Circular Arch B C. 

D E F i N I T I N. IV. 

CoMstut Excmforiut, is meafured by a Line let fall frotn a point inBiiitely near to ano-' 
ther point, perpendicular to a Line drawn to touch the Curve in that other pointy 
whence it is manitelt that the Const m Exctijjoriui CtrcuUtimis^ or CotuUHi Centrtfuriu 
may be exprefs'd by P N the Verfed Sine of the Angle of Circulation C S N (or^y 
e k^ becauife the diflerence between the Radii S C, SB is incomparably little) for the 
Verfed Sine is equal to a perpendicular let fall froM one end of the Arch to a Tan- 
gent drawn to the other end of the Arch. 

DEFINITION. V. 

Selit'ttatio Partcrtitrka Grevitstit vtl Ltvitaiit^ Or the fgrtentrie StlieHatiem 6f Gra- 
virjr or Levity is exprefs'd by the right Line AL, drawn from tht point A, parallel 
the Ray S B (iaGiiitcly near S A) untill it interfed the Tangent B L. 



grfED 



L E M M A I. 

The Verfed Slaei of hfitiitelj litiU Anhes tre in a iuflhkt Rttio (f the Chin'is 
tf tbefttid Arches. 

377. Let the H.^ht Line A D touch the Circle ABGioA, then DAB is the An^ 
f;ie of Coiitaft ; Let A B be an infinitely little Archi 
A Bthc Ciiord and A C the verfed Sine thereof, I fay 
A C or B D is as the Square of A B i that is, if another 
infinitely little Arch A ^ be taken, then the Verfed Sine 
Af (or AW) : Verfed Sine AC (or BD) :: A*?: 
AB?. 

Draw thc.Diametcr AG,and draw the Lines G B, G *; 
then by the property of the arcle,vvc havt ABy = AC x 
AG and AA^7=AGxA(i whence it is, AB f : Aij 
:: ACx AG: A*x AG :: AC : Ac :: BD:ii 

Now when the points B, h, are infinitely near the 
point A, then the Chords A B, hh Jire equal to the 
Arches A B, A &, and confequently the Verfed Sines 
AC, Ac, or the Sobftences of the Angle of Gontai^ 
B D, A </, are la a duplicate Ratio of the Goacermioal 
Arches A B, A i. * 

And if the the Lines b£, *f,fubtend the Angleof ContaAD.Afe, andbeparaU 
lel to any Line (lefs than the Diameter A G) drawn within thfc drde, as A R, tfc«i 
the Lines BE,**, will be as the Squares df the Conterminal Arches A B, A >* for 
BD:»W :: B£:>« :: ABjtA^j. 

Ffff COR 
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c R R L L A R V. 

376. Tbe Suhflences of the Aflgles of Contaft of Curves, whofc Cuiv«twe-in the 
jxjint of Contad is Ihe fame with that of fome Circle (or when the diiioreiicc betv^een 
tiiem U iocomparaltJyiitEle) are Id a duplicate .Ratio of the Conterminal Arches. 

LEMMA. II. 

)77. In onegual Circles A BD, GJE, if the infinitely little Arches BO, (li be 
equal, then the Verled Sines B N, in of 
thofe Arches will be reciprocally proportio- 
nal to the Radii S B, S ^. 

Produce S D unto E^and draw E F parallel to 
S A, and draw the Lines D H, E Kj in perpen- 
dicular to S B. 

Then it is, tK:BN : :S*:SB. 
And *» :*K :: *Jj:*Ej. 
But*E = |-*BD. 

Therefore, fc.:BN;S*xBD» :t*J^BD«. 
a V 

Thatis,i»: -sV'--rB- 

A"^%>U = BD, 
Wehave t»:BN :; SB:S*. Q..E.a 





c F 
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PROP. It 

The Conatus Centrlfugi (or Vires Centripets) of Bodies Revotviiw i» equ*l 
CffcUtf vfitk da rqa^bU MofioBj 4re in * duflictite Ratio cf their yeleeities* 

378. The Conatns Ctntr'ifugut is equal to the Verfed Sine of the Angle of Circa- 
lation, and the Verfcd Sines of Arches infjiiitely little are ii> a duplicate Ratio of the 
CJwris of thofe Arches^ that is, in a duplicate Ratio of the Arthes chemrelvet, 
and the Velocities (the times being fuppofed etjual) arc as the Arches \ tbercfore the 
Coiutiu CtMrifH£i arc in a duplicate Ratio of the Velocities. 

CONSECTARY I. 

379. If two Bodies B, i, revolve in unequal Circles, A ■B D, G i E, and defcrtbc. 
thp AJreas S B D, SiJ; then the Cmaitu Cemrifugi (or ykti Centrif€t*) D C, de^ will 
be in a Ratio compounded of the duplicate Ratio of the Velocities Direfily, aad the 
fimple R^tio of the Radii hiTcricly. 

For if the Radii be equal, the Coimpt Cntrifi^i are as tlie Squares of the Velocities ^ 
and if the Velocities be equal, the Cmt'^ (^entrifmgi are reciprocally as the Radii \ 
therefore if neither the Radii nor the Velocities be equal^ the Cematw Cemtrifvgi are 
in a Ratio compounded of the Rationed of the Squares of the Velocities direQly^ 
and of the Radii Inverfely. 

This Cerrolkrj is demooJhat^d njore univerfally, in one of the fteps of the Second 

C O M- 
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C O N S E C T A R Y II. 

And if the Bodies B> t, delcribe the equal Areas BSD and ^ S i^ in equal tiinee 
(that 15 if SBkBD = S*)»*^, then *^ :BD :: SB : Si) then the Veloci- 
ties BO and ii/ will be reciprocally as the iUdii, and the Squares of the 
Velocities will be as tbe Squares or tbe Radii Invftfely, whence the proportioa h n : 

BN :: YjJ = ?s'b'- wifl become ». : BN :: ^5?-' : \^1 :: TBi ' -.^X' , 

that is the Cmuimi Ctmtrifi^i are reciprocally in a Triplicate Ratio of the Radii. 

CONSECTARY III. 

If tbe Vclodties be dircdiy at tbe Radii, tben the Periodic Times will be equal, 
and the Analogy *»:BN ■■ rr '■ —,—' will become *»:BN;:S(:SBithat 
is, the Ctmam Ctmifi^i arc proiiortionat to the Radii 

C O N S E C T A R r IV. 

If tbe the Bodies B, kt deicribe tbe Anrhes B O, i i in equal-times, then the Pe- 
riodic time of * wiU be to tbe Periodic time of B, as r- is to i- *, becaufe the 
Times ate diredly as the Spaces and recipiocally as the Velocities \ and becanie im'. 
BN <:: i.-.DQ ■■■ —^ : -°^ :: |-?^ : ^*- :: (mnltiplying by SB , S ») 

— „ „ ' : — ^, — ^ . Therefore the fim Cattraa^ are in a Ratio compounded 

BDf *</f '^ 

of the Rationes of the lUdii dirediy, and the Squares of the Periodic Times la- 
verftly. 

CONSECTARY V. 

AndlftbeSquarelofthePeriodicTimesbeastheRadii, thatisif 'If : ^^_?:: 

iJl BDf 

S*:SB, thenitwillbet«:BN :: — ^'p — = —fj — - : : (by fuhftitution) S * 

Si 
xSB : S^xSBi that is, the Vkti Cmr'na* tn equal} *nd becaule =rx 

~ - , therefore VSi: VSB :: H: BD; that is, the Velocities are in a Sub- 
duplicate Ratio of the Radii. £f viei vtrfg, 

CONSECTARY VI. 

And if the Squares of the Periodic Times be as tbe Squares of the Radii, that is 



if 



%iq SB« 



u ■ =^- " S*,:SB,, thenitwiUbe ».: BN :: ^-^^^ : ^""."f 
Wj BD} 7 7" SX>i tdi) 

:■ (by fubltitntion) Six SBf : SBxSt^ :: SB:Si; thatis \is Vini CtntrifitM 

(or CoMTw Cn/r^«sO are reciprocally as the Radii j and twcaufe (in this Suppoiiuon) 

. . SB, 
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SBf > 

equal : Et yitt vtrja. 



SB* X , , = Siffx „r.'» therefore BD = K'; thac is tiie Vclocifies ate 



COJsrSECTARY VII. 

If the Squares of the Periodic Times be as the Cubes of the Radii, that Is, if 
Si, ^ SB, , , s-j; » : Tii » . Then it «in bt * . : B N : : ^-'l *J : 

—r-f~ :: SixSB' : SB x s7' :: SB?: S Ag i that is, xi\G Vtrei Cmtripttk 
arc reciprocally in a doplicate Ra tio of tfie Radii j and bccaufe --=. - , therc- 

fbrfc V^ : VSA 1 : A V, B D ; that is, the Velocities are reciprocally in a SobdilpH- 
cate Ratio of the Radii : Eiyici vtrja. 

SCHOLIUM. 

And bccaufe it is fbuhd by obfcrvfltion, that the Scjuares of the Periodic Times of 
PJanets, are as the Cubes of their diftanccs from the Sun, and that in equal Times 
they defcribe equal Areas about the Sun-, therefore it is manifeft", that the Sun is the 
Cfcnter of all the PlMietary Motions, and thac the f/i Ctturiftta (or Force of Gra- 
vity) of one Plantt is to the Vu Centrrftta of another Planet, as the Square of this 
Planets diflance frbm the Sun is to the Square of that Planets diftance fi-om the Sun. 

it is alfo evident that thefe Planets which are neareft the Sun move fwifteft, for 
the Velocity of one Planet is to the Velociiy of another Planet as the diftance of 
t^iis Planet from the Sun is to a mean proportional between the diftances of this and 
that Planet from the Sun. 
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P R O p. III. 

tf the Jress which 4 Body, revolving tioMt m hmimtAtt Catift ^f^i^t H 
RsfS irdVH to the /aid Center, be frofortioiuil to the Times of defirifttoit ; tbi 
EUmentiam or infinitely little Increment or Decrement tf the Ptddcentrtt Imfe- 
fmtis eqmslto the difference or Sum ef the Paracentric Solicitatioo ^Solicitaf 
tion «f GrMvitjt or the imfreffion nude by the Jffion ef Grevity or Levitji 
» 4Uijfuch tike Cuje) And twice the Cobatus Cencrifugus, viz,- to the Sum, 
if it he the Sfil^tetion ef Uvity ; or to the Difference ^ ^ the the P^uentrii 
SoUeitstion srife frdm the J&ion of Grwity. 

380. From the points P and M, draw the Lines Pv, M« perpendicalar to SM) 
dienbecanfttheTnangleflPSNt N S Mare equal, (the times bciog fi^poled equal) 
therefore (twcaide the Bafe SN is 



ato both) the AltitutePfL 

M « arc eqnai \ uke K m = LM, and 
dnwM » parallel to LKi Chen the 
Triangles F N v, M « « will be equal 
and liniUar, and P N = M •, and 
N V = o a ; again in the right Line 
SN (produced If need be) take SV 
= SP,and Sm =SM, thenisKV 
the difference between the Radii S P 
and S N, and N m is the diflereace 
betweentheRadiisNandSM; now 
NVu=:(Nv)i>«+Vv;andNM 
is = N»'4- «#— om, therefore 
NV— N«=Vv4-ii.»-^N» = 
Q> the diSerencioKliffatntial, or in* 
finitely liule Increment or Decre- 
ment of the Paracentric Velodcy, =: 
2M9 — N» (bccanfe Vvand m», 
the Verftd Sines of two Angles and 
lUdii, whofe difierencc is incomparably little, are equal) now fhe difierence betw^ 
tbeRadiiSP, SN, andSN> SM, exprcffes the Paracentric Velocity, and their dif- 
ftrcDce again, is the infinitely little Increment or Decrement of the iaid Pjusccotrie 
Velodty; aadM«orVvu equal to the Cmmm/ Ctwr^tif^ Ciradstitmi, andNi»is = 
to the Solidtatioa ni Gravity \ therefore the Elementom of the Paracentric Velocity 
is equal to the difierence between twice the Ctmstm Centrfmiu (1 m ») and the lim- 
ple SolicitatioQ of Gravity (N ») or (wMdi may be proved in like manner) to the 
Sum of twice the CenMms Cenrifrgiu, and the fimfde SoUdution of Levity, 

CONSECTARY I. 

>8i . Hence it ipptats, that if the Solicitation of Gravitr prevaiL thed N V -«^ N tf» 
win be Negative^ that is N « wiD be greater than NV, and uie Defcenlive Paracentric 
Velocity increaics. and the Afivnlive decreaies< Boc If twice the CtmstMiCmtrifitgin 
prevail, then N V — M w will be Pofitivc, and the AlcenJiye Paracentric Velocity 
Increafes, and the Defcenfive Dccreafts. 




C O N S ECTA Rt It. 

If the EiementHtii or ii^nltely little increment or Decftment of the Pafacentrie 
Velocity be ^ven, the Solicitation of Gravity or Lenity may be found ; fot the Cmw-: 
tm Cmrfugm is always given iArt. yj9. S 1.) It bnng conftandy in a TripUctte 
Reciprocal Ratio of the Bjidii. 



^%%t 



ttkO l^i 



Djgiljzed by 



Google 



298 



Flnximt : Or an IntroduSion 



PROP. IV. 



The At^lei wbieb 4 Pldnet defir&et about the Saity in equd titnti, mre Reeifr»* 
caBji in a duplicate Rdtio of the Radii. 

^Si. The Circular Velocities are in a Ratio compounded of the Rationesof the 
Angles and Radii, Joyntly \ therefore the Angles areiaa Ratio componnded of the 
direft Ratio of the Circular Velocities, and the reciprocal Ratio of the Radii ; buc 
becaufe in eqiia'. times, the Areas arc equal (-frr. 379. N. 2.) therefore the Circular 
Velocities are reciprocally as the Radii, and confequently, the Angles are reciprxv 
cally in a duplicate Ratio of the R.idii. 

And fuch are the apparent Diurnal Motions of the Planets obferv'd from the Sun 
^or days, in fuch Caies, are parts of Time little enough, efpecially tn Planets more 
remote (n>m the Sun) which are almoft reciprocally as the Squares of their diftances 
firom the Sun ; fo that a Planet, in a given Element of Time, defcrifaes but the fourth 
part of that Angle, which it would dcfcribe At half it( p^ftnt DUtaoce from 
the Sun. 

LEMMA m. 

The Spaces which s Body defiribts in the beginning of its defienty are in dupiicMe 
Ratio of the Timet. 

383. I et the right Line A E be divided into au ioTioite number (^ cqnal parts dD, 
<£, &c- reprefenting equal Moments of Time, and draw tbe Ordinates DB, EC, 
&c. proportional to the Velocities of tlM 
A d D e E Iicavy Body, at the end of the Times repre- 

~ fentwi by AD, and A £, and defcribe tfae 

Curve AB C ; now becaule the Space wfaicfa 
a Body delcribes is proportiotial to tbe 
Time of description and the Velocity joynt- 
ly it is evident, that tfae Space wbkh the 
heavy Body dcfcribes ia the Moment of Tinta 
^"^ Dd i% proportional to the Refiangle D^ 

and the Space which ^e &iiie heavy Bodj 
dnibibes in the Moment of Time Et b proportional to the Reftangle E«^ wheMtie 
the Space which the Body defcribe^ in the Time A D, ii to the Space it delcribcs in 
the Time A E as the Cnrviliaesl Space ADB is to the Ciirvilineal SpiKe AEC^ but 
when the Body begins t* defcend, the Ordinatcs D B, EC itv indefinitely near the 
point A ■•, in whidt cafe, the TriUncBl Figures ADB, A E C, beconoe rcdilinea) (i- 
milar Triangks, the ijKlcfinitely little potions AB, BC being in the fame ftre^|^ 
Line : now the Areas of ftmilar Triangles arc in a duplicate Ratio of the Homologons 
Sides ^ that is, the Area ADB: Area AEC : AD?:AE7, therefore the Spaces 
which a heavy Body defcribcs in the begixuung of its delcent are in a duplicate Ratio 
of the Times. Q;. E. U 
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PROP. V. 

If t hteoj Botfy nvollih^ in the Pirifherj of t Curve, liout ix ilmmvM Cen- 
ter, irftribi jirtas pnftrtuoit to the Tmej. 'Tis nqmirej u fold tie Ltm 
of the Vis Centripeta teniing to theftid Center. 

384. Snppofe a Body P to be proieded in tin Line P R from P towards R, and 
let tht Body at the lime time be attraaed by a Force in S, fo tliat by a Motion com- 
pounded of tlie projedile and attnldive 
Forces, it dercribe theCurre AP^; and 
let the Line P R touch the laid Currc in 
P ; draw S P, and alTutne any point Q in 
the Curve indefinitely near P j and drawB R 
parallel to S P, and BT perpendicular S Pi 
aflame another point p m tbe Curve -, and 
draw S f,t!ie Tangent fr and r ^parallel,and 
b t perpendicular to S *,and fuppofe the Body 
dcfcribes the Arches P,/,;)i in equal Time?; 
and draw dc parallel to S P, then the Ratio 
of the LiffiaUNr.fcfni BR to the tineeta Naf- 
eem >r, is compounded of the Rationts 

of B R to J t, and of it to it : but (-*■(. 375. 374.) B R is to it a> the Souare of 
the Arch P B is to the Square of the Arch P i; and becaufe the Arches P B, P 3 are in- 
definitely little, they ate proportional to the Triangles P SB, PS J; (.Art. 383.) 
that is, they are proportional to th> Tines the Body akes to defcribe them, or 
to the Times which the Body takes to defcribe the Arches PB, p >' and confe- 
quently B R is to it as the Square of the time which the Body takes to defcribe 
the Arch P B, is to the Square of the Time that it takes to defcribe the Arch f h ; 
ai;ani, becaofe P i and f » are fapijored to hi: delcilba in equal Times, therefore 
Jc K to ir, as the Vi, Cemiriptra in p is to the f^i CtmnprM in f, whenoe it is 
evident that B R is to *r in a Ratio compounded of die Rationes of the Squares 
of the Times in which the Arches P B, f » ai* defcib'd, and of the rit CeUrifat 
in P to the Vii Catrifeu in f ; that is, (becaule the Times of defcribme the Arches 
PB, ;*, are proportional to the Triangles PSB, »SA, or to the ReaanglesSP 
kBT, S;»*f.> 'f .' ■ r 




AndbyDivilton 



Or 



BR:*r :: Vx SPjx BTj :iixSf j !i*«j. 

— L'^_._ir__.. V. 
SPjxBT} ■ S;}x*(} ••*•'• 

Syi»»H &P}xBT. „ 



That is, the n Ctnlritcu in P is as the Solid "'**,f^* inTerfely, 

BR 

, i\ This may be more briefly demonlhated thus : If ;he Times be equal. B R 
Is as th^fnCmrifert, andif the »'>.Ctiur<p«« be given,thenBR(/<r». 573.183.) ba» 
the Squate of the Times; and if neither the Times nor the yiiCMripii» be equal, 
then B R IS (itippofiiig V i= to the J'u Catrifdt in P, and T = ts «hi! Time of det 

criptioa) at VT'.thctsfoit V isw 5^^ ; atd iMwAgieTiilMisritlwAra fSB 
or as the Reftangle SP x B T, therefore V isas -„ "^_ dirtftlv, or as 
l^H^Bli i„„rfely. (i- E. D. 

COR- 
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COROLLARY. 

386. Hence if any Figm, as APf begiren, andthepomt S to which the ^ CM* 

trifiis tendsi thenthc Value of the Solid — ^^ — ~ may be detennined from the 

Nature of the Figure ^ and conlequently the Law of the f^ Caatiftts^ which is n* 
ciprocally as the laid Solid, may be fiMind. 

PROP. Vl. 

Jf t Bod} Brmlve in tht Perifbay ofm Eliffi. "Til nqm'i n fni iht Lu> cj 
iht Vis Centripeta, leiuiuig to the Fccm if tin EJUfft. 

387' Let ABD be theEUipCs, and S the Focus, to which the f^Cntfrt^* tends. 
Draw the Axis A K, and the Gon)ugate Dia- 
meter BE-, draw the Line PR tonching the 
Curre in any point (P) and draw the CMa- 
meter P G, the Conjugate Diameter D K -, 
P F perpendicnlar to D K, and Q.v parallel 
to PR: draw SFinterfeiUngD Kind, and 
interledingQ.vinxV and draw Q.R parallel 
to SP. Theo(/<r<. ji.) PH = ACiDraw 
Q.T perpendicnlar to S F ; and fuppolethe 

Parameter of the Axis | 

Then, 

L«aIl:L»P''"Q.R:P«" Pap:P»!!PHiPC:: AC:P& 
LxPf:G»xP»:: L:G«. 
Gv>Fi>:Q.v) :: CPf :COf. 

AndbeciQifc Q.vf is =^-Q.arf, when Q. is infinitely near P. 

<i,} (=ai'j) : aTj :: (by iimilar Triangles) HPj (=ACf) : PFf !! 
(i<r>.<0.) CDfiCBf. 

And mnUiplymg the te^iediTe Tenns of thele Analogies into one another, dm* 
will ariTe this, 

LxaR:Q.T} : .•LxACxCPjiGiiiiCBjkCP. 
Thatis, LxaR:<iTj :: iBCf xCP):GvxBf Cx CP. 
And LxQR-.aTj :: lPC:G». 
But when the point Q.is iodeCnitely near P, then I P C =: G «. 
Whence Lx<i.R = aT» 

SP« 

And multiplybig both tides of the Equation by -^, we IhaD have L x S P f =t 

SPjxQ.Tf ^^ jjj,^ Therefore the Vii Cntr^s b rtciprocaUy as L x SF f i and 

QR 
becmleLisadetenllinate Quantity, thercforethe yii Cmripu b reaprocallr as 
the Square of (Sf) the Diftance of the Bod) in P fhn the Center of AttradioaS. 
ftEI- 

CO R- 
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COROLLARY. I. 
388. ThcParatneterOf the Axis (L) is = ^-^• 

COROLLARY. It 

If the Center of AtCtadion S, and the adjacent Vertex N, be fupposM iflimorable, 
and if the other Foci I approach nearer and nearer to S, and at kit coincide with 
■the fame, then the Body wi^ revoWe in the Periphery of a Circle, and the law of 
the Vii CtntrifetM will be the fame as In the ElUpfis. 

COROLLARY. III. 

If the Vertex's A and K be given, and if the Focns I coincide with A, and the Fo- 
cus S coincide with N, then the EUipfis A P N will become a ftreight Line, coinciding 
with the Diameter A N, and the Boa; win owve in the &me, withoQt any Attradion 
from without the Line. 

COROLLARY IV. 

If the Vertex N, and the (Focos Of the EUipfis, or) Center of Attraaion S begi- 
ven, and if the other Focus I be at an infinite DiAance from S, then the Ellipiis N P A 
w i 11 degenerate into a Parabola, and the ru Ctnnifa* in P will be as the Iqnare of die 
DUboceSPlnrerfely. 

COROLLARY. V. 

The fame thiols being fuppos'd, if the Focus I be at more than an infinite Diitance 
from S ; that is, if it fell on the contrary fide of N in refpea erf S, then the Body 
will move in the Cnrve of an Hyperbola, and the Ku Ctntrifits will be reciprocally as 
the Square of its Difiance from the Focus S. 

COROLLARY. VI. 

If the Focus I and the Vertex A be given ; and if the Center of Attradion S be 
fuppos'd at an infinite Diftance from I, then the Curve A P will be a Parabola^ and the 
yit CmtriftiM will be the &me in every point of the Curve -, and contrarity , if a Body 
moving at firil in a ftreight Line, be attraded to a Center at an infinite Diltaace fi-om 
the lame, then that Body will move in the Curve of a Parabola, and the Center of a- 
ttradion will be la the Axis of the Parabola, at an infinite Diltance fromthc Vertex. 

SCHOLIUM. 

/; tngj be obfirv'd thdt the Faraceatric Solicitation of Gravity, tout the Vis 
Centripeca, sri Terms fff^jing the [am thitig. 



Hhhh PROP. 
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PROF. VIL 

ris Solicitaion pf Grmiiy, or Vis Centripeta 0/ < Vluttt, is to the Comtus 
Centrifugus of tke fame TUaM, u its frefeat Dijldnce from the Sun, is to 
* the Pirmeier of the PUssettrj Elifjis. 

389. Suppofe SM = D, and L = to the Parameter of the Axis, and let t x L be 
a conltant FUin, equal to twice tlK Elemenurjr Triangle MSNj thea the Arch M" 

<«L ,„ , <"xL» 




is = — j;r- , and M m } is = 



= tothe 



Ctnatm Centr^Mgm. 

Again, the SoliduUon of Grarity 
is as D» InTCTfely, or (Art. 374.) as 

Mil^N or '-—^ di«aiy, or a (drrt- 

diag by the Invariable Quaotity i L ) 

?Jl^JLt direaiy. Wheoce 'tis cri- 

deat that the Solidation of Gravity is 
X t\> 



to the CmMm Ctntrfngm^ *A ^i 



is to ^^^\ or as D is to A L, andbe- 

cauft J L is an iivariable Quantity. The Rationes of the SoUcitatioa of Gravity to 
the Conatus Ctuirftigiit are proportioaal to the Diitances of the Flaaet from the Sun. 



PROP. vin. 

Th greatejl Aftenfve or Defeenfve Parmntriek Veloeky <f * Ptuietf ii wheit the 
DifiMceof the Plunet from the Sttn ite^d » t *^ Ptrameter of the AX' 

is of the ESipfii. 

590. Draw S W perpeodfrtihr to the Ans A D, I &y the grtateft Panioenttk Ve- 
locity is in W or X. For dn Sottdtation of Gravity is to the Cmam Gtwrifigar, 
as D is to t L ; and the Soiiciution of Gnvity is to twice the Cemm Ctmr^imm, a» 
bte toiL ^ aadbecaufesW 3:Dis=t^ therefore in the point W (or X) die 
Soiiciution of Gravity is e^l to twice the CuMtm OmrifitgM \ and (Wft. 5*0-) 
confequently the Fluxion of the Paracentric Velocity is = o : Whence it is evident^ 
that if on S as a Center, a Circle be detrib'd with a Radius = t the Parameter of 
the Axis, it will cat the Orbit of the Planet in two points W and X, in which tbt 
greateft Paracentric Velocity happens. 



COROLLARY. 

391. The Ctmatut Cmtrfugu mf Reccdbg from the Sun, is always lefi than the So« 
licitauon of Gravity. For the Solicitation of Gravity is always to the CMittm Ctiuri' 
fugm, as the Diftancc of the Planet from the Focus is to J part of the Parameter (rf 
the Axis ; and in the EllipCs, the Diftancc of a Planet from thft Focns, is always grea- 
ter than J part the Parameter of the Axis* Therefore, &e. 

PROF. 
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PROP. IX. 

Tb* Impetus wbieh s PUtut mqums (dsrii^ the wkoU tint of its Motion) iy 
the cotttinu^d AttrtBkm <f tm 800^ *re frofortiomtU to the Angles tf Ci culit- 
tioH ; tha w, as the Angles if t^tarent Mmionjrom the Sum, 

392. I lay. The Impitm which a Planet acquires, as it moves from A to P, is to the 
Imftttu whid) it acquires, moving from A to M, as the Angle A S P is to the Angle 
ASM; For the Increments of thefe Angles iAn. 382.) are Reciprocally as tlie 
Squares of the Radii or Diftancesj that is, {Art. 38^.) as the Solicitations or ImpreC- 
fions of Gravity : Therefore the Sura of tbtft is proportional to the Sum of tb^i ; 
that is the Sum of all the Imftiit or Imprefltons of Gravity acquir'd from A to P, is 
to the Sum of all the Impreffions of Gravity acquir'd from, A to M, as the Angle ASP 
bto Angle ASM; 

COROLLARY. 

393* Hende in thfc point W (in which an Ordinate to the Axis drawn through the 
fbcns S, interfcAs the EllipCs) the Imftim which a Planet has acquir d Unce it defcen- 
ded from the Aphelion, is equdl to half the Imfeim acquired from the Aphelion to the 
Perihelion ; and in the laid point W, the Dilbnce of the Planet frtjm the Stu is = ^ 
the Parameter of the Axis of the Figure. 

And the Impiim which 3 Planet^ delcribing any Arch of its Orbit, acquires, is to 
the Imtttm acquir'd in a Semi- revolution, as the Angle of apparent Motion is to two 
right An^cs \ and here is mcan'd the Imftim imprefs'd by Gravity or Attradion, Gm- 
ply a>Biider'd by themlelves, tht contrary hifttm arifmg from the Cmam Cenmfnyii 
.not being confiderU 

t R O P. X. 

To Expldtft the Motion tf d PUnet throt^h the whoU Revolmtion, i/td to Jbejv 
hnraPldmetd^froicbestOf Mtl j^sim recedes from the Sea, Alterois Vicibus. 

. 394' If a Planet be at its gretteft Di^retiion from the Sun, or in the Aphelion A, 
the Cotutm Ctmrifi^m, and ux Solicitation of Gravity are lefs than if It were nearer 
to the Sun. But at that Diftance, viz. in the Aphelion A, the Solicitation of Gra- 
vity is greater than twicetbeC«w/iir C«»fri/iff«ir (bccaufe SAtheDiftanceof the Ap- 
helion from the Sun is greater than i the Parameter S W) therefore the Planet wilt de- 
icend towards the Son in the Curve line APMD, and (Art. 380.) the defccnfive 
Jmfttm will continually increafe, as in heavy accelerated Bodies, fo k»ig as the Soli- 
citation of Gravity Is ftrongcr than twice the Condtm Centrifugui : For the defcenlive 
Paracentric Motion increafts, as long as the Solicitation of Gravity is grea- 
ter than twice the Conatut Centr^gut \ and therefore the defcenlive Paracentric Moti- 
on will increafe (although the infinitely little Increment of the Paracentric Moti- 
on decreafe at the fame time) ootil the Piaoet arrive at W, In which point the Soli- 
licitatioa of Gravity is equal to twice the Cmatmi Cutfr^n^j^and confequently the Para- 
centric Velocity is grcateft in W, when the dilboce of the Planet from the Sun is 
equal to i the Fanuoeter of tiie Orbit, afrerwardt, aliho' the Planet oootinucs to ap- 
proach nearer and nearo' to the Sun, untill it come to D, yet the Paracentric Veloci-' 
ty Decrealcs-, fr>r the SoUcitatioa of Gravity is to twice the Cohmmi Centrifugui, as the 
Diftance of the Planet from the Sun, is to f the Parameter of the Orbit ; and con- 
feq^ueatly all the while the Planet is in defcribiog tlie Po>rtioa of tlie Orbit W D X* 
twice the CoMdtMt Ccntriftfus is greater than the SoUcitation of Gravity ; and from 
W to D the Paracentric Velocity Deareafes; which it continues todo, until the Cen- 
trifugal IraprelBonE coUefted into one, iron the Aphelion A, precifely confumcs alt 
the imprenions of Gravity colleded into one, frum the Aphelioa A ^ or until the 
Centrifugal Impetus be equal to the Centripetite Impetus. Now this happens in the 
Perihelion D, where the Paracentric Velocity Vaniftics, and in which the Cmatm Ctn- 
rifmgu: and Solicitation of Gravity are equal and contrary, fo thit the Planet cannot 
pproach nearer the Sun, than ictsiatheptfintPf ^tcW' 
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Afterwards, the Motion being continu'd = As the Planet has hitherto approached 
to, fo now it begins to recede from the Sun in the Focus S, and endeavours to move 
from D by X towards A. For twice the Conttus Ctntnfu^ia^ which began to exceed the 
Solicitation of Gravity in W, coatinues to prevail from D to X, and therefore, fee- 
ing the Planet begins to move (as it were anewj from D to X, (the former contrary 
Impetus mutually deltroying each other) the Centrifugal Paracentric Velocity increafes 
from D to X, but the Increment thereof, or the Irapreflion Decreafes, until the Pla- 
net arrive in X, where the Solicitation of Gravity is equal to twice the CnnAtui Ctn- 
trifugui^ therefore the greateft Centrifugal Paracentric Volocity is in X-, from X to 
A, the Solicitation of Gravity prevails above twice the O-naiut Centrifugm \ and con- 
fequently, the Centrifugal Paracentric Velocity Decreafes, until the Planet arrive 
in the Aphelion A, in which point the Conatm Ceninfu^ui and Solicitation of Gra- 
vity become equal and contrary, and confequently mutually deftroy each other : 
and thus tbe Planet returns to A, from whence it departed, and begins and Enilhes 
new Revolutions fuccefiively, and without interruption. 



C O N S E CTA RY L 

395. Hence we have fix remarkable points in the Elliptic Orbit of a Planet, •«&. 
four Obvious, A the Aphelion, D the 
Perihelion ; E and B the mean dilbn- 
ces (for S B or S E is = i the Tranf- 
verfe Axis A D, and confequently an 
Arithmetical Mean between S A and 
S D the greateft and leaft DigrelEon of 
a Planet from the Sun) and two more 
vix^ W ard X, being the extremities 
of the Parameter of the Orbit appji- 
ed to the Axis in the Focus S, Jn 
which points happen the greateft At-* 
cenfiveor Defcenfive Paracentric Velo- 
city. 

CONSECTARY IL 

The Impetus which a Planet aoqaires 
by the Aftion of Gravity from A to 
W is equal to half the Impetus which 
it acquires in its detcent from A to D, 
and the Impetus aoquir'd from A to W is = to that acquit d from W to D ; for tbe 
Impetus are proportional to the Angles of apparent Motion, and the Angles AS W 
and W S D are right Angles. 




CONSECTARY III. 



Hence to determine the Species of the Planetary Ellipfisj the Focus of the EUipfo 
S is given ■, and the point A where the Planet is when the Sun begins to attract it, be- 
ing fuppofed at the greateft diftance of the Planet from the Sun, the remoter Vertex 
of the Elliplis is alfo given, and the proportion between the Solicitation of Gra- 
vity, or force of Gravity, wherewith the Sun begins to attrad the Planet in A, and 
the Conttm Ctntrifugui in the lame point A being known -, the Principal Parameter of 
the Orbit W X, or an Ordinate applied to the Axis in the Focus S, may be found- 
For, S A (given) is to S W ( = ^ [^c Parameter of the Orbit) as the Force of at- 
traSion in A is to twice the Canatmi Ctntrtfmgui, and if i the Parameter be fubtrafled 
from S A , the greateft diftance of the Planet from the Sun, the remainder will be «> 
S A, asS A is to SD J therefore AD the Tranfverfc Axis of the Ellipfis is alfo given: 
whence the Flancury Ellipfis may be defcrib'd. 



CON- 
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CONSECTARY IV. 

A Plantt will dcfcribe a Circle when the Solicitation of Gravity, and twice the O- 
rtatm CtntrfugHt are equal at the beginning of the Attraaion, for in that Cafe they 
will remain equal, there being no -Caufe to make the Planet approach nearer to Or 
recede ferthcr from the Center of Attraftioo, abfiut which it Revolves ; but when in the 
beginning the Force of Attraftion and twice the Cen^tui Canrifugus are unequal 
(provided the fimple Cwwrw Centr^xm be always lefs than the Attraftion) ttien the 
faid Planet will defcribe an Ellipfis j and if the Force of Attradion prevail, the point 
where the Motion begins, is the Aphelion ; or if twice the Cm«rw CwrrfimM pre- 
vail then the did point is the Perihelion. 

P R t. XI. 

Iffevtrd Boities rrvolw shout * common Centtt^ /md if the Vires Centripetal 
hertcifirccMSj ss the Squsresof their difiMces from that Center-^ theaia EBip- 
fesy the SquMret of the Periodu Times iviU be ms the Cubes of the TrmCveke 
/Ixei of the EMiffes. ^ ^ J J 

39** Reafliune the Symbols in Ati 387. then the Parameter of the Axis of (he 

Figure L iArt. 388.) is = ^^±J. , *hefl 

thepoint Q.is infinitely nearP> and Jf this 
Times be equal, then QJl is direQly as the 
Vit Ctntriftu , Of reciprocally as (the Square 
of the diftance) S P ^ ■, therefore L is as Q,Tf 
xSPf-, that is, the LMtu ReBum (L) is as 
the Square of the Area Q.T k S P ; and the 
Area Q,T x S P, or i Q,T x S P is in a Snb* 
duplicate Ratio of the Parameter 0J) 

And if the Periodic Times be equal^ ttie 
Areas of the Ellipfts, are In a Subdupbcate 
Ratio of the Parameters ; and if the Para- 
meters be equal, the Areas are proportional to the Periodic Times ; and if neither 
the Parameten nor the Periodic Times be equal, then the Areas of the Ellipfes are 
in a Ratio compounded of the SubdupUcate Ratio of the Parameters, and the fim- 
ple Ratio of the Periodic Times ; therefore the Periodic Times are in a Ratio com- 
pounded of the dired Ratio of the Areas and the reciprocal SubdupUcate Ratio of 
the Parameters. Kow the Areas of unequal ElUpfes, are(>/. 105. N". 4.) ina Sub- 
duplicate Elatio of the Parameters, and the SubdupUcate Ratio of the Cubes of the 
Tranfverfe Axes joyntly. Therefore the Periodic Times are in a Ratio compounded 
of the SubdupUcate Ratio of the Parameters direftly, the SubdupUcate Ratio of the 
Cubes of the Tranfverfe Axes diredly, and the SubdupUcate Ratio of the Para- 
meters inverfely -, that b,the Periodic Times arc in a SubdupUcate Ratio of the Cubes 
(rftbe Tranfverfe Axes, and confequcntly the Squares of the Periodic Times are 
proporcionai to the Cubes of the Tranfverfe Axes. - Q.. E D. 




COROLLARY. 

397. The Squares of the Periodic Times of Bodies rerolving in Ellipfes are as 
the Cubes of uieir mean Difhnces from the (Focus of the Figure or) Center of At-- 
traaion. 



uu 
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SECT. XV. 

to find the Fhixiotts of l/^mthms and if ToTfers when the BxpomtUt ari 
Fkwm^ Quamit'm* To ConftntB Exfonential Cumt and I>€termine 
their Tangents. 



HIHERTO we have confidcr'd A^thrgU md Trm^mdtta CWrwij there is yet 
another fort of Curves, which partakes of the Nature of both, vix^ Expontnti- 
al Cmrvet. For fuch Cunres may be Ciid to partake of the Nature of Algth-aie Curoa, 
becaufc they confilt of a finite Number of Terms, tho' the Terms themfeWes be in- 
determinate i and they may be faid to partake of the Nature of TrMnfiemknt C«rwi, 
becaufe they cannot be Algebraically Conftrufted. 

When I fhew'd how to Had the Hurions of aQ forts of Powers, their Exponeats 
were fuppos'd Invariable Quantities, aod I aoqoainted the Reader at riie fime 
time, that that fpeculation might be extended to Powers whea tite Exponents tbem- 
felves arc Flowing Qpantities. 

How to hasdle Eqoatioiu when tbe ExponenU are Variable Quantities > aod to 
draw Taqgents to Curves erprefs'd by fuch Equations, has been reckoned onerftheab- 
flrufoft points in the fublimer parts of Geometry. Of all Expooeatial Cunres the Ld- 
garithmetical is the molt fimple : And becauTe the properties thereof are now general- 
ly known, I fhall fliew how by help of this Cnrve, die Huxiau if Ftnuaig Feweri may 
be found -, and alio, how all ExfetmttuU Cirou may be ConfliTOed, ani their Tan* 
gents Dctennin'd. 

L E M M A I. 

Q^Mjitities tontituti^ frofortiond jrf fr^ortiond to their D^remtt. 

398. I lay, if «, >, (, be continoally proportiaiul, then they are propottioQal to 
their Differences. 

For by roppcAtioiij < : t : : iie^ 

AndbyCirifioaof proportMU, ttm—h :: hxi-^». 

L B M M A n. 

The Suh-ttMgtm if th Leg^nhnark Cmrve is m imrariaite Sg^mt^. 

I have druKfy De m mjt rMtti thit froftrtjf tf the Legariihwietw Cmrve im 
Art 7ti. But heemfe thst defemis o» tie QjfUrsteirt ef thetfyferheU^ 
Mdtherefore mot fi frtfer Jbrnr fwrfefe, I mm freve tie fiam smther 

Vftf. 



399> Let M Ml be tbe Logarithmecic Cnnre, A P 
the Azu, and PM an Ordinate \ Then it is evi- 
^at fixnn tbe Nature of the Ciqt^ that ^ the 
jnteroeptcd Diameters AP, Kp, A«, &c. bein 
an ArithmeUcal ProgreOion, theOroiBates PM, 
^w,f«,&c.will beina Geometrical Progrcflion ; 
tiiac is, they will be continually proportional, 
and conieqtiratly they will be {Art. 398.) pro* 
portioiul CO their EHflerences. 




Soppolc 
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Snppore APi=r, PM=7, the Sob-taDgeot PT=(;P/=i, and Rn^/i 
diea;:* :r f ifj-ind/i-^ *. But x is InmUblej andthcRatioof ;> tojiislo' 

Variable, therefore ^ xis'ia Invariable Qpantlty^ aad conleqnentlf the Sab^tangent 

i 
PTbtavarable. Q.E.D. 

f R O ft I. 

Purr jW tbeftm hiktermuutte Qitantity^ msj he *h Ordttute i» the Logirubmt' 
ticM Curve, snd et thejtme time, the AifciJ* of d/ulher Carve. 

400. LetDEbe theAxisof theCutre HGF, and let DC perpendicnlar to DE 
be the Alls of the LogaiidUBetic Uac AB; produce the (Minaa FE, until it cot 
the Logarithmedc Line A B in B ; then 

if the perpendicalar B C he drawn, it ^ 

will be equal to the AbfidHa D E ; but 1,/ 

BC isan Ordiaatc to the Logarithmetic m/f 

OoTTc y liietcfote it is erideac, due die ^<^- 

AblcilEc (DE) of any Curve (HGF) -^s^ ^ i 

may lie C^dinates not only in the Loga- ^^^^/ I 

rithnutk Carv^ bat alio bany other ^ -'V^^ j ] \ 

Curve } and that in fuch manner, that — L ^ 1 \ i 

theReUtion1>etweenDEandEFbeal. At Pr, 

waysthe liune, whither DE increaiee* 

nuaBy or lasiprily : So tbu fiippofiilg ^ InSidlxly linie lacreneiis (Ce) «f M 
Axis equal, yet the FloxionFr may be totfacFlnxionEcj that is, the Ofdinate F£ 
may be to the Sott-taagent E L always in tlie lame feneial KelatiaD. 

J R O P. 11. 

// wy EfMAito, «f atv =: h fe inftfi, dm Ify vxlji^if, mtJerfitiU- 
ing iy Ix, I J, &C. the JJagtritlms <f x, 7, Sfc. 

401. For the Logarithm of the Square, Cube or Btjuadate,^, of aoy NnmlKr, 
Is txpal to twice, thrice or fbdrtimes, &t. the Loganthm of the RooL Therefbi* 
UniverlaUy, the Logarithm of x« is =vxix; but x*=j, thtttfiKe the Loga- 
rithmof x* is equal to the Logarithm of /, that is vnlx—ty. 

VKOt. tit 

fklmritim <f utj lifolue Nmiet is end tetheSumtf tS the Fl/adau <f 
thefime eifihite Krmier, iniiei hj 6 fif, T, g. Ite Lt^erittm ef » it 



40t. Snppole A D = I = Sabtanewt of tie Lugatithaetic Catve A B, and let 
uC be an abfolute Nunher, tfalui 'Us eridcnt that D C is the L^arithm of B C 
Now Bii:C< :: BC:AD (:= Sub-tangent of tht Curve = 1 Thereibie ADx 



Bii = CcxBC«lMa^ =G<. 



BO 

Whence 
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Whence if BC be fuppos'd =jf,jf or2;,&c. zs^DC = lx, ly, or/x,&c. then 



equal, then Che Flow iogOiiantities muft atfo be equal} thatisS — =/jr> 

COROLLARY. 

403. The Floxion of any Logarithm however Compounded is eqiu^ to the Flunoil 
of the Correfponding abfblote Number, divided by the iaid abfolute Number. For 
if ABbeaLogarithmcticCurve, and the Sab-tangesc = AD =1, and if BC=:x 
be an Ordioate to the Curve ABor an AbCil&u> any other Corvc, then DC wiDbe 

= /*, and Bh = Jr, and Cc = /*, and conlequently /* = — . That is lie 
Floxion of the Logarithm of jv is = tlie FtoxioB of x divided by x 

Hiate to find the Flmxiim <f ug Logarithm, 

LetitberequtrVl to God the Floxion of the Logarithm of yxx-^jy^ ^ aUcH 
late Number is = xx-\-y7\* ' 

AodtheFloiionthereof is = i»jr+/]l| 'xltAr + i// =i '-^-i- . 

WUch being diiided by the abrolnte Mumber ■/xx + jy, the Quotient -—f^- 
is = / V* X 4"77j ^ ^°^ we may find the FlaxioQ of any Lpgarithin. 
Marc EXAMFLES. 
To fxi tht Fbamu vf tie Ltgtrithms rf il firli tf Pmnrs. 
To find the Elniionof theLogBitluil of » + 1. 
TheabrolnteNnmberB «4-"- 
And its Fluxion x. 
Which being divided by j:4" '• 
•ni.Qliotient» + Oi(= rir ■•='* + '• 



To find the Flozioa of the Logarithm of r jr' 4~ ^ *'• 
TheEltaionof rJ:'+l«'is = 3rJ:■J:^-4**■ 
WhichbeingdividedbytheabIbInteKnnlbeT rxi'^ix*. 

irx^x+^xx ( ?,^j;^ 
_ ^ •• . irx'x+^xx _ arJf»+4» ■._^.t. 
Huionof /: r »' + >*"• 
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To Gndthe Fliixiniof / 1 — rJTJI' 



the lUblote Number b ^^t,^ = rt'+x-l' 



Andtheflniioiltliertof — r*' + x'|"* x jrj:"« + i«jr. 
WUch bcilg divided by the abfolate Number — j . ■ 






noiim of tbe Logarithm of - 



_. „ . ,, ! ;. . nxxx + e4"' x^x* l*xi 

TheFlonoilof /: ««+tt us: = ._ i ,, • 

«e\ ■ 

TtjCnf tie Flmtimutf tke Spun, CiAt, tec. if MXf Logtritim: i. c To ftiU 
tk Haims if it forts if Fomrt to »Utk tit Ixgarkim <f lU firtt of 
SfMtmeica ii ru^i. 

ToGodthcFlilioiiof /: » + «»l'. 

Bhliiplr ': «+""i ' by i, the Esponcst of the Power, 

AniwehaTe ixl: x-^-i''. 

Which multiplied by jTjp the nmnon of ;;*+«»|, 

■nitrewin«tirelx/:«+«1Xj-nr7. = ^^^ " = «°th« 

Ftaxkai of /:« + •■'. 

Tofiikd thcFlanon of /: ic-t-<"l". 

Moltiplying the given Qpantityi -., i. -^-.; « 
bj the Exponent », we have r ""'• '~' ' • 

Snbtrading i &om the Exponent m^ m x /; «-)-•■*' '• 

Which being multiplied by \ x 

the Flnxion of the Rootr ^j^^m' 



ThePnido& ixlij-^-*'""' » _i_ i 

beqnal to the Fluxion of theLogaiithnof « + »"nu$"d to the Power whofe Ex- 



Hoaent is ». 



Kkkk To 
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3 10 Fluxions: Or an htroduSion 

To find the FluxioQof *"/:*!". 
The Fluxion of *" is = »*■"' x. 

And theFluxioQof Z:*!* is =iwx /:*!""' — = w*'-' l-.x]"'^ x. 
ThereforetheFluxionofjf"/::>rl"'is = w«"- »/:*■"' « + »*"-» /:*"*« 



To find the Fluxion of * + ^l" k /:*-i-«"l*. 
The Fluxion of * 4' *!' *s — » >* * 4" *1"~ ' ' 



And the Fiuiiooof /uf+j"!* is = wx/:*-^*"* 



* + -- 



!i"-« : 



Therefore the Fluxion of * 4- A-p x /:* + «"•[" is = 

Tt&(/f Principles hetng Idtd dowMf I come next to TreM cf Exfoneittidl Equstiem. 

There are feveral degrees of ExfmtntUl ittuaaitiis^ and the kwtfi Degm is, nhen 
the Exponent confifte of ordinary indecermtnate Q^Hnticies, as 7", x", fi^jpofing 
M ud » t9 be fimple indeteitnioate Quantities. 

An ExfofUHtial Qusinity tf tbt fieemd Degree^ is when the Exponent it lelf is an Ex- 
pOQcntial Quantity, as y "', and if an Equation confifts of lereral Exponentials -of 
different Degrees, then the Equation or the Curve whofc Nature it expreflesj takes its 
Name a ?otiori. 

PROP. IV. 

To fnd the Fluxion of Mirjf ExponentitU ^Mtity tf t6efiif Dt^ee. 

40a. LetitberequirdtofindtheFlnxionof^"; fnppDfej»" = r, (Art.^x.) then 
nxl^^^lrj and finding Che Fluxions of each fide of Uic Equation, by the Common 

Rules, we Ihall have nx i'y -\-l^ x m =zl'r. (^irt.+oj.) But /} = -^, and ir s= 

— . Thercfijrc by equal SuWUtmloa, /jr « + -^ = — = (becaofe r =/■) -^ i 
Ergo, r or the Fluxion of tlft Exponential Qpantity y" is =7" /ya + ajr"- "j^ 
Thusfsr cffindif^the fluxions tf Logsrithms when the txfeaems tn Jnvaruik, 

And this is the frji Sfecid Rule for A Exfaentitls tf the firfl Degree : 
For VK m^ jufpfe indetermintte QuMntities CemfMmkd jU fksfmn, 

to he inflate of y and w. 

E X A MPLB. 

Let it be requir'd Co find the Fluxion <i Che Campamd Expmtmml Q»mi^ y* **i 
firft the Fluxion of 7 ■ * " is = (by the QtHnmon Rules) =J« x *"• -^i"xj'",but 
the Fluxionof;" is =>"//■+«;("->/; andtheFluxionof *■ b =*■/*"-^- 
m j^ >" - < x, and therefore by equal SnbIUcucion> Che Fluxion of the Compound Expo- 
nential Quantity ;•*"' is a*- jr"/|(»-^«*" y"- i^'-^-j, -x^ijow-t- »;"«»-'*. 

PROP 
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P R O P. V. 

To fad the Fluxion of tig ExfomittUI SaAittiij 0/ tie Saomi or tig Ugkr 
Degrte. 

403. Leticbereqmr'd to find the Fluxion of j'"'i foppofe 7"" =r, thenisi»'"/jf 
= fr and taking the Fluxion* of each fide of the Eqoation by the Common Me- 
thods, we have «-(> + ')!«"= '"•. Now becaufe »" = »"/«»p + i"»"-' », 
and/y = ^itherefbre,bveqiialSuWHnition,wehiTe — ! + i'"4''»»'+"'»""' '/" 

t= — = (becaole r = 7"') -^, andtDnfequently rortheFluxionof 7""ii = 

„■ ^<"-i y Ji^mn'-'i'' li't-^n' 1'' lil*m. Which is the Rule for Ex- 
junential C^atitiesof the fecond Degree. 

And he that Ihall have occalion for the nnxiois of compound Exponential Quantities 
of the fecond Degree, or for th« FhikjM of limple or tommmd Exponential Quan- 
tities of the third Degree, &t. Day eafily find ihem, if he perfealy underllands 
what is already written. 

b nmuiu to tffl] th'u DcSrim to EapuKMitt Curves, inito [bev ho9 
jiieh Curves at) te tonfiraSei, tnd their Jaieutt iktermini. 



. p a Q P. VI. 

Lit Uh rtpir'Ji U cmfiruH the Curve, whole Htteire it exfttfs'i hf this Ex- 
foneittid Eqiittiom x*=jr. ■ 

404. TaketheLogarithmofbotli fides of the Equation, and then we hare xlx 
t= // : now if we fuppofc the Loga- 
rithmetic line A B to be drawn, and 
its Snbtangent = the firft Ordinate 
AD = 1, and DEor BC be =*, 
theaisDC =: /^, tnd beamfe «/« 
= J/: thercfijre I (=AD= Sub- 
tang.) :« (BCorDE) :: In (DC) 
: /» = D M , and confequently M N is 
= , i and if IM N be laid firan E (the 
end of the AbfciHa D E) to F, the 
point F will be in the Curve required. 
And thus the other points of the Carre HQFmay bedetermined. 




PROP. VII. 

1/ theNttare of the Curve HGF fe exfreffi k/ the Ejuttion x'=j, let it 
he required todrtw the Line F L w touch theCurvein F, 

405. Snppofe the Tangent F L (being drawn) to interfeft the Axis DE ia L ; 
the Equation of the Curve is x« = j, therefore y =**«-! x~\-x'lx x t= x* x 
4- *• l«'i= (rttbftitnting|for«')/»+7/*jfitherefi)ro7-l-7;*:i :•:;: i 
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3 1 3 Fluxiom : Or an IntroduSton 

'.ij: Subungent EL= — j^ , and confequently if ELbetakenatMrdpropor- 
tiooalto AD + DC, and AD, then FLwill touch the Curve HGF iaF, for 
I + /*: I :: i : / . = EL", and thus the Exponential Curve H G F may bt 
conftrudcd, and the Subtangent exprefs'd in ordinary Terms. . 

PROP. vni. 

Let itte requirei to Qonfira^ thi Curvt, vfhefe Nature is exfrefid tj this eK» 
foaeMid Mqastioti d* =jf* 

4otf . Take the Logarithms of both (ides of the Equation, and then ml£ = lf; xam 
if wefuppofe DE = CB =*, AD = i, and/* = the Logarithm of aninvari*. 
bleQuanuty, it will be i (AD) : x fBC) ::/«:// = DM, and coofequently 
N M is =7 ; therefore if M N be applied Co the Axis DE fiomE toF, the point F 
will be in the Curre rcquir-d. 

And to determine the Subtangent to this Carre, the Equation of the Curre b 
m' = /, and finding the Fluxions of each fide of the Equation, we have xs'-^ 

<r-^ *' l» X ^y. But « b an Invariable Qiuntity, and « = o, therefore 

*«*-'* is = o, and coofequently 4' /<* = Ji= (becaufe^'s/) //<««^ud 

refolving this Equation into an Analogy, / (Ff): x (E<) '.: yl*ii :: Qtffksi- 

lar Triangles) 7: Subtangent EL, which confeqaently is = -^s=— =toaniB- 

Tariable Qiantity. 

COROLLARY. 

407. Hence it is manificft that the ^noE^tkn (•>'=/) expitifo the Natuv 
of the L(^arithmetic Carre it felf. 

SCHOLIUM. 

TIk Fluxion of the fordaid Etpation, maybe fowlinweeajnytlnii: «/«=//» 
and * /,■ = /^ = ^ , therefore (bymuUipUcitioD) //** =p 



rROP. 
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P R O P. IX. 

The fam$ things heiag fuffofed, as im Art. 176. Drm the Jxu Cf^ MudJefi 
tribe theCitrve^U.m-.SmpfofeC'? —x,MdYlA—jy R«i = f, P/ = Jr, 
gmd Mm = z. Them ^ the Ntture tf the Curve B M m ^ esefrejs^d by this 
EfutttOH yji x = asi\ Tis requird to eonfirii^ tbefofte. 



408. The Eq uation e xprefling the Mature of the Cnnre ts yyix=i»z,*, andfae- 

cauieai = V**4-y* thcrefijre xM% = ^ — - -•' ^ 

•e* -{- i^'^'+j'S and the Equation 

of the Curve will be;'/* * = j*4 + 

lax'y'-^a y*. 
Kow to dear the Equation of Fluxions \ 

Suppofe X = ( If being an indetenni- 
ilaceQiiantity) — ^ , then (by fiibftitutbn) 
the Equation of the Curve will become 

1 m' ' 



^vidingby/S — = 



- 4- «7*» and 
- ^ h #, 




or ti»my i^ w* -h 2*»»w% +** j 
whence/ = ^-\-2m-\-~» and find* 

ing the Fluxions of each fide of the Eqoatiod, wc have/ = — -^ im -^ 

^^- and multiplying both fides of the Equation by — , we have Jr f or 

?;") _3«»^ , 2^^_.ll? gj^g^j^y^jj^ fluent of wchiide of the E- 

quation there will arife x = — -■ -J — /)•'■ ( 

And thus we have found the Values of the Co ordinates x and y, in Terms inrol' 
viog one indeterminate Qjiantity (m) only, whence the Curve B M may be con- 
ftruii^ed thus : Produce BC (infinitely) towards £, and take CE = i», and to the 

Axis CE apply the Ordinate EN=7=— 4-2Bi+— ,and defcribe the At 

gebraic Curve D A N; in the lame point E, apply another Ordinate EK = * = 

^^-\-- Im, and defcribe the Tranfcendent Curve LGK; then the Lines 

£K, EK will be the Co-ordinates of the Curve BM, whence if thef Line K P be 
drawn parallel to E C, and produced to M To that F M be = E N ^ then the poiiU: 
M will be in the Carve B M m , which was reqaired. 



LIU 



409* And 
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409. And to find whether the Curve DAN touches the Axis C E or not, the 
Valueof the Ordinate EN (7) is = "- ^- 2 w -i- "* and y is = ,?_^— ^ _j. 

Xm — — ,- , nkich bemgput != o, we fliall haTe ^ \- 2 m = o, 

and coafcqaoitly ^m^-^is* x m* ^= <»♦; whence, ifworCFbc = oVf, then 
the Ordinate F A will be the leaft that can be applied to the Curve DAN; in like 
manner, when the Fluxion of the Ordinate EK is = o, then che Value of m will be 
= « v' i as bcfiM^, and F G will be the leaft Ordinate that can be applied to the 
Curve LCK; that is, both Curves begin to reced« from the Axis C E at the fame 

time; and the leaft Ordinate F A (> ) = \-2m -[- — becomes = (becaufe 

aaym = m*'\-2asm' -^ d^y which, fubftituting #v''j for w, bccomcs /«' Vi 

rzzfa* -\- 7 M* -j- «*, and confequently;' = -J ;j; =) *S^ • V 31 ^nd if we Cii^lc 

*= Unity fothati*be= o, then the leaft OrdinaWFO = ~, A /», 

will be = li * — Log. ai/i: and becaufe the Lo^rithm of « v* f is Negative (the 
abfolnte Number being lefs than Unity) therefore it is manifeft that , J « — Log. *^f 
is a Pofitive Quantity. 

And hence it appears, that if G c i be drawn parallel to C F, and if * e be taken = 
F A, then the intercepted DiametaC * is = , J « — Log. ^ v" i > and the Ordinate 
«iis = -^*V3» ana the Curve M * is neareft to the Axis C P in the point i, and 
afterwards the Portion of the Curve b f* will be defcriVd convex towards * M ; and 
and the point * is called the point of Retrogreflion. 

410. And becaufe the Curve LGK is an exponential Curve, it will not be amifi 
to (hew how the exponential Equation exprefling the Nature thereof, may be invefti- 
pted. 

The Ordinate E K or ;c is = ^-^ -^ /»», and multiplyii^ both fides of 

the Equation bj 4<*^, there will arife 

^iii X = 3i»*-^ 4«*w' — 4«*/f0, 

and by TMn^wfidoo, 4«ajM = aw*-).- 4«*m* — 4«3x. 

And becaufe the 6rlt part of the Equation is a Logaritbmetical Qsaatltj, mulciplr 
alt the TtTTOi of the Ematkm by any given Logari^m, which for oniformitics Wae, 
fappole / s, (a being fappoftd = to fomc certain Number, and not to Unity ; in 
this Caie^ elfe I* will be equal o) that fo the other part may alio be a Logarithmeti- 

calQpaiuity, and then 4 «' /«/i« = 3 »♦■+• 4** !•• —4^3 xxU, and becaufe 
eke ^letoe Namhen of equal LogaciduBS are equal, therefore (taldng the abfolnte 



NnnbcRoftheLogarithmsofeachfideoftheEqaation)"*'" '« =jJ-*-^*'' *•-♦'" 
which is a Trjnlcendeat Exponential Equation exprefllog the Nature of the Otrre 
LGK. Q.. E I. 



PROP. 
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PROP. X. 

Jf M Equaion in Fluxions exfr^ng the Nature of Any Curve he given ; 4nd if 
either of the JntUt^miitdte Qutntitits he WMtittg. Tis re^miri to Coir/irulf the 
faU Curve, ' 

That the ufefuUufs of the Method mtde uft of in thepreteding Propofttion 
for eon^raffing the Curve h M m, may more plainly appHry I ftave ad- 
ded thugemrd Propofitionj in ivhich it is propofedto confiruB any Curve 
whofe ttature is exprtfs'i by a» Equatimt in Fluxionsy be the Fluxions 
X and y or either of the Indeterminate Qu/intities x or y, or the Pojp- 
ers of ajtf of them eomhimU among thtmfelvts at pleafure. The JUetbod 
it this. 




4ti.IfA:bcnaating,chenlu^o& X =: -^ ^ aad fiMitiiCc this Quantity ia the 

^rni Eqtutiei), inplKcof x-j thenkH 
mani&ft that tbe new Eqtiatioa may be 
(tifided by Gxae fcmts of ^ « fb that 
there will remaia an Equation in ordina- 
ry Tenns, between or and /, exprefling 
the Nature at an Algebraic Curve j _ 
in which y U equal to tbe Ablcii^, aad 
m equal to the Ordinate, and tbeCur- 
vilineal Space bciog. dtrided by m, the 
Q)otieatwiU becqMt to« the other (»• 
oidinace of tbe Cvre to be cooftruded. 



EXAMPLE. 

41 X.. Let ehe Equation exprelfiog the Katurc of the Curte' B M be (fuppoling 
CP=:^ and PM=far> jF»iJ -^##73' **==*'/'• Tis rtfqair'd toconftruftthe 
iamc:fiippofe a^ = ^ , tbea by equal SobOitutioa, ^ "*^^ 4- ^"^ ^ =<•'/"*, 

and dividing by -^ , there win arife jf » »* 4- «J jf w* = **, which is an Equati- 
on In ordinary Tenns, and if CPber=::^y atttPH =», tod the Relatioa between 
them exprefs'd by this Equation, the Curve IN « will bean A^braic Omre ; and 
tf the^paccCPHI be divided by «t the<&otient will be = P M the other Co-or- 
dinate of the Curve to be conftruaed. Fw JM'7)'*+ Syim*m-\-»^m*y + 
- "~ ?y' '"*''*"•" 4*^ 7"^ nt ^5 y^ mm — i ^a^y'tn 

r ^ - ; - — 573»w — 4^Vw . 



and confequently ■ 



f=my K = — i^ -^-7- ^— 



divided by A 



3 »>'+«♦ 



_ _ - ^nd P » the Fluxion of the A- 

«x imj*-\- a* 

^ wficfflce PM orx is :t: tbe Area GPNI 



P IN I S. 
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h O O K 'S Printed for D. Midwinter, *W T. Leigh, at the Roje and 
Croivaw St. PaulV Churih^rd. 

A Kew and Moft Accnrace Theory of die Moon's Modcn ; whereby alt her Irregularities 
may be folved, and her Place truly calculated to Two Minutes. Written by that Incomparable 
Mathematician Mr, Ilaac Newton, and publiflied in Ladn by Mr. David Gregory in his Ex- 
cellent Ailronomy, 

Animadverfioiui !h D. Gttrgti Chejuui T^aBdtum Je ISuxUnvm Metbodo Inverfa fer. Abr. be' 
MoivrCf J^. S. S. 

Short but yet plain Elements of Geometry, and Plain Trigonomnry: Shewing how by 
a brief and Eafie Method, moft of what is ncceflary and ufeful in Euclide, Archimedes, Apol- 
lonius, and other Excellent Geometricians, both Ancient and Modem, may be underftood. 
Written in French by F. Ignat, Gaftion Pardies. And rendred into EngliQi by I, Harris M A. 
and F. R. S. The Second Edition ; In which are many new Propofiiions, Additions, and ufe- 
iiil Improvemenis ; the Problems being now placed every where in their proper Order, and the 
whole accomodated to the Capacities of Young Beginners, 

The Elements of Plain Trigonometry demonftrated and its PraifHce and ufe expliuned. 
A New ftiort Treatifc of Algebra, wi± the Ceometricai Conftru(2ion of Eqaarions; as far 
as the fourth Power or Dimcnfon. - Together with a Specimen of the Kature and Algorithm 
of Fluxions. 

The Defcriprion and Ules of the Celcftial and Tereftrial Globes, and of Collins Pocket 
QuairanL thefc four by I. Harris, M. A.andF. R. S. 

Mathejit Enucleata : Or the Elements of the Mathemaddts by ]. Chrtlt Sturmius, Profef- 
forof Plulofophy and MadiematicksintheUniverfity of Alioit MadsEnglilk by J. R, A. M, 
and R. S. S. 

Anttlyjis E^ustionum Vnivtrfiiii, fen *i Eqmatimes Algtbrdkttt Refohendat Methcdus generdlit 
(S ixfedite, ex novn itifimtarum Serieriim Mtthcdo, DeduBa »e Demtr^rata, ■Editie JicuruU f 
cut Mceffit Affendix de infinito infinitonim Seriemm Pngrejfu ad Equdtionum Algebraicarum Hedi- 
eei Eliciendus, cui etiam Atmexam efi de Sfaeio ^ntifeii Ente infinite Ccnamtn Mdt£emdtico-Me- 
tdflyficum . Autbort Jefefho ^itfhfan. A. M. (^ \eg. Sec. Saeio. 

A Mathematical Didionary ; Or a Compendious Explananon of all the Mathemarical TermS(* 
Abridg'd from Mounfieur Ozanam, and Ouers. With a Tranflation of his Preface, and Addi- 
tion of feveral eafie and ufeful Abftrads j as Plain Trigonometry, Mechanicks, the firft Pro- 
perties cS die Three Coniclc Sciftions, &c To which is added an Appendix, containing the 
Quantiries of all forts of Weights and Meafure, and the Explanation of the Chara&rs ufcd 
in Algebra. Alfo the Definition and Ufe of the Principal Mathematical Inftruments, and the 
Inftniments themfelves curioufly cngravefl on Copper. Wrinen by ]. Raphfon, F.R, S. 

Mechanick Exerciles; Or, the DotSrine of Handy- Works: Applied to the An of Smithing 
Bricklayery, Carpentry, Joineiy, and Tumini^ .To whidi is added, Mechanick DyaJUag^ 
Shewing how to draw a Troc Sun-Dyal; on any given Plane however Gtuated, only with the 
Hdp of a ftraight Ruler and a pair oi CompatleSi and without any Arichmedcal Caiculadon. 
By Jofeph Moxon, late Fellow of the Royal Society, and Hydrographer to thelate King Charles. 
The Fourth Edition. Oiftavo. 

The Merchants MaMunej Or, Tradefinaii's Trcafury : Contuning, i, Arithmedck in 
Whole Numbers and Tradlions, Vulgar and Decimal, &c i. Merchants Accompis, 8cc. 3. 
Book-keepmg, afieraPlain, Eatie and Natural Method, Scq. 4. Maxims conccmmg Bills of 
Exchange, faAon and Fadlotage, flee 5 . The Port of letters to and from Foreign Coontries 
&c 6. An Account of the Commodides ptoduc'd by all Countries, 8cc. 7. A Merchant or Tra- 
ders I^tSdonary, 8tc. 8. Precedents of Meichants Writings, &c. With many other things not 
extant before. The founh Edidon, CorreAed and Improv'd. 

Cotnti Cmwrcii : Ot the Traders Companion, Containing, i. An exiA and Ulefiil Table 
fliewine the Value of any Quanrity of any Commodity ready caftup, more adapted to Mer- 
diants Ufe than any other extant, a, A Table calculated for Univeriil Ufe, which Ufe i» 
Ihewn in the Solution of Queftions in Mulriplicadon, Diviiion, Redut^on, Merchandizing, 
and Meafuring all kind of fuperiicies and Solids, or Gauging Ve(^ and Casks. 3. The man- 
ner of CaiUng up Dimenlions in General, &c 4. The feveral Cuftoms ulcd by Surveyors and 
Mcafurers, in meafuring Glals, Wainfcot, &c. 5. Inftnic9ions for cntring Goods at the Cuftomi- 
Houfc, &c. 6. Concerning Waterfide Bufinefs, &c Alfo the charge of Whar&ge, Literagf, 
&c. 7, Pradlical Rules concerning Ftaight, Bills of Lading, Primage, and how|the feme is paid 
for, &c. 8.' Rules concerning Infuring Shipe, Merchandife, Houfes, fitc with other things never 
before made Publick. To which is added, a fupplement coiKeming Simple and C^poimd 
Intereft, &e. Alfo to make up Accounts Of Mortgages, where the Mongagee has rcceivd the 
Rent, &c 

A New Rational Anatomy, containing an explanadon of the Ufes of the Stmdure of the 
Body of Man, and fome other Animals, according to the Rules- of Mechanicks. By Daniel 
'laovr)', aMembetof die College of Phyficiansat Paris. Made Englifli from the third Edition. 
Jiluftrated with Sculptures. 
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